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Denote x = a; mod p;
by [z]p; = ai.
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Chinese Remainder Theorem
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Denote x = a; mod p;
by [z]p; = ai.

Chinese Remainder Theorem (CRT)

Let 0 < p1 <p2 < --- < pp be the set P of
relatively prime integers. If aq,as,...,ay

(0 < a; < p;) is a sequence of integers, then
there exists a positive integer x solving

[x]pl = ai, [ﬁ]}h = az,..., [:C]pn = Qp.

Furthermore,

The integer x is unique when
z < N=][",pi.
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Chinese Remainder Codes

Definition

Given P and integer k < n, a Chinese remainder code CR(P;n, k)
having cardinality 0 < K = Hlepi < N and length n over
alphabets P is defined as follows:

CR(P;n, k) ={([Clp,,...,[Clp,) :C €Nand C < K}.
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Chinese Remainder Codes

Definition

Given P and integer k < n, a Chinese remainder code CR(P;n, k)
having cardinality 0 < K = Hlepi < N and length n over
alphabets P is defined as follows:

CR(P;n, k) ={([Clp,,...,[Clp,) :C €Nand C < K}.

The Chinese remainder code ..

@ .. is constructed by the Chinese remainder theorem.

@ .. is exploited in theoretical computer science.

@ .. is used for computation reduction.
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Properties

Parameters

Length: n,
Hamming distance: d =n — k + 1.

Numerical domain: C,E,R=C+FEe€N,and0< E,R< N
Vector form: c,e,r, and r; = [¢; + ¢€]p, fori=1,...,n

Convolution Property
The product of two integer numbers modulo N corresponds to
elementwise multiplication of two vectors:

aoc—e A, boe B
¢; = a;b; mod p;, co*(C =AB mod N.
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Toy Example

The word we receive:

r= (71, s iyeeyTjyeeyTn)
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Toy Exa mp | e NACHRICHTENTECHNIK

The word we receive:

r= (71, s iyeeyTjyeeyTn)
If 7;,7; are erroneous:

r= (71, s Ty Ty Tn)

Consider the polyalphabetic set P for allocation.
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Toy Exa mp | e NACHRICHTENTECHNIK

The word we receive:

r= (71, s iyeeyTjyeeyTn)
If 7;,7; are erroneous:

e (T R o N )

Consider the polyalphabetic set P for allocation.
Unique representation:

A = pip;j.
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Error—Locator

Let J be the set of error positions (¢; # rj, Vj € J), the
error—locator A is defined as follows

A= H Dj-
JjET

A oo )\ )\i:O,eﬁéO ifieJ,
E eoe Ai #0,e; =0 Otherwise.

The product of the error—locator and the error value is a multiple
of N:
A-E=0 mod N

The product of the error-locator and [E]k is a multiple of K:

A-[Ely=0 mod K
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The GRS Decoder

An error correction decoder was proposed by Goldreich, Ron and
Sudan, given a parameter D < \/N/(K —1).

Algorithm 1: The GRS Decoder for Error Correction

Input: The set P, the received word (r1,...,7m,), N, K, D
Output: The message C

1. Using the CRT compute 0 < R < N such that r; = [R)],,.
2. Find integers A, §2 such that

1<A<D,
0<Q<N/D,
AR=Q mod N.

3. Output Q/A if it is an integer.
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Properties

@ The GRS decoder gives the transmitted message C' directly.

@ The logarithm of the integer parameter D is the error
correcting radius in the weighted metric.

Decoding Radius

N
IfD: K

< (n - k) 10gpk+1
log pr+1 + logpn |’

or less precisely,

¢ < {(n—k)bgle .

log p1 + log py,
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S yn d rome NACHRICHTENTECHNIK

Similar to decoding Reed—Solomon codes, we decode the Chinese
remainder codes in two steps.

@ Find the error positions,

@ Estimate the error values.
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Syndrome

Similar to decoding Reed—Solomon codes, we decode the Chinese
remainder codes in two steps.

e Find the error positions, (difficult)

e Estimate the error values.(easy)
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Syndrome

Similar to decoding Reed—Solomon codes, we decode the Chinese
remainder codes in two steps.

e Find the error positions, (difficult)

e Estimate the error values.(easy)

We define the syndrome S of a received word r = R as follows:

The syndrome can be also written as
E — [E]K + (5[((0, E)K

S = %

where
0 if0O<[Elx < K-C,
1 otherwise.

ok (C,E) = {
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Key Equation

The Syndrome ..
@ .. of a codeword c is zero.
@ .. depends only on the error word.
@ .. reduces computation.

The key equation is defined as follows:

Key Equation

N : N

Given S, N and K, one can solve the key equation and obtain A.
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Decoding Algorithm

Algorithm 2: The Syndrome—based Decoder for Error Correction

Input: The set P, the received word (r1,...,7m,), N, K
Output: The message C

1. Using the CRT compute 0 < R < N from r, then compute S.
2. Find integers A such that

Q] < A < /&,
AS=9Q mod ¥.

3. Factorize A to obtain error positions.
4. Reconstruct the massage C' from non—error positions by CRT.
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Decoding Radius

The key equation and the condition is equivalent to
AR=AC mod N

(from Algorithm 1).

=- Same error correcting radius

The number of correctable errors ¢ is at most

Decoding Radius

log p1

t<(n-—k)— 27
( log p1 + log p,
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Syndrome—based Decoding

We can solve the key equation by extended Euclidean algorithm.

Algorithm 3: On Syndrome Decoding by Extended Euclidean Algo-
rithm

Input: Syndrome S calculated by, NV, K

Output: Error—locator A

1. Solve A - S = mod N/K by extended Euclidean algorithm
iteratively to find the greatest common divisor of S and N/K,
which is A;S + tZ(N/K) =Q;;

2. Stop when A; < || and A1 > [Qiya1);

3. Output A = A; and by factorization A we know the error
positions and the number of errors.
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Outline

© Conclusion and Future Work
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Conclusion and Future Work

@ The error—locator and the syndrome for the Chinese remainder
codes are introduced.

@ A key equation is derived.

@ An algorithm for solving the key equation is proposed.

Analysis of complexity of the decoding algorithm.

@ Extension to interleaved Chinese remainder codes, which
allows collaboratively decoding beyond half the minimum
distance.
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Thank you!
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