On the binary quasi-cyclic codes

Stefka Bouyuklieva and lliya Bouyukliev
Institute of Mathematics and Informatics
Bulgarian Academy of Sciences

0C2013-p. 1.



Outline

Irreducible Cyclic Codes.
Quasi-Cyclic Codes - a Module Description.

Irreducible Quasi-Cyclic Codes - a Trace
Description.

Circulants.
Quasi-Cyclic Codes - equivalences.

0C2013-p. 2



Irreducible Cyclic Codes

Definition 1 Let f(x) be an irreducible divisor of%— 1
overFg, (g,n) = 1. The cyclic code of length n ovEy

generated by x) = (X" —1)/f(x) is called an
irreducible (or a minimal) cyclic code.

Definition 2 Let n be a divisor of % 1 and lety be a
primitive n-th root of unity infgs. Then

C(g,5,m) =Cy={(Trs(&), Trs(Ey), ..., Trs(EYy" 1)) |E € Fgs)

IS called an irreducible cyclic code ovél
(M= (g°—1)/n),

C(g,s,m) =Cy=C((y))



Irreducible Cyclic Codes

Theorem 1 The irreducible cyclign, k| code is
isomorphic to the field GF<).

Examplen=7,0=2,k=3,h(X) = x3+x+1

e(x) = x°+x°+x3+ 1 is the generating idempotent®f
and

C = {0,e(x),xeX), x%e(x),...,x°e(x)}

This Is the binary [7,3,4] simplex code with the only
nonzero weight 4.
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Irreducible Cyclic Codes

Examplen=7,0=2,k=3,h(X) = x3+x+1,y=X

[ Tr(1) Try) - Tr(y®) )
Trly) Tr(y?) - Tr(1)

C\{0} —

| THY®) TR - Try)

If y=xthen 1— (100),y+— (010),y* — (001)

(
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1 0)(1vv2---v6)
11
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Quasi-Cyclic Codes

Let T be the cyclic shift operator dfy;. A quasi-cyclic
(QC) code is a linear subspaceR§finvariant undefT s
for some integes.

A code Is said to be quasi-cyclic if every cyclic shift of &
codeword bys positions results in another codeword.

= S|Nn = n=sm

The smallest such positive integeis called thandexof
the code.
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QC codes - a Module Description

Seguin, Drolet:

T - the cyclic shift operator offig;

C - a QC code oveFq with indexr (invariant undei")
= C - A-module A = FFy|x]) via the multiplication
ax)v=a(T")v, veC, a(x) € A

Cis anirreducible QC code if it is nontrivial and
Irreducible as a\-module

annC) ={a(x) e Al a(x)v=_0, Yve C} <A
= ann(C) = (11(x)), T(X) - order ofC

0C2013-p. 7.



QC codes - a Module Description

ann(C) = (11(x)), T(X) - order ofC

C is irreducible QC code—- C = Avfor somev € C and
the ordem(x) of C is irreducible.

k =dim(C) = degr(x)
If r = 1 thenm(X) is the parity check polynomial &

Let the order ofufor u & Fg be the order of the
submoduléAu= {a(x)u | a(x) € A}
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QC codes - a Module Description

&=1(0,...,0,1,0,...,0) = Fy=Aey®Ae®--- DA _1

The order ofg is xV/" —1

i r—1 Xn/r 1
uelF, = u= i(X)g, ord(u) =lcm
.. . n/r_l o
ord(u) is irreducible < (a;(i),x”/r—l) =h(x) or 1
o Xn/r_l

— (a(X),x"" —1) = “ho- = 9(%) orxVr —1

— g(x) (modx"" —1) e (g(x)), where(g(x)) is a
cyclic code of lengtin/r, andh(x) is irreducible
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QC codes - a Trace Description

W(_;ai(X)el) = (ao(x),a1(x), ..., ar-1(x))

wherea; (x) = aj(x) mod xV" —1.
Since(g(x)) is irreducible cyclic code, then

(903)) = {(Tr(ap"))f" Yo € Fye)
whereh(B~1) = 0.
= WAY) = {((Tr(ayoB )R %, (Tr(aye_1B)8" )

— C(y(),y]_, « o ,Vr—l) 0C2013 —p. 10



QC codes - a Trace Description

Theorem 2 Let C be a g-ary QC code of length n and
iIndex r. Then C is irreducible— it is generated by a
single element whose order is an irreducible polynomie

h(x), h(x) | X" — 1. The dimension of C idegh(x), and

LIJ(C) — C(y07y17 s aVr—l)- Conversely @/anla T 7yl‘—1)
IS an irreducible QC code whose index is a divisor of r.
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Quasi-Cyclic Codes and circulants

Circulants are basic components in a generator matrix
a QC codeC.

