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Notations

Fq = {0, 1, . . . , q − 1}, Fn
q = Fq × . . .× Fq

s(α) = {i : αi 6= 0}, α ∈ Fn
q

Wi (α) = {β ∈ Fn
q : wt(β − α) = i}

I ⊆ {1, . . . , n}, I = {1, . . . , n}\I

ΓI (α) = {β ∈ Fn
q : βi = αi ∀ i /∈ I},

then ΓI (α) is said to be a (n − |I |)-dimensional face.

〈α, β〉 = α1β1 + . . .+ αnβn( mod q), α, β ∈ Fn
q
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Eigenfunctions: de�nition

V =
{
f : F n

q −→ C
}

f ↔ (f (0, . . . , 0), f (0, . . . , 0, 1), . . . , f (q − 1, . . . , q − 1))T

D − qn × qn, Dα,β =

{
1, ρ(α, β) = 1
0, other

� adjacency matrix of Fn
q.

f is the eigenfunction of Fn with the eigenvalue λ (or λ-function) if

Df = λf .

In other words,
∑

β∈W1(α) f (β) = λf (α), ∀α ∈ Fn
q.

The eigenvalues of the graph of n-dimensional q-ary hypercube are equal to
λi = (q − 1)n − qi , i = 0, 1, . . . , n
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Eigenfunctions and Fourier transform

ξ = e2πi/q

A function
ϕβ(α) = ξ〈α,β〉, α, β ∈ Fn

q,

is called the character. The characters ϕβ, β ∈ Fn
q, forms the orthogonal

basis of the vector space V . De�ne Fourier transform f̂ of a function f as
follows:

f̂ (α) =
∑
β∈Fn

q

f (β)ϕβ(α) =
∑
β∈Fn

q

f (β)ξ〈α,β〉, α ∈ Fn
q.

In terms of Fourier transform f is the eigenfunction of Fn with the
eigenvalue λi i�

f̂ (α) = 0 ∀ α /∈Wi (0)
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Eigenfunctions: Local distributions

By de�nition, put

v I ,fj (α) =
∑

β∈ΓI (α)
⋂

Wj (α)

f (β),

the vector v I ,f (α) = (v I ,f0 (α), . . . , v I ,f|I | (α)) is called the local distribution of

the function f in the face ΓI (α) with respect to the vertex α, or shortly
(I , α)-local distribution of f . We say that

g I ,α
f (x , y) =

k∑
j=0

v I ,fj (α)y jxk−j =
∑

β∈ΓI (α)

f (β)y |s(β)|x |I |−|s(β)|

is a local weight enumerator.
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Eigenfunctions: Theorem

Theorem 1

Let λ be an eigenvalue of Fn
q, f be a λ-function, h = (q−1)n−λ

q and
α ∈ Fn

q. Then

(x + (q − 1)y)h−|I |g I ,α
f (x , y) = (x ′ + (q − 1)y ′)h−|I |g I ,α

f (x ′, y ′),

where x ′ = x + (q − 2)y , y ′ = −y .

Rewrite the formula:

g I
f (x , y) = (x − y)h−|I |(x + (q − 1)y)|I |−hg I

f (x + (q − 2)y ,−y)
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Perfect colorings

The partition C = (C1, . . . ,Cr ) of Fn
q is called a perfect coloring (or an

equitable partition) with the parameter matrix S = (sij)i ,j=1,...,r if for any
i , j ∈ {1, . . . , r} and any vertex α ∈ Ci the number of vertices β ∈ Cj at
distance 1 from α is equal to sij . First present a perfect r -coloring by
(0, 1)-matrix C of size qn × r that de�ned as follows: each row has only
one nonzero position that marks the color of the corresponding vertex.
Then the coloring is perfect i�

DC = CS ,

where D is the adjacency matrix of Fn
q.

If the parameter matrix S is three-diagonal then C0 (and Cr ) is completely
regular code.
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Perfect colorings: local distributions

De�ne a local distribution of a coloring as local distributions of
characteristic functions of the colors. More precisely, a local distribution of
the coloring C in the face ΓI (α) with respect to the vertex α is
(r × |I |)-matrix

v I ,C (α) =


v I ,C1

0 (α) . . . v I ,C1

|I | (α)
...

...

v I ,Cr
0 (α) . . . v I ,Cr

|I | (α)

 ,

where v I ,Ci
j (α) = |Ci

⋂
Wj(α)

⋂
ΓI (α)|, i = 1, . . . , r , j = 0, . . . , |I |. A

vector-function

g I ,α
C (x , y) = (g I ,α

C1
(x , y), . . . , g I ,α

Cr
(x , y))

is called the local weight enumerator of the coloring C in the face ΓI (α)
with respect to the vertex α.
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Perfect colorings: Theorem

Theorem 2

Let C = (C1, . . . ,Cr ) be a perfect coloring of Fn
q with parameter matrix S

and α ∈ Fn
q. Put h(S) = (q−1)nE−S

q . Then

(x + (q − 1)y)h(S)−|I |Eg I ,α
C (x , y) = (x ′ + (q − 1)y ′)h(S)−|I |Eg I ,α

C (x ′, y ′),

where x ′ = x + (q − 2)y , y ′ = −y .

Theorem 1

Let λ be an eigenvalue of Fn
q, f be a λ-function, h = (q−1)n−λ

q and
α ∈ Fn

q. Then

(x + (q − 1)y)h−|I |g I ,α
f (x , y) = (x ′ + (q − 1)y ′)h−|I |g I ,α

f (x ′, y ′),

where x ′ = x + (q − 2)y , y ′ = −y .
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