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Abstract. We investigate the following version of the main problem of coding
theory: Given the integer k£ and the prime power ¢, what is the value of

tq(k) == mdin ng(k,d) — gq(k,d).

The Griesmer bound for a linear [n,k,d]s-code is a lower bound on the
length n as a function of ¢, k, and d [3,5]:
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n > gq(k,d) :
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It is known that for fixed ¢ and k& Griesmer codes do exist for sufficiently large
d [2,4]. In fact, it follows by the Belov-Logachev-Sandimirov Theorem [1] that
this is true for all d > (k — 2)¢*~! + 1 On the other hand, a less known result
by Dodunekov [2] says that for fixed ¢ and d and k& — oo

n‘](kvd) - gq(kad) — OC.

The following question can be viewed as a version of the main problem of coding
theory:

Given the integer k and the prime power ¢, what is the exact value of

tq(k) = mC}n ng(k,d) — gq(k,d),

or, in other words,what is the smallest value of ¢, such that there exists a
[t + g4(k,d), k,d]4-code.

It is well-known that ¢,(2) = 0 [4]. The problem is open even for k = 3 and
was asked by S. Ball in the following way:
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For a fixed n—d, is there always a 3-dimensional code meeting the Griesmer
bound (maybe a constant or log ¢ away)?
Numerical evidence shows that t,(3) = 1 for ¢ < 19 and ¢,(3) < 2 for all
q < 25. For larger dimensions we know that: ¢3(4) = 1,t4(4) = 1,¢5(4) = 2.
Let
d=s¢""1 = XN_ad" 2 — ... = \ig — )Xo, (1)

where 0 < \; < ¢q. Now it is easily checked that
gq(k,d) = SV — )\kfgkal — ... /\11)2 — )\U’Ul, (2)

where v; = (v* —1)/(v — 1). Now a Griesmer |

n, k,d],-code can be associated
with an (n,w)-arc in PG(k — 1, ¢) with n = g4(k,d

and
W= SVp_1 — Ap—2Uk—9 — ... — A1V].
The complement of such an arc is a minihyper with parameters
(Ag—2Vk—1 + ... + Av2 + Aov1, Ap—2Vk—2 — ... — A1) (3)

Now our problem can be formulated as follows:

Given d by (1), find the smallest value of ¢ for which there exists a (gq4(k, d)+
t,gq(k,d) +t — d)-arc in PG(k — 1, ¢) for all d.

In terns of minihypers it can also be formulated in the following way:

Given d by (1), find the smallest value of ¢ for which there exists a minihyper
with parameters

()\k_g’uk_l 4 .o Ave + A — E Ap_oUk_9 — ... — A\u1 — t)

in PG(k -1, 9q).
Now we have the following theorem.

Theorem. Let d be given by (1) and let the multiset [F be the sum of A\;_o
hyperplanes, A\,_3 hyperlines etc. A lines, \g points. Define the multiset F’ by

o] Flx) if Flx) <s,
}—(m)_{s if F(x) > s.

Let N = |F| and N’ = |F'|. If F — F'is an (N — N’ u)-arc then ¢t < u.
For 3-dimensional codes over square fields we have the following theorem
which gives probably a very weak bound on #4(3).

Theorem. #,(3) < ,/q.

We also present some recursive bounds on ¢,(k) for small values of k.
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