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Abstract. A new class of quasi-cyclic Goppa codes is considered. It is shown that
it contains optimal codes.

1 Introduction

A Goppa code [1] is determined by two objects: a Goppa polynomial G(x) with
coefficients from GF(¢™) and location set L of codeword positions

L= {051,042, s 7an} - GF(qm),G(OéZ) 7& 07 Va; € L.

Definition 1. g-ary vector a = (a1as...ay,) is a codeword of I'(L, G)-code if
and only if the following equality is satisfied

Zai ! =0 mod G(x).

T — Oy

=1

It is known that quasi-cyclic Goppa codes can be constructed as special
subclasses of extended Goppa codes or expurgated subcodes. Permutations of
elements of the location set L from linear and semilinear projective line group
are used for the construction of these codes [2—4].

PGL(2,L) = {f|f(a) = %L a € L,a,b,c € GF(q™),ac — b # 0},

a+tc?

l
PTL(2,L) = {f|f(a) = ¥ o € L,a,b,c € GF(¢™),ac —b# 0,0 <1 < m}.

1
al +c

It has been proved in [2], Corollary 1 (Expurgated subcodes), Theorem 4 (Ez-
tended codes) that the equation

Zai =0 (1)
i=1
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for any codeword is the necessary and sufficient condition for the quasi-cyclicity
of the Goppa code in case the groups of permutations PGL(2, L), PT'L(2, L)
are used. It should be noted [2—4] that in this case the element co has been
included into the numerator set L (extended code);in case expurgated subcode
is considered, a subcode with words satisfied equation (1) only is used.

In this paper a consistent choice of a Goppa polynomial G(x) and numerator
set L that provides the fulfilment of (1) for all codewords of the I'(L, G)-code
is proposed . For the considered subclass of quasi-cyclic Goppa codes we have
obtained estimations of the dimension and minimum distance. It is shown that
there exist optimal codes among such quasi-cyclic codes.

2 Class of embedded quasi-cyclic separable Goppa
codes

Theorem 1. [6] All codewords of the a = (ajas...an) I'(L,G)-code with
L C GF(¢*™) and G(x) :

Va e L, G(a)?" = Aa"'G(a), A € GF(¢*™),t = deg G(x)
satisfy the equation:
z": a; = 0.
i=1
Let us define a set M of elements of the field GF(¢*™) as following:
M={a:a?" =a ' aecGF(@)}).
Theorem 2. The permutation given by the function

azd +b

P a,b,ceGF(qu),ac—b;«é0,0gl<m

flz) =
18 automorphism mapping on the set M if and only if
b=1,c=a? .

Lemma 1. All roots of the polynomial
G(z) = 20t — gz a4+ 1 (2)

are fized with respect to the permutation f(x) defined in Theorem 2.
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It is easy to show that G(z) is a separable polynomial.
Let us choose a location set

L=M\{a:G(a)=0}. (3)
Then the I'(L, G)-codes with the such set L and with the Goppa polynomial
G(z) = 27— gz 4 a"x +1 or

Gx)=a+p,6eM (4)
satisfy the conditions of Theorem 1.

n
So, the equation ) a; = 0 is satisfied for all words of such codes.
i=1

Theorem 3. I'(L, G)-codes given by set L(3) and Goppa polynomials G(z)(2),(4)
have:

o the minimum distance d >t +2,t = degG(z) (forq=2,d>2t+2),
e and dimension k > n — mt — 1.
Let us choose a subset L as a set of numerators of codeword positions:

LCL, L={Li,La....L}, Vi, Li = {ai,, ig, ..., i, },

aoa?j-l—b . 9m
Qg = — . Vj,a;; € M, a,b,c € GF(¢°™),rpn = n.
i

and the Goppa polynomial CAJ(a:) :
G(2)|G(z), G()?" = Aa"'G(), A € GF(¢*™),t = deg G(x).
These G (x) and L satisfy the conditions of Theorem 1.

