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Abstract. It is proved that there exist homogeneous perfect binary codes that
are not transitive for any admissible code length more than 7. Therefore taking
into account the previous known results it is established a hierarchical measure of
linearity of binary codes: a class of linear codes is strictly contained in the class of
propelinear codes, which is strictly contained in the class of all transitive codes, and
the last class is strictly included in the class of homogeneous codes. We derive a
transitivity criterion for perfect binary codes of rank greater by one than the rank
of the Hamming code of the same length.

1 Introduction

Propelinear and transitive codes are very close to linear by some properties, es-
pecially by the structure of the automorphism groups. The question on the exis-
tence of transitive nonpropelinear codes was posed by Pujol, Rifa and Solov’eva
in 2006. When the classification of perfect binary codes of length 15 was ob-
tained, all transitive and homogeneous perfect binary codes of length 15 were
enumerated, see [1,2]. The problem of the existence of infinite series of perfect
homogeneous nontransitive codes was then naturally posed. The problem of the
existence of transitive nonpropelinear is solved in [3], where it is proved that the
well known Best code of length 10 and code distance 4 is transitive nonpropelin-
ear. In [4] it is shown that among 201 pairwise nonequivalent transitive perfect
binary codes of length 15 there exists just one nonpropelinear perfect binary
code. The infinite series of transitive nonpropelinear perfect binary codes is
proposed in [4,5]:

Theorem 1. For anyn > 15 there exist transitive nonpropelinear perfect binary
codes of length n.

Here we give a positive answer on the existence of homogeneous nontran-
sitive perfect binary codes. It is known that there exist Z4-linear codes which
are not linear. Therefore the following holds:

LC PrlC Tr C Hom,

where L is the class of linear codes, Prl is the class of propelinear codes, Tr is
the class of transitive codes; Hom is the class of homogeneous codes.

1The work is supported by the Grant the Russian Scientific Fund 14-11-00555.
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2 Preliminaries and notations

By F™ we denote n-dimensional metric space of all binary vectors of length n
with respect to the Hamming metric. A code C C F"™ is called a perfect binary
code correcting single error (in what follows a perfect code) of length n if for
any vector x € F" there exists a unique vector y € C at Hamming distance not
more than one from z. In sequel for the sake of simplicity we require the all-zero
vector 0" to be always in a code. It is well known that for the automorphism
group Aut(F™) of F™ it is true

Aut(F") = F" N Sp, ={(y,m) |y € F",m € Sy},

here X is the semidirect product and S, is the symmetry group of all permu-
tations of n coordinate positions of vectors in F™. The setwise stabilizer of a
code C in Aut(F™) is called the automorphism Aut(C') of the code C, i.e.

Aut(C) = {(y,m) [y + =(C) = C}.

The set Sym(C) = {m € S,, | 7(C) = C} is called the symmetry group of the
code C.

A code C is called transitive if there is a subgroup H < Aut(C), acting
transitively on the codewords of C. If we additionally require that for a pair
of distinct codewords x and y, there is a unique element h of the subgroup H
such that h(z) =y, then H acting on C'is called a regular group [6] (sometimes
sharply-transitive) and the code C'is called propelinear (for the original defini-
tion see [7]). It is clear that in this case the order of H is equal to the size of
C.

Recall that a Steiner triple system (briefly STS) is a collection of blocks
(subsets) of size 3 of an n-element set such that any unordered pair of distinct
elements is exactly in one block. The set of codewords of weight 3 of a perfect
code C' that contains the all-zero word is a Steiner triple system, which we
denote by STS(C). The set supp(z) = {i : z; = 1} is called the support of the
vector z. The set {supp(x +y) : x € C,d(x,y) = 3} for a codeword y € C we
denote by ST'S(C,y).

A code C is called homogeneous if for any codeword y € C the system
STS(C,y) is isomorphic to STS(C,0™), i.e. there exists a permutation 7= € S,
such that 7(STS(C,y)) = STS(C,0™). It is easy to see that any transitive
code is homogeneous.

