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» Linear code of length n — submodule of R"
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» Ct={v|[v,w] =0, Yw e C}
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Introduction

v

R Frobenius = |C||C*| = |R|".
C = C+ the code is self-dual.

WC(Y) = ZCEC th(c)'
We(y) = Wei(y) the code is formally self-dual.
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Rings

» Z4 ={0,1,2,3}

> R =TFofug, up, ..
> A =TFafvi, v, ..

.,uk]/<u,-2 =0, uiuj =

.,vk]/(v,-2 =V, Vv =

uju;)

vjV;)



Gray Maps

bz, Zg — T3



Gray Maps

gle(a + bu1) = (b, a-+ b)

or(a+ buk) = (¢r,_,(b), Pr,_,(a) + ¢r,_, (D))
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Gray Maps

da(a+ bvi) = (a,a+ b)

b (a+ buy) = (da,_,(3), ba,_.(a) + ¢a,_, (D))

The maps ¢r, and ¢4, are linear but the map ¢z, is not.
The Lee weight is the Hamming weight of its binary image.



Inner Products

Over Ag, the Euclidean inner product is:

[v,w] = Z ViW;

and the Hermitian is

[v,w]y = Z VW,

where v; = 1 + v;.



Theorem

If C is a formally self-dual code over Z4, R, or Ax then the image

under the corresponding Gray map is a binary formally self-dual
code.



Major Result

Theorem

Let C be an odd formally self-dual binary code of even length n.
Let Cy be the subcode of even vectors. The code

C = ({(0,0,c) | c€ G}uU{(1,0,c) | ce C— GCo},(1,1,1)) is an
even formally self-dual code of length n+ 2 with weight enumerator
We = X WCo,o (x, y)+XyWC1,0 (x; Y)+y2 WCo,o (v, X)+XyWC1,0 (v, x).
The code

C={{(0,0,¢) | c€e G}u{(1,1,¢) | c€ C— G},(1,0,1)) is an
odd formally self-dual code of length n+ 2 with weight enumerator:
We = X Wy, (x, y)+y? We, o (X, ) +xyWeo o (v, X)+xyWe, 4 (v, x).-
Moreover, any code with these weight enumerators is a formally
self-dual code.
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» There exists a vector t such that C = (G, t), where (y is the
subcode of even vectors.

| 2 Coz,ﬁ = C0+Oét+ﬁl
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Let C be an odd formally self-dual code.
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There exists a vector t such that C = (G, t), where (p is the
subcode of even vectors.

Ca,g = G+ at + 51,
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Let C be an odd formally self-dual code.

v

There exists a vector t such that C = (G, t), where (p is the
subcode of even vectors.

Ca,g = G+ at + 51,
» C1 =D and let Dy be the subcode of D of even vectors.
There exists a vector t’ such that D = (Do, t').
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Outline of Proof

» Let C be an odd formally self-dual code.

» There exists a vector t such that C = (G, t), where (y is the
subcode of even vectors.

» Cop= Co+at+ Sl

» C+ =D and let Dy be the subcode of D of even vectors.
» There exists a vector t’ such that D = (Do, t').

» Dy g = Do+ at’ + S1.
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Outline of Proof

> é: U(Va,ﬁa Ca,,B)
» D= U(Wa,57 Da”g)
| 2

We need [v, g, Wa /] = [Ca,p: Da,gl-

v

To insure linearity we need v, g3 = avi o+ Bvp,1 and
Wa,3 = awio + Bwo 1.



Outline of Proof

v

U(Va’57 CanB)
U(Wa757 Da’ﬁ)
We need [Va,,Ba Wa'ﬁ/] = [Coéﬂ, Daﬂ]-

C=
D=

v
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v

To insure linearity we need v, g3 = avi o+ Bvp,1 and
Wa,3 = awio + Bwo 1.

V170 = (1,0), V071 = (1, 1) and W170 = (0, 1), V071 = (1, 1)

v



Outline of Proof

v

C =U(Vas Ca)
D = J(wag, Dap)
We need [Va,,Ba Wa/ﬂr] = [Coéﬂ, Da”g].

v

v

v

To insure linearity we need v, 3 = avio + Bv,1 and

Wo,3 = QW + BWo 1.

Vio = (1,0), Vo,1 = (1, 1) and wio = (0, 1), Vo,1 = (1, 1)

» We=Wg=

x? WCO,O(Xa}’) ‘|‘XYWC1,0(XaY) +y? WCo,o(Y7X) +XyWC1,o(y’ x).

v



Outline of Proof

v

? = U(Va’57 CanB)
D = U(Wa757 Da’ﬁ)
» We need [Va,,Ba Wa/ﬂr] = [Caﬁ, Da”g].

v

» To insure linearity we need v, g = avy g + Bvo,1 and
Wo3 = awr o + Bwo 1.
> vio = (1,0), V0,1 = (1, 1) and wi0 = (0, 1), V0,1 = (1, 1)
» We=Wg=
x2 WCo,o(Xa Y) "’XyWCLo(X,y) +y2 WCO,O(.y7X) +xchl,0(y, X)'
C and D are formally self-dual

v
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Odd formally self-dual codes

» There exist odd formally self-dual codes of all lengths over Ag
for all k.

» Linear odd formally self-dual codes exist over Z4 and Ry for
all lengths greater than 1.



Formally self-dual codes

Let 2 be the all 2 vector in Z7, ujuy...uy be the all uyuy. .. ug
vector in R and 1 be the all one-vector (over any ring). Note that
the Gray image of these vectors is the binary all-one vector.



Formally self-dual codes

Let 2 be the all 2 vector in Zj, ujuy ... ug be the all uyus ... uy
vector in R and 1 be the all one-vector (over any ring). Note that
the Gray image of these vectors is the binary all-one vector.

Theorem

Let C be a formally self-dual code. The code C is even over Z4 if
and only if 2 € C. The code C is even over Ry if and only if
ujuy...ux € C. The code C is even over A if and only if 1 € C.



Formally self-dual codes

Theorem
Let C be an odd formally self-dual code over Ay or Z4 of length n.
Then C is a neighbor of an even formally self-dual code.
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any linear formally self-dual codes.



Importance of these codes

» Formally self-dual codes over Ry produce binary formally
self-dual codes that have k distinct automorphisms

» Formally self-dual codes over Z4 produce non-linear formally
self-dual codes which may have higher minimum distance than
any linear formally self-dual codes.

» A formally self-dual code over A, can be constructed using
any 251 binary codes.



