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F[x; o] : Polynomials of the form
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Addition (+) a+b=3(a;+b)z"

7

Multiplication (-) a-b=3 (Y ajo’(bi—;))a’  (non-commutative)
i 5=0

Degree dega = max{i : a; # 0}

Properties

m Linearized polynomials isomorphic to Fym [z; -?] (Frobenius automorphism)

m Evaluation is linear map
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Gabidulin Codes

m Rank-metric analogues of Reed—Solomon codes

m Defined using evaluation of skew polynomials

m Interleaving of ¢ codes = increase decoding radius to Hil(d —1) (w.h.p.).
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Gabidulin Codes
m Rank-metric analogues of Reed—Solomon codes
m Defined using evaluation of skew polynomials

m Interleaving of ¢ codes = increase decoding radius to Hil(d —1) (w.h.p.).

Key Equation Shift Register Synthesis Problem

n,ki,...,k € N code parameters, Given s1,...,54,01,--.,9¢ € Flz,g],
Si,...,50 € Flz, o] syndromes, find \,w1,...,w; € Flz,0], s.t. Vi
A € F[z, o] error span polynomial.
ASz = (2, mod :L'niki As; = w; mod gi
deg Q; < deg A degw; < deg A
A minimal degree A minimal degree
v v
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Leading Position

Rightmost position of maximal degree.

”:[xz 1 =z

w} = LP(v) =3
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Leading Position

Rightmost position of maximal degree.

weak Popov form

Matrix with all leading positions different.
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Shift Register Synthesis Problem

Given $1,...,5¢,Gi,-.-,9¢ € Flz, 0], find \,w1,...,ws € Flz, 0], s.t. Vi

Asi = w; mod g; (1)
degw; < deg A ()
A minimal degree (3)

Solution of (1) in row span of

M1 S1 o se ] [ D 1
]
B= bring in wPf D
row operations
w1 w2 e Wy
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Question: How fast can we do that?
n O(Enz) [Li, Nielsen, Puchinger, Sidorenko, WCC'15]
m O(£3n"%9) [this paper]  +— F[z, o]-variant of [Alekhnovich, 2005]
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Skew Variant of Alekhnovich's Algorithm
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o= F| =2 +3=5
(S} = ==
g CUS $3

<

Accuracy Approximation/Length

ol zd
pd—t+1
a= —alt =/
20 /i 20
len(a) =t

oOU=0
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Degree of a Vector/Matrix

m degm = max;{degm;} x
deg —2+43=5
mdegM =} degm; z3
Accuracy Approximation/Length
,,,,,,,, R =1

a =

) 20 leoood  Baccoch Daseod  Bossed  bessed  Becosd

len(a) =t

Multiplication of Length-t Matrices

Multiply polynomials of length < ¢ (w matrix mult. exponent):
M(D) € 0(tF) € O ()
(€+1) x (£+ 1)-matrices: O(£>M(t))

4
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Simple Transformation

Find two rows m; and m; with

LP(m;) = LP(m;) and degm,; > degm,.
s

Replace m; + m; — az°mj, s.t. leading monomial at LP(m;) cancels.
Remember row operation by matrix U.
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Find two rows m; and m; with
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LP(m;) = LP(m;) and degm,; > degm,.
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Simple Transformation

Find two rows m; and m; with

LP(m;) = LP(m;) and degm,; > degm,.

Replace m; < m; — az’m;, s.t. leading monomial at LP(m;) cancels.
Remember row operation by matrix U.

X ZB2+ZB mj<—m Tm
1 1= 2
M = —

Apply simple transformations until U - M in wPf or deg(U - M) < degM — 1.

Apply R(M) ¢ times. = deg(U - M) < degM — ¢

Transform B (from shift register) in wPf: Only ¢ € O(n) necessary!
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Matrix Multiplication O €3

Contaln len <t polynomials

A
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1
\ t / \

1

master

%) n O(£3M( )) theorem

BN
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Matrix Multiplication O €3

Contaln len <t polynomials

A
\ /// \
/ 1
" U2U1 I
\
\ t / \‘

1

master
theorem

=

() € O(M(t))

Overall Complexity (¢ interleaving degree, n codelength)

teO(n) = O{*M(n))
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Decoding Algorithm Complexity

Skew Berlekamp—Massey [siB11]

0
Skew Berlekamp—Massey (D&C) [sB14] | O
)
0

Skew Demand-Driven [LNPS15]

Skew Alekhnovich [this paper]

“If £2 € o(log(n)), additional log(n) (¢ divisions of O(n"%®log(n)) Pwis)

[SJB11] Sidorenko, Jiang, Bossert, “Skew-Feedback Shift-Register Synthesis and Decoding Interleaved Gabidulin
Codes,” IEEE Trans. Inf. Theory, 2011.

[SB14] Sidorenko, Bossert, “Fast Skew-Feedback Shift-Register Synthesis,” Designs, Codes & Cryptography, 2014.

[LNPS15] Li, Nielsen, Puchinger, and Sidorenko, “Solving Shift Register Problems over Skew Polynomial Rings
using Module Minimisation,” WCC, 2015.

[PW16] Puchinger, Wachter-Zeh, “Sub-Quadratic Decoding of Gabidulin Codes,” ISIT, 2016.
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