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Notations

Fe=1{0,1,...,9—-1}, Fg=Fgx...xFq
s(a) ={i :a; #0}, acFy
Wia) = {8 € F1 : wt(8—a) = i}
Ic{1,....n}, T={1,...,n}\/
Mi(a)={BeFy : Bi=a;Yigl},

then I'j(«) is said to be a (n — |/|)-dimensional face.

(o, B) =181+ ...+ apBa( mod q), «,p € Fg
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Eigenfunctions: definition

V:{f:FC;'—MC}
f < (£(0,...,0),7(0,...,0,1),....f(g—1,...,g—1))"

1, pla,p)=1 : .
_.n n _ ) s _
D—q"xq", Dag 0 other adjacency matrix of F

f is the eigenfunction of F” with the eigenvalue X\ (or A-function) if

n

Df = Mf.

In other words, 3 5.\, (q) F(B) = Af(a), Vo€ Fg.
The eigenvalues of the graph of n-dimensional g-ary hypercube are equal to
ANi=(g—1)n—gqi, i=0,1,...,n
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Eigenfunctions and Fourier transform

€= e27ri/q
A function
o) =¢*P) a,BeFy,

is called the character. The characters ©®, 3 € Fg. forms the orthogonal

basis of the vector space V. Define Fourier transform f of a function f as
follows:

fla)= > f(B)°(a)= D F(BED, acFL.

BEFg BEFg

In terms of Fourier transform f is the eigenfunction of F" with the
eigenvalue \; iff

fla)=0 VY a¢ W)
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Eigenfunctions: Local distributions

By definition, put

Vi@ = > f8),

BEr (@) N Wj(a)

the vector v/'f(a) = (vé’f(a), cee v‘ll"f(oz)) is called the local distribution of
the function f in the face /() with respect to the vertex «, or shortly
(1, a)-local distribution of f. We say that

k
g,l’a(X,y) Zvjl’f( ka - — Z fF(B S(ﬁ)\ 1—Is(B)]
Jj=0 per(a)

is a local weight enumerator.
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Eigenfunctions: Theorem

Theorem 1

Let A be an eigenvalue of Fg, f be a MA-function, h = W and
o€ Fg. Then

(x+ (g — D) gk (x,y) = (' + (g = 1)y) Vgho(x, y),

where X' = x+ (g —2)y, vy = —y.

Rewrite the formula:

gh(x,y) = (x = )" M(x + (g = 1)y) =gl (x + (g — 2)y, —)
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Perfect colorings

The partition C = (Cy, ..., C,) of Fg is called a perfect coloring (or an
equitable partition) with the parameter matrix S = (sj;); j=1,....r if for any
i,j€{L,...,r} and any vertex a € C; the number of vertices 3 € C; at
distance 1 from « is equal to sj;. First present a perfect r-coloring by
(0,1)-matrix C of size g" x r that defined as follows: each row has only
one nonzero position that marks the color of the corresponding vertex.
Then the coloring is perfect iff

DC = (S,

where D is the adjacency matrix of Fg.
If the parameter matrix S is three-diagonal then Cy (and C,) is completely
regular code.

Anastasia Yu. Vasil'eva (Sobolev InstitutLocal distributions of g-ary eigenfunction 0C2013 8/1



Perfect colorings: local distributions

Define a local distribution of a coloring as local distributions of
characteristic functions of the colors. More precisely, a local distribution of

the coloring C in the face I'j(«) with respect to the vertex « is
(r x |1])-matrix

ve(a) ... lCl(oz)
<) .. |I,|C’(a)

Wherev i) = IGOAWi(o)NTi(e)], i=1,....r, j=0,...,]l|. A

vector- fu nction

/, I3 I3
gCa(Xay) = (gcla(x,y), e agC,a(X7y))

is called the local weight enumerator of the coloring C in the face I';(«)
with respect to the vertex a.
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Perfect colorings: Theorem
Theorem 2

Let C = (G, ..., C) be a perfect coloring of F7 with parameter matrix S
and o € FI. Put h(S) = {UE=S Then

(x + (g — )y)"O-TMEgLa(x y) = (X' + (g — 1)y')" ) 1NEGLa(x', ),

where x' = x4+ (g — 2)y, y' = —y.
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