Thirteenth International Workshop on Algebraic and Combinatorial Coding Theory
June 15-21, 2012, Pomorie, Bulgaria pp. 176-181

New extremal binary codes of length 66 as

extensions of bordered-double-circulant
codes over R,

SUAT KARADENIZ skaradeniz@fatih.edu.tr
Department of Mathematics, Fatih University,Istanbul, Turkey
BAHATTIN YILDIZ byildiz@fatih.edu.tr

Department of Mathematics, Fatih University, Istanbul, Turkey

Abstract. In this work, we extend two extremal codes of length 64 which were
obtained by the authors as bordered-double-circulant codes over Ry. Using the
extension, we have constructed seven new extremal binary codes of length 66 which
were not previously known to exist.

1 Introduction

Self-dual codes are an important class of codes and have been studied by re-
searchers for a long time. These codes are found to be connected with many
different fields of study such as combinatorial theory, group theory and lattice
theory. Contrary to the early periods, there has been a burst of activity in codes
over rings recently. Self-dual codes over rings also have received a considerable
attention since they have applications to unimodular lattices and non-linear
binary codes. For some of these works we refer to [3] and [13].

Binary self-dual codes of Type I and Type II have bounds on their minimum
distances. So a great focus in coding theory has been on classifying extremal
binary self-dual codes of certain lengths. Conway and Sloane have listed the
possible weight enumerators of extremal self-dual codes of lengths up to 72
in [2]. But for many of the possible weight enumerators, the existence of binary
self-dual codes with that weight enumerator is still an open problem. Find-
ing extremal binary self-dual codes with new weight enumerator has been an
interesting problem that has generated a lot of interest among researchers.

In this work, we use the ring Ry = Fo+ulFo+vFo4uvFs, which is a non-chain
ring of size 16 and characteristic 2 to construct self-dual codes. A natural linear
Gray map from Ry to F3 maps self-dual codes over Ry of length n to binary self-
dual codes of length 4n. Thus, in searching for extremal binary self-dual codes
we make our search on Ry instead. Since we are considering special generating
matrices and because the self-duality condition imposes some constraints on
these matrices, the number of independent variables in the search is reduced
considerably. We find seven new extremal binary self-dual codes of length 66
as extensions of codes constructed in [7].

In section 2, we give a short background on the ring Ry, linear and self-dual
codes over Ry, referring mainly to [12].
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In section 3, we refer to [7] for the bordered-double-circulant construction
for self-dual codes over Ry and two previously unknown extremal binary self-
dual codes of length 64 with 3 = 46 in W4, of different automorphism groups.
The extension method given in [8] is used for these two new codes. We were
able to obtain seven new extremal self-dual binary codes of length 66 which
were not previously known to exist.

2 Basics

Most of what follows can be found in [12]. The ring Ry = Fa+ulFa +vFg +uvFy
is defined as a characteristic 2 ring subject to the restrictions u? = v = 0 and
uv = vu. Note that Ry is not a chain ring, but its ideals can easily be described

as
{O} g Iuv - UU(RQ) - {O,U’U} g I’LL7IU7[’I.L+’U g Iu,v g Il - R2 (1)
I, ,, is the maximal ideal of Ry that contains all the zero divisors with everything
outside I, being a unit.
Linear codes over Ry of length n are defined as always to be Re-submodules
of RY.
By extending the notion of the Lee weight and the Gray map from [3], we
define

Definition 1. ¢ : R} — F3", which is given by

@+ ub+ve+uvd) = (@+b+c+d,c+d,b+d,d),
is defined to be the Gray map from RY to Fg”, where @, b,c,d € Fy.
Definition 2. For any element a + ub + ve + uvd € R, we define wr(a + ub +

ve+uvd) = wg(a+b+c+d,c+d,b+d,d), where wy denotes the ordinary
Hamming weight for binary vectors, to be the Lee weight of a + ub + ve + uvd.

We observe that the units 1,1+ u,1 4+ v and 1 + u + v + uv each have Lee
weights 1 while the other units, 1 +wuv, 1 +u+wuv, 1 + v+ uv, 1 + v + v have
weights 3.

The non-zero non-units all have Lee weight 2 except uv, which has Lee
weight 4.

From the definitions it can be deduced that ¢ is a linear distance-preserving
map, thus we obtain the following lemma, which will later be useful:

Lemma 1. If C is a linear code over Ry of length n, size 2* and minimum Lee
distance d, then ¢(C) is a binary [4n, k, d]-linear code.

The inner product and duality can be defined next. For (z1,zo,...,z,),
(y1,Y2,---,Yn) € RS, we define

< (1,22, .., Zn), (Y1, Y2, - -5 Yn) >= 211 + Tay2 + -+ Tpyn (2)

where the operations are performed in the ring R».



178 ACCT2012

Definition 3. Let C be a linear code over Ry of length n, then the dual of C
is defined as

Ct:={7e(R)"| <75,Z>=0,Y% € C}.
C is said to be self-orthogonal if C C C*, and it is self-dual if C = C+. A

self-dual code over Ry is said to be of Type II if the Lee weights of all codewords
are divisible by 4, otherwise it is said to be of Type I.

