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1. Linear Codes

⋄ Linear [n, k]q ode: C < F
n
q , dimC = k

⋄ [n, k, d]q-ode: d = min{d(u, v) | u, v ∈ C, u 6= v}.- n - the length of C;- k - the dimension of C;- d - the minimum distane of C.
⋄ Ai � number of odewords of (Hamming) weight i

⋄ (Ai)i≥0 � the spetrum of C
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⋄ The ode obtained by deleting the same oordinate from all odewords of C isalled a puntured ode for C.
⋄ A linear [n, k, d]q-ode C is alled extendable if there exists an [n+1, k, d+1]qode C ′ whih gives C as a puntured ode. In suh ase C ′ is alled an extensionof C.Theorem.(Folklore) Every binary linear ode of odd minimal weight is extendable.
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the [7, 4, 3]2 Hamming ode =⇒ the [8, 4, 4]2 extendedHamming ode
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Theorem. (R. Hill, P. Lizak, 1995) Let C be a linear [n, k, d]q-ode with

gcd(q, d) = 1 in whih Ai = 0 for all i 6≡ 0, d (mod q). Then C is ex-tendable.
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2. Multisets of points

⋄ A multiset in PG(k − 1, q) is a mapping

K :

{
P → N0,

P → K(P ).

⋄ K(P ) � multipliity of the point P .
⋄ Q ⊂ P : K(Q) =

∑
P∈QK(P ) � multipliity of the set Q.

⋄ K(P) � the ardinality of K.
⋄ Points, lines, ... ,hyperplanes of multipliity i are alled i-points, i-lines, ... ,

i-hyperplanes.

⋄ ai � the number of hyperplanes H with K(H) = i

⋄ (ai)i≥0 � the spetrum of K� Seventh International Workshop on Optimal Codes and Related Topis, Albena, Bulgaria, 06.09.�12.09.2013 � 5



De�nition. (n, w)-ar in PG(k − 1, q): a multiset K with1) K(P) = n;2) for every hyperplane H : K(H) ≤ w;3) there exists a hyperplane H0: K(H0) = w.De�nition. (n, w)-bloking set in PG(k − 1, q)(or (n, w)-minihyper): a multiset K with1) K(P) = n;2) for every hyperplane H : K(H) ≥ w;3) there exists a hyperplane H0: K(H0) = w.
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De�nition. An (n, w)-ar K in PG(k − 1, q) is alled extendable (or inom-plete), if there exists an (n+1, w)-ar K′ in PG(k− 1, q) with K′(P ) ≥ K(P )for every point P ∈ P .
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3. Linear odes as multisets of points

A linear ode of full length over Fq:A linear ode C ∈ F
n
q is said to be of full length if ∀i ∈ {1, . . . , n}, ∃ c =

(c1, c2, . . . , cn) ∈ C with ci 6= 0.Theorem. For every ar K of ardinality n in PG(k − 1, q) there exist alinear ode of full length C < F
n
q and a generating sequene of vetors S =

(c1, · · · , ck) from C whih indues K. Two ars K1 and K2 in PG(k − 1, q)assoiated with the linear odes of full length C1 and C2 over Fq, respetively,are equivalent if and only if C1 and C2 are semilinearly isomorphi.
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[n, k, d]q-ode C ⇔ (n, w = n − d)-ar Kof full length in PG(k − 1, q)

0 6= u ∈ C, wt(u) = u ⇔ a hyperplane H with K(H) = n − u,

(Ai)i≥0 ⇔ (ai)i≥0

ai = 1
q−1An−iextendable [n, k, d]q-ode C ⇔ extendable (n, n − d)-ar KTheorem. (R. Hill, P. Lizak, 1995) Let K be an (n,w)-ar in PG(k−1, q) with

gcd(n − w, q) = 1. Let further K(H) ≡ n or w (mod q) for all hyperplanes

H . Then K is extendable to an (n + 1, w)-ar in PG(k − 1, q).
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4. Earlier Extension Results

Theorem.(Simonis,2000) An [n, k, d]q-ode with gcd(d, q) = 1 is extendable if

∑

i 6≡d (mod q)

Ai = qk−1.

Theorem.(Maruta,2001) An [n, k, d]q-ode with gcd(d, q) = 1 is extendable if

∑

i 6≡d (mod q)

Ai < qk−1 + qk−3√q(q − 1).

Theorem.(Maruta,2004) Let C be an [n, k, d]q ode suh that Ai = 0 for all

i 6≡ 0,−1,−2 (mod q) for odd q ≥ 5. Then C is extendable.� Seventh International Workshop on Optimal Codes and Related Topis, Albena, Bulgaria, 06.09.�12.09.2013 � 10



Theorem. (Maruta, geometri version) Let K be an (n, w)-ar in PG(k−1, q),

q ≥ 5, odd. Let further K(H) ≡ n, n + 1 or n + 2 (mod q) for all hyperplanes

H . Then K is extendable to an (n + 1, w)-ar in PG(k − 1, q).

� Seventh International Workshop on Optimal Codes and Related Topis, Albena, Bulgaria, 06.09.�12.09.2013 � 11



5. A New Extension Theorem

⋄ K - (n, w)-ar in Σ = PG(k − 1, q)

⋄ for every hyperplane H , we have K(H) ≡ n, n+1, . . . , n+ t (mod q) where

0 < t < q is an integer onstant.
⋄ De�ne an ar K̃ in the dual spae Σ̃

K̃ :

{ H → N0,

H → K̃(H) := n + t −K(H) (mod q).where H is the set of all hyperplanes of Σ.
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Theorem. Let K be an (n, w)-ar in Σ = PG(k − 1, q) and let Σ̃ ontain ahyperplane H∗ with K̃(x∗) ≥ a > 0, a an integer, for all points x∗ inidentwith H∗. Then the ar K is a-extendable, there exists an extension K′ of K withparameters (n + a,w).Theorem. Let S∗ be a subspae of Σ̃ then K̃(S∗) ≡ t (mod q).

⋄ By the above theorem, the ar K̃ has the following properties:- the multipliity of eah point is at most t;- the multipliity of eah subspae of dimension r, 1 ≤ r ≤ k − 1, is at least

tvr.

⋄ Notation: vr =
qr − 1

q − 1
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⋄ Griesmer bound: Let C be an [n, k, d]q-ode. Then

nq(k, d) ≥ gq(k, d) =

k−1∑

i=0

⌈ d

qi
⌉

⋄ Griesmer ars: ars assoiated with odes meeting the Griesmer bound
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Theorem. Consider a Griesmer (n, w)-ar K in PG(k − 1, q) with K(H) ≡
n, n+1, . . . , n+ t (mod q) for all hyperplanes H . Denote by (ai) the spetrumof the ar K|H , where H is a �xed hyperplane of multipliity w, with respetto K. Let A be the largest integer suh that a (tvk−1 + A, tvk−2)-minihyperontains neessarily a hyperplane in its support. If

qaw−⌈d/q⌉−1 + 2qaw−⌈d/q⌉−2 + . . . + (t − 1)q
∑

u≤w−⌈d/q⌉−t+1

au ≤ A,

then K is extendable.

Problem. What is the maximal integer A suh that a (tvk−1 + A, tvk−2)-minihyper with the divisibility properties outlined above ontains a hyperplane?
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