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Abstract. In this paper we study the existence of binary self-dual [96, 48, 20] codes
possessing an automorphism of order 9. Using a method for classification of binary
self-dual codes having an automorphism of order p? for an odd prime p we prove
the nonexistence of an optimal self-dual code of length 96 with an automorphism of
order 9 with 10 cycles and 6 fixed points.

1 Introduction

A linear [n, k| code C'is a k-dimensional subspace of the vector space F,, where
F, is the finite field of ¢ elements. The elements of C are called codewords,
and the (Hamming) weight of a codeword v € C' is the number of the non-
zero coordinates of v. We use wt(v) to denote the weight of a codeword. The
minimum weight d of C'is the smallest weight among all its non-zero codewords,
and C is called an [n, k,d]; code. A matrix whose rows form a basis of C' is
called a generator matrixz of this code. Every code satisfies the Singleton bound
d<n-—k+1. A code is mazrimum distance separable or MDS if d =n —k +1,
and near MDS or NMDS if d=n — k. .

For every u = (u1,...,u,) and v = (vy,...,v,) from F§, vov = > wwv;

i=1

defines the inner product in F. The dual code of C is C+ = {v € F} | u.v =
0,YuecC}. If C C CH, Cis called self-orthogonal, and if C = C+, we say that
C is self-dual.

A self-dual code is doubly-even if all codewords have weight divisible by four,
and singly even if there is at least one nonzero codeword of weight = 2(mod 4).
Self-dual doubly-even codes exist only if n is a multiple of eight.

n
The Hermitian inner product on F} is given by u.v = uivf and we denote
i=1
by C+H the dual of C' under Hermitian inner product. C' is Hermitian self-dual
if C =C+A. .
The weight enumerator W (y) of a code C is defined as W (y) = >, Aiy/’,
where A; is the number of codewords of weight ¢ in C. Following [5] we say that
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two linear codes C and C’ are permutation equivalent if there is a permutation
of coordinates which sends C' to C’. The set of coordinate permutations that
maps a code C to itself forms a group denoted by PAut(C). Two codes C
and C’ of the same length over F, are equivalent provided there is a monomial
matrix M and an automorphism v of the field such that C' = C'M~.

An automorphism o € S, |o| = p? is of type p*>—(c, t, f) if when decomposed
to independent cycles it has ¢ cycles of length p?, t cycles of length p, and f
fixed points. Obviously, n = cp® + tp + f.

The study of the existence of a doubly-even self-dual [24k, 12k, 4k + 4] for
k > 3 is a growing trend. Recent results include but are not limited to k = 4 [4]
and k=5 [2].

In [3] it was shown that only the primes 2, 3 and 5 divide the order of
the automorphism group of a [96,48,20] code. Also in [3, Lemma2.1.8] the
possible cycle structure for an automorphism of order p? in [96,48, 20] code was
narrowed to an automorphism of order 9 with ¢ = 10 and ¢t = 0, 1 or 2. Since
2 is a primitive root modulo 3 the number of 3-cycles must be even [1]. Thus
only two cases of a [96, 48, 20] code with an automorphism of order 9 remain:

e 9—(10,0,6);
e 9—(10,2,0).

In this paper, we investigate the case 9 — (10,0,6). The main result is the
following,.

Theorem 1. There does not exists a binary self-dual doubly-even [96,48,20]
code with an automorphism of type 9 — (10,0, 6).

2 Construction method

Assume that C' is a doubly-even self-dual [96, 48, 20] code with an automorphism
of type 9 — (10,0,6). We apply the method for constructing binary self-dual
codes possessing an automorphism of order p? for a prime p from [1].

Thus we can assume that

o=(1,2,...,9)(10,11,...,18)...(82,83,...,90). (1)

Denote by €2;, ¢ = 1,...,10 the cycles of length 9 in o; for ¢ = 11,...,16 —
the fixed points in . Define F,(C) = {v € C | vo = v}, E,(C) = {v €
C'| wt(v|€;) = 0( mod 2)}, where v|€2; denotes the restriction of v to §2;. Clearly
v € F,(C) iff v € C is constant on each cycle. Denote 7 : F,(C) — F1° the
projection map where if v € F,(C), (7(v)); = v; for some j € ;,i=1,...,16.
Then the following lemma holds.

