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1. Modules over �nite 
hain rings

Theorem. Let R be a �nite 
hain ring of nilpoten
y index m. For any �nitemodule RM there exists a uniquely determined partition

λ = (λ1, . . . , λk) ⊢ logq|M |,

0 ≤ λi ≤ m, su
h that
RM ∼= R/(rad R)λ1 ⊕ . . . ⊕ R/(rad R)λk.

The partition λ is 
alled the shape of RM .The number k is 
alled the rank of RM .� Seventh International Workshop on Optimal Codes and Related Topi
s, Albena, Bulgaria, 06.09.�12.09.2013 � 1



2. Proje
tive Hjelmslev spa
es

• M = RRk; M∗ := M \ θM ; θ ∈ rad R \ (rad R)2

• P = {Rx | x ∈ M∗};
• L = {Rx + Ry | x, y linearly independent};

• I ⊆ P × L � in
iden
e relation;
• ⌢⌣ - neighbour relation:(N1) X ⌢⌣Y if ∃s, t ∈ L : X, Y Is,X, Y It;(N2) s⌢⌣t if ∀X I s ∃Y I t: X ⌢⌣Y and ∀Y I t ∃X I s: Y ⌢⌣X .De�nition. The in
iden
e stru
ture Π = (P,L, I) with neighbour relation ⌢⌣is 
alled the (left) proje
tive Hjelmslev geometry over the 
hain ring R.� Seventh International Workshop on Optimal Codes and Related Topi
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De�nition. A set of points H in the proje
tive Hjelmslev spa
e Π is 
alled aHjelmlsev subspa
e if for any two points x, y ∈ H there is at least one linein
ident with both of them whi
h is entirely 
ontained in H .De�nition. A set of points H in the proje
tive Hjelmlsev spa
e Π is 
alled asubspa
e if it is the interse
tion of Hjelmlsev subspa
es.Hjelmslev subspa
es −→ free submodules of RRnsubspa
es −→ submodules of RRn with at least one free submodulesubspa
e of type λ −→ submodule of type λ
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PHG(Z3
9)
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3. The Latti
e of Submodules

Theorem. Let RM be a module of shape λ = (λ1, . . . , λn). For every sequen
e

µ = (µ1, . . . , µn), µ1 ≥ . . . ≥ µn ≥ 0, satisfying µ ≤ λ the module RM hasexa
tly
[
λ

µ

]

qm

=

m∏

i=1

qµ′
i+1(λ

′
i−µ′

i) ·

[
λ′

i − µ′
i+1

µ′
i − µ′

i+1

]

qsubmodules of shape µ. In parti
ular, the number of free rank s submodules of

RM equals

qs(λ′
1−s)+...+s(λ′

m−1−s) ·

[
λ′

m

s

]

q

.Here [
n

k

]

q

=
(qn − 1) . . . (qn−k+1 − 1)

(qk − 1) . . . (q − 1)
.are the Gaussian 
oe�
ients.� Seventh International Workshop on Optimal Codes and Related Topi
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Example. Let
• Z

4
4 = Z4 ⊕ Z4 ⊕ Z4 ⊕ Z4

• qm = 22, i.e. q = 2, m = 2

• λ = (2, 2, 2, 2), λ′ = (4, 4);
• µ = (2, 2, 1, 0), µ′ = (3, 2)

•
[
λ
µ

]

22
= 22(4−3)

[
4−2
3−2

]

2

[
4−0
2−0

]

2
= 22 · 3 · 35 = 420.
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Theorem. Let
m = (m, . . . ,m

︸ ︷︷ ︸
n

) and µ = (µ1, . . . , µn).

Set µ = (m − µn, . . . , m − µ1). Then
[
m

µ

]

qm

=

[
m

µ

]

qm

.
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Let R be a 
hain ring with |R| = qm, R/ rad R ∼= Fq.Let κ = (κ1, . . . , κn), m ≥ κ1 ≥ κ2 ≥ . . . ≥ κn ≥ 0.

GR(n, κ) � the set of all submodules of RRn of shape κ.

HR(κ) � the latti
e of all submodules of
R/(rad R)κ1 ⊕ . . . ⊕ R/(rad R)κn,ordered by in
lusion.