A 1-generator QC code Is generated by a matrix in the
following form:

G=[GyGy ... G_1]
whereG; are circulants of ordam.

If go(X),01(X),...,0r—1(X) are the corresponding
defining polynomials, then

k =dim(C) = m—deggcd(go(X),91(X), . -.,9r—1(X)))
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Piret's Construction

The main idea - combining irreducible cyclic codes.

e(X) - the idempotent of an irreducible cyclie, k] code,

k= ordn(2), m= (2—1)/n,
y - a primitive element osF (2¥), a = y™.

codeword < element ofGF (2¥)
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Irreducible Cyclic Codes - our idea

Let K = Fx, 0 - a primitive element,
Fu={010,a2... 0%2),

X _1=mr,(imr =1,p=a".
ForO<a<r—1we define

Cali, j] = Tr(a"+D+ma) = Tr(qMapt)

Dali, j] = Tr(a"U=)%8) = Tr(a®pl )
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Irreducible Cyclic Codes

The code whose nonzero codewords are the rows of tf
matrix

(CoCi ... Cq)!

IS an irreducible cyclic code of length and dimension
ordm(q).

[ Tr(a™ Tr(amB) ... Tr(amapm-1) \
o _ | T Tramp) - Tram

\ Tr(@™B™ ) Tr(a™) --': Tr(@" " ?)
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QC codes - a trace description

The code whose nonzero weights are the rows of the
matrix

[ Co Cp ... G_1)
Ci C ... Go

\Cr—l CO Cr—Z/

is the simpleX2X — 1 = mr,k] code.
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QC codes - a trace description

LletO<ay<ax<---<a <r-—1. The code whose
nonzero weights are the rows of the matrix

C(al,az,...,at) —

\Ca1+r—1 Ca2+r—1 Cat+r—1/
Is a QC code of lengtimt.
C(a17a27°'°7at):C(a1+|7a2_|_|7“'7at_|—|)7 OSI Sr_l

C(2a1,2ay,...,2a) ~C(ay,ay, ..., a)
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QC codes - equivalences

Theorem 3 The following transformations send the coc
C(ag,a,...,a) to an equivalent one:

(1) a permutation of the column-circulants:
C(ay,a,...,a) ~ C(ais, ap; - --,80),0 € §;

(i) a cyclic shift with | positions to each circulant:

C(al,ag,...,at) :C(a1+l,a2+l,...,at+l),
0<I <r—-1;

(iii) a substitution x— x? (Frobenius isomorphism):
C(2ay,2ay,...,2a) ~C(ay,az,...,a).
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QC codes - a trace description

k=6, 2°-1=63=7-9.m=9,r=7

C(0,1) ~ C(0,2) ~C(0,4) ~C(0,3) ~C(0,6) ~ C(0,5)

=

a unique code for= 2 ([18,6,6] code)

C(0,1,3) ~C(0,2,6) ~ C(0,4,5)

C(
C(

31
1-_
1-_

0,1,5) ~ C(0,4,6) ~ C(0,2,3)
0,1,2) ~C(0,2,4) ~ C(0,1,4) ~ - - -

nequivalent codes fdr=3 (h= 27,k = 6):
-oyt0 oyt 274 1 18yt |Aut(C)| = 18
-36yt% 4 27y10, |Aut(C)| = 51840

1 -

- 27yt2 4 27yt 9yt |Aut(C)| = 1296
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QC codes - a trace description

k=8, 2°-1=255=15-17m= 17, r = 15

t
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d
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1
24

1
32

1
40
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48
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two-wight codes

1

1

1

C(1), C(3), C(5), C(7)
C(0,1) ~ C(0,14) ~ C(0,7), C(0,3), C(0,5)

2

1
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QC codes - open problems

A sequence of the transformations from Theorem |
IS a sufficient condition for equivalence of two
binary QC codes? When the products of these thre
transformations give a necessary condition for

equivalence?

What is going on whem < k?

Is the theory foilg > 2 the same?

Are there BWD quasi-cyclic codes?

What about two-weight quasi-cyclic codes?
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