3 Infinite series of homogeneous nontransitive codes

Let us consider additional definitions. The dimension of the linear span of a
code C' is called its rank. Define the translator Tr(C) of a code C:

Tr(C)={yeC|Ines,: (y,m) € Aut(C)}.
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The linear span over codewords of weight 3 of a code C' of length n containing
i,i€{1,2,...,n} is called the linear i-component (in what follows i-component)
and denoted R}. If C' is the Hamming code of length n than R} is its linear
subcode.

Let C be any perfect code of length n, n = 2¥ —1, A : C — {0,1} be any
function satisfying A(0™) = 0. Consider the codes C) = {(y, A\(y),0") | y € C}
and Rfﬁﬁl = {(z,|z|,z) | x € F"}, where |z| = 21 4+ ...+ x,(mod 2). Both

codes have length 2n 4 1 and the code Ri’_ﬁl is an (n + 1)-component. Using

the codes C and Ri’jjl we define a perfect binary code of length 2n + 1 called
the Vasil’ev code [8] as follows:

Ve =C\+ R ={(z+y,|z[+ Ay),z) | € F",y e C}. (1)

Next theorem gives us a transitivity criterion for perfect binary codes of
rank greater by one than the rank of the Hamming code of the same length (it
is known that the class of such codes are Vasil’ev codes (1) constructed from
the Hamming code with any nonlinear function \).

Theorem 2. Let A be a nonlinear Boolean function on the Hamming code H of
length n. Then the vector (y' +x, \(y') + |z|, z) belongs to Tr(Vy) of the Vasil'ev
code Vﬁ, of length 2n+1 for any x € F™ if and only if there exist m, € Sym(H)
and u € F™ such that for all y € H we have

AW) +AMy) + A + 7y () = u-y, (2)
where u -y is a scalar product of the vectors w and y in F™.

We note that the authors of [9] suggested that transitive codes of rank
n — log(n + 1) + 1 should be sought for in the class of Vasil’ev codes with a
function satisfying an equality equivalent to (2) but gave no explanation for
this. Also, validity of equality (2) with 7, = id for all y, 3’ is equivalent to the
definition of the quadratic function considered in the same paper.

We investigated all perfect codes of length 15 of rank 12. It turned out that
among them only two perfect codes are homogeneous nontransitive. These
are the codes denoted by V22! and V3!l according to the classification of
Malyugin [10].

Let H be the Hamming code of length 7 generated by the vectors

{1,2,3}, {1,4,5}, {1,6,7}, {2,4,6}.
The code V22! is the Vasil’ev code V[{\ such that

AO0T) = X({1,6,7}) = A\({1,3,5,7}) = AM(17) = 0,
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for other codewords in H the value of A is 1. Here 17 is the all-one vector of
length 7.
The code V31 is the Vasil’ev code VBA, where

A07) = X({1,6,7}) = A({2,4,6}) = A\({4,5,6,7}) =0,

and A is equal to 1 for other codewords from H.
Using Theorem 2 we prove

Lemma. The codes V22! and V3'1 are homogeneous nontransitive.

Exploiting the Vasil’ev’s construction we obtain

Theorem 3. If C is any homogeneous perfect code than the Vasil’ev code Vé‘
with A = 0 s homogeneous.

In order to separate the class of homogeneous perfect codes from transitive
for any lengthy n > 15 we iteratively apply appropriate times the Vasil’ev’s
construction with the Boolean function A = 0 to the gomogenious nontransitive
Vasil'ev codes V22! and V3!1 of length 15. We would emphasize that Tr(V2)
the Vasil’ev code VCA of length n obtained from the perfect code C' with A =0
preserves the properties of Tr(C). As the result we get

Theorem 4. For any n > 15 there exist perfect binary homogeneous nontran-
sitive codes for any admissible length n > 7.

Remark. Perfect binary homogeneous nontransitive codes could be constructed
by the Mollard’s construction [11], but technically it would be much more com-
plicated than exploiting the Vasil’ev’s construction. All the details and proofs
can be found in [12].
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