HR(n) � the latti
e of all submodules of RRn.
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HZ4(2)

(0)

〈01, 10〉

〈20〉 〈02〉 〈22〉

〈10, 02〉 〈01, 20〉 〈11, 02〉

〈20, 02〉〈10〉 〈12〉 〈01〉 〈21〉 〈11〉 〈13〉
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HR(κ), κ = (2, 2, 1)

(0)

〈100, 010, 002〉

〈200〉 〈020〉 〈220〉 〈002〉 〈202〉 〈022〉 〈222〉

〈200, 020, 002〉
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HZ4(3)

(0)

(1, 0, 0)

(2, 0, 0) (1, 1, 0)

(2, 1, 0) (1, 1, 1)

(2, 2, 0) (2, 1, 1)

(2, 2, 1)

(2, 2, 2)

1

q3−1
q−1

q2q3−1
q−1

q3−1
q−1

q(q + 1)
q3−1
q−1

1

q2q3−1
q−1

q3−1
q−1

q3−1
q−1

1
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3. Spreads

De�nition. A r-spread of the proje
tive Hjelmslev geometry PHG(RRn+1)is a set S of r-dimensional Hjelmslev subspa
es su
h that every point is 
ontainedin exa
tly one subspa
e of S.Theorem. Let R be a 
hain ring with |R| = q2, R/ rad R ∼= Fq. There existsa spread S of r-dimensional spa
es of the n-dimensional proje
tive Hjelmslevgeometry PHG(RRn+1) if and only if r + 1 divides n + 1.Theorem. Let R be a 
hain ring with |R| = qm, R/ rad R ∼= Fq. There existsa spread S of r-dimensional Hjelmslev subspa
es of PHG(RRn) if and only if

r + 1 divides n + 1.
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The fa
tor-image of the spreads from the previous 
onstru
tions is qn−rS.Su
h spreads 
an be 
onsidered as trivial. Do there exist non-trivial sprads?Very interesting: 
onstru
t spreads in whi
h no two subspa
es are neighbours.

In 
ase of PHG(RR4) su
h spreads do exist for
R = Z4, F2[X ]/(X2), Z9, F3[X ]/(X2).(a 
omputational result)
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PHG(Z4
4):

〈1001, 0121〉 〈2103, 0011〉 〈1020, 0121〉 〈0010, 2201〉

〈0103, 2010〉 〈1023, 0113〉 〈1002, 0210〉 〈1000, 0100〉

〈1003, 0110〉 〈1010, 0021〉 〈1302, 0212〉 〈1330, 0201〉

〈1030, 0122〉 〈1102, 0211〉 〈0130, 0001〉 〈1011, 0112〉

〈1202, 0013〉 〈1032, 0111〉 〈1021, 0120〉 〈1013, 0102〉
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κ = (κ1, . . . , κn)De�nition. A κ-spread of the proje
tive Hjelmslev geometry PHG(Rn
R) is aset S of subspa
es of type κ su
h that every point is 
ontained in exa
tly onesubspa
e of S.

κ-spreads are exa
tly the τ − (n, κ, 1)-designs with τ = (m, 0, . . . , 0).

Take κ = (2, . . . , 2
︸ ︷︷ ︸

n/2

, 1, . . . , 1
︸ ︷︷ ︸

n/2−1

, 0).

The number of points in a subspa
e of type κ is qn−2q
n
2−1
q−1 and divides thenumber of points in PHG RRn whi
h is qn−1qn−1

q−1 .
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Theorem. Let R be a 
hain ring of nilpoten
y index 2. Let Π = PHG(RRn).There exists no κ-spread of Π for κ = (2, . . . , 2
︸ ︷︷ ︸

n/2

, 1, . . . , 1
︸ ︷︷ ︸
n/2−1

, 0).

Corollary. There exists no κ-spread of PHG(RR4) with κ = (2, 2, 1, 0).
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More generally:Theorem. Let R be a 
hain ring of nilpoten
y index m. Let Π = PHG(RRn).There exists no κ-spread of Π for κ = (m, . . . ,m
︸ ︷︷ ︸

n/2

,m − 1, . . . ,m − 1
︸ ︷︷ ︸

n/2−1

, 0).

Problem. Find a ne
essary and su�
ient 
ondition on κ for the existen
e

κ-spread in PHG(RRn).Theorem. Let R be a �nite 
hain ring of nilpoten
y index 2 and let Π =
PHG(RRn) be the 
orresponding (left) proje
tive Hjelmslev spa
e. There existsno λ-spread of Π = PHG(RRn) with λ = (2, . . . , 2

︸ ︷︷ ︸

n/2

, 1, . . . , 1
︸ ︷︷ ︸

n/2−a

, 0, . . . , 0
︸ ︷︷ ︸

a

), where

1 ≤ a ≤ n
2 − 1.
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Shape Existen
e

(2, . . . , 2
︸ ︷︷ ︸

n/2

, 0, . . . , 0
︸ ︷︷ ︸

n/2

) YES

(2, . . . , 2
︸ ︷︷ ︸

n/2

, 1, 0, . . . , 0
︸ ︷︷ ︸

n/2−1

) NO

(2, . . . , 2
︸ ︷︷ ︸

n/2

, 1, 1 0, . . . , 0
︸ ︷︷ ︸

n/2−2

) NO. . . . . .

(2, . . . , 2
︸ ︷︷ ︸

n/2

, 1, . . . , 1
︸ ︷︷ ︸

n/2−1

, 0) NO
(2, . . . , 2
︸ ︷︷ ︸

n/2

, 1, . . . , 1
︸ ︷︷ ︸

n/2

) YES
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