The following theorem is very useful in connecting self-dual codes over Ro
to binary self-dual codes:

Theorem 1. ( [12]) Suppose C' is a self-dual linear code over Ry of length n.
Then ¢(C') is a self-dual binary linear code of length 4n.

Because the Gray map is distance preserving, we get the following corollary:

Corollary 1. If C is a Type I (respectively Type II) code over Ry with pa-
rameters [n, 2% d], then ¢(C) is a binary Type I (respectively, Type II) code of
parameters [4n, k,d].

3 The bordered-double-circulant construction

In [7], we consider a bordered-double-circulant matrix with a special structure
over Ry and use this to construct self-dual codes.

Theorem 2. Let C be a linear code of length 4m over Rs, generated by a
bordered double-circulant matriz of the form

x| ¥y y . . .y

z
G — IQm . D 9

z

where x is an arbitrary non-unit in Ro; y and z are arbitrary units in Ra, and
D is a circulant (2m — 1) x (2m — 1) matriz over Ry with the first row given by

Dl - {d17d27 e 7dm—1;dm—17dm—27 o 7d17$yz}'

Then C' is a self-dual code over Ro.
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3.1 Two new extremal Type I codes of length 64

In [7] by using the bordered-double-circulant construction given above, we were
able to obtain a substantial amount of length 64 extremal self-dual codes some
of which were known ones, but we managed to obtain two new ones.

Now, in order to clarify the generating matrix, observe that from the con-
struction of Theorem 2, we only need to specify x,y, z and the first three entries
of Dy, because Dy = {d1,d2,ds, ds,ds,d1, xyz}.

Table 1: Two New Type I codes of parameters [64, 32, 12] obtained via
bordered-double-circulant construction.

(%% Z) (d17d27d3) ﬁ |AUt(C)|

Ci| (uv,uv+1,v+1) (v+Luw+lLuv+u+v+1) 46(in Wea,1) 25 x7

Col(wv,u+v+Lu+1) | (wwtu+l,utv+luwt+ov+1)| 46(n Wea1) | 2° x3x 7

3.2 Seven new extremal codes of length 66

As given in [2], there are three possibilities for the weight enumerators of
extremal self-dual codes of length 66

Weea = 14 (858+83)y'* + (18678 — 243)y™* + -+ where 0 < 3 < 778,
Wes2 = 1+41690y™ +7990y™ + -
and Wee3 = 1+ (858 +8B)y™? + (18166 — 243)y'* + - - - where 14 < 8 < 756.

In [5] and [11] codes were obtained with weight enumerator Wsg 2. A sub-
stantial number of codes with weight enumerator Wge 1 are obtained in [2], [5],
[6] and [9]. Recently, the codes with weight enumerator Wee 3 first found by
Tsai et al. in [10] for 5 = 28,33 and 34. In the following, we obtain the codes
with 8 = 54,56, 57, 58,59, 62 and 66 in Weg.s.

The extension method given below is used to obtain [66,33,12] extremal
codes from [64, 32, 12] self-dual codes obtained as the Gray images of bordered-
double circulant codes over Ry. We managed to obtain seven new extremal
binary codes of length 66.

Theorem 3. [8] Let S be a subset of the set {1,2,...,2n} of coordinate indices
such that |S| is odd. Let Gy = [L|R] = [l;|ri] be a generator matriz (may not be
in standard form) of a self-dual code Cy of length 2n, where l; and r; are rows

of L and R, respectively, for 1 <i <mn. Let x = (x1,...,Tpn,Tnil,...,To,) be
the characteristic vector of S, i.e., xj :=1ifj € S and x; :=0 if j ¢ S for
1 < j < 2n. Suppose that y; == (T1,. .., Tn, Tnt1,-- - Ton) - (Li]rs) for 1 <i<n.
Here - denotes the (scalar) inner product. Then the following matriz:

1 0 ‘xl e Ty Tpg1l .- Top

Yyr W

. L R

Yn  Yn
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generates a self-dual code C' of length 2n + 2.

1. The extension in Theorem 3 is applied to ¢(C1) with binary vector X
and extremal codes of length 66 with new weight enumerators are found;

X;={(00000000000101000001010100101010000000
01000000010010000100001000)} gives a code with =159 in
Wee,3,

XQZ{(()lOllll1011111111111111101011111111110
1011111011011111110111110l)}givesacodewithﬁ:57in
Wee,3,

X3:{(11011111111111011111011110111110111111
11111101111110010111001111)}givesacodewithﬁ:561n
Wee,3,

X4:{(10111101011111111111111111111001100111
11111011111101101010011111)}givesacodewithﬂ:661n
Wee,3-

2. The extension in Theorem 3 is applied to ¢(C2) with binary vector X;
and extremal codes of length 66 with new weight enumerators are found;

X;={(000101000100100001000010011000100010010
0000110000001010000000000)},givesacodewithﬁ:58m
Wee,3,

X¢={(101011100010011101001000110011110000011
010100000011111000111100 1)}, gives a code with 3 =62 in
Wee,3,

X7:{(000011110110011101001011011101101001111
1010001000110010000000000)},givesacodewithﬂ:54in
Wee,3-
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