Theorem 4. The F(E, @)—code 1S a quasi-cyclic code with the cycloid length w,
minimum distance

d > degG(x) + 2

and dimension
kE>n—m-degG(z)—1, n=rec.

It is obvious that if G(z) is decomposed over GF(¢*™):

G(z) =[] Gilx)
=1
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and if every polynomial @z(:v) satisfies the conditions of Theorem 1, then we
obtain a set of embedded quasi-cyclic Goppa codes.
For example, if all roots of polynomial G(z) belong to the set M, i.e.

t

G(z) = H($ + i), Bi € M,t = deg G(z),

i=1

then the polynomials = + §; can be chosen as él(x)

3 Examples

Let us choose a multiplicative subgroup M of the field GF(2!9)
M= {a"i=0,...,32}
and transformation

a29x2+1 _ 06291'2+1

fla) = 22+ (a2)32 ~ 321 o9’

where « is a primitive element of GF(21°) and it is a root of a polynomial
04+l a2+ + 1.
The roots of a polynomial

xS + 0429.%'2 +04928$ +1= (.%' + a310) X (.%' + a806) . (.f + a930>7

where o310, 0806 o930 ¢ M, are fixed points for this transformation With the
exception of the roots of the polynomial G(z):

L=M \ {Oé310,06806, 04930} = {Lla L27 L37 L4> L57L6}>

where L; is the i—th cycloid that is an orbit of the permutation f(x):

Ll — 1, Oé527, a279’ 0[496’ a248 ,

Ly = {()[317 a217’ 04775, a465, a899 ,
LS — {a62’ 0493, ()é744, a3727 ()é992} ’

Ly= {a124? O45897 a155’ O[341, a713} ,
L5 — {0[1867 a682’ OéGSl, ()é837, a558} ’
LG — {044037 a961, a620’ 01434, a868} )

Example 1. Using the location set L and Goppa polynomial G(x) = 3 +
a®z? + a9z + 1 we obtain quasi-cyclic (30,14, 8)-code with the weight distri-
bution

<0,1>,<8,225 >, < 10,840 >, < 12,2800 >, < 14,4200 >,
< 16,4635 >, < 18,2520 >, < 20,1008 >, < 22,120 >, < 24,35 > .
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This is a new optimal quasi-cyclic code with the length of cycloid equal to =5
[7,8].

Example 2. Using the same set L and different polynomials of the second
degree

G1($) = 2 4 307 ¢ + a3 = (m + a806) . (m + a930),
Ga(r) = 22+ +a® = (z+ a0 . (2 + a80),
Gg(x) = 2 4 a5 4 o217 = (a: 4 a310) . (m 4 a930)

as divisors of the Goppa polynomial G(x) we obtain new equivalent optimal
quasi-cyclic (30,19, 6)-codes with weight distribution

<0,1>,<6,675>,< 85635 >, < 10,20127 >, < 12,85120 >, < 14, 141270 >,
< 16,142335 >, < 18, 84630 >, < 20,29040 >, < 22,5895 >, < 24,525 >, < 26,35 >

and the length of cycloid equal to p =5 [7,8].
Example 3. Using the same set L and different polynomials of the first power

Gii(z) = Goa(x) = x4,
Gia(z) = G3a(z) = x+ a0,
GQl(:L') = G31(:C) = x4+ a310

as divisors of G(x) we obtain new equivalent optimal quasi-cyclic (30,24,4)-
codes with the weight distribution

<0,1>,<4,945 >, < 6,18200 >, < 8, 183885 >, < 10,936936 >, < 12, 2705885 >,
< 14,4541040 >, < 16, 4547475 >, < 18,2700880 >, < 20, 939939 >, < 22, 182520 >,
< 24,18655 >, < 26,840 >, < 28,15 >

and the length of cycloid equal to p =5 [7,8].

4 Conclusion

The new class of classical Goppa codes with separable Goppa polynomials and
special location sets L are proposed. It is shown that these codes are quasi-
cyclic codes. Moreover, many codes have the best known parameters (minimum
distance and dimension).
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