Lemma 1. [1/]C = F,(C)® E,(C). Cr = n(F5(C)) is a binary self-dual code
of length 16.
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Denote by E* the code E, with the last f coordinates deleted. For v € E*
we let v|Q; = (vo,v1,- - - ,v10) correspond to the polynomial vo+viz+- - -+vgz'?
from 7', where 7 is the ring of even-weight polynomials in Fo[z](z® — 1). Thus
we obtain the map ¢ : E* — 719, In our work [1] we have proved that in the
case p =3, 7 = I; & I3. Denote C, = ¢(E*).

Theorem 2. [8/ C, = o(My) ® ¢(Ms), where M; = {u € E,(C)|u; € I,i =
1,...,10}, j = 1,2. Moreover My and Ms are Hermitian self-dual codes over
the fields I and I, respectively. If C is a binary self-dual code having an
automorphism o of type 9— (¢, t, f) then C = E1® E2® Fy where E1® Ey = Ey,
This proves that C' has a generator matrix of the form

o1 (Ma)
G=| ¢ ') |. (2)
Fy

Since the minimum distance of C' is 20 the code Mj is a [10,5] Hermitian
self-dual code over Fgyq, having minimal distance d > 5. Using the Singleton
bound d <n—k+ 1 we have d = 6 or d = 5.

We look for Hermitian MDS or NMDS codes My over Iy = Fgq under the

10

inner product (u,v) = 3 u;vf. Consider the element § = o = 22 + 2t + 25+ 27
i=1

of multiplicative order 7 in I5. We have that I, = {O,x55l|0 <s<8,0<1<6}.

2.1 MDS codes over Fgy

Theorem 3. There are exactly 3144 inequivalent MDS codes Ms over Fgy such
that ¢~ (Ms) have minimum weight 20.

Proof. Let G = (E5|A) be a generator matrix for the code My for

5@11 6“12 6a13 5‘114 5‘115
091 99 Y23 Y24 Vo5
A= %" 32 Y33 Y34 35 ) (3)
0 g9 Va3 Y44 V45
0%l y52 Y53 Y4 V55

where 0 < a1 < a12 < a13 < a14 < a15 < 6,0 < ag < azg < an < az <6,
vij € 15,1 = 2,...,5, 7 = 2,...,5. Using the orthogonality condition, it
turns out that there are exactly 7 permutational inequivalent possibilities for
the vector v = (a11,a12,a13,a14,0a15): (0,0,0,3,3), (0,0,1,2,5), (0,0,3,5,6),
(0,1,1,2,2),(0,1,1,3,3), (0,1,1,5,5), (0,1,2,3,6). Using a computer program
that constructs all 5 rows of A in each of these 7 cases we have found exactly
3144 inequivalent codes.

Ol



196 0C2013

2.2 NMDS codes over [Fg,

Theorem 4. There are exactly 6703 inequivalent NMDS codes My over Fgy
such that o~ (Ms) have minimum weight 20.

Proof. We have considered all possibilities for the first row in G = (E5|A) for

0 5(112 (5(113 5a14 5(115
091 492 Y23 Y4 Y25

A= 0% 33 Y33 Y34 V35 ) (4)
0%t g2 Va3 Y44 V45
0%l y52 Y53 Ys4 V55

where 0 < a2 < a13 < ayg < a;5 < 6,0 < ag; < azr < ag < as; < 6 (or we
have zeros in column 6), v;; € Iz, i = 2,...,5, j = 2,...,5. It turns out that
there is a unique possibility for the vector w = (a1, a13, a14,a15) = (0,1,5,6).

A computer program computing all codes with generator matrix G turn out
exactly 6703 inequivalent NMDS codes. O

The orders of the automorphism groups of the constructed MDS and NMDS
codes are displayed in Table 1. Denote the generator matrices of ¢ =1 (Ms) for
the 9847 constructed codes by H;, i = 1,...,9847. All codes have the following
weight enumerator

W(y) =1+ 3249y%° 4 86265y* + 129721558 + 116487450 4. . ..

2.3 The fixed subcode F,

Theorem 5. Let C' be an [96,48,20] binary self-dual code with an automor-
phism (1). Up to equivalence, there is an unique possible generator matriz

1000000001 | 000101
0100000011 | 111110
0010000010 | 111111
0001000001 | 010001
0000100001 | 100001
0000010011 | 000001
0000001001 | 001001
0000000101 | 000011

for the the code Cr = w(Fy(C)).

Proof. The code C; is a binary self-dual [16,8,> 4] code. There exist exactly

three such codes: the singly-even d§+, and two doubly-even: djs, and €2 [7].

We have to choose two disjoint sets X, Xy C {1,...,16}, |X.| =10, | X;| =6
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for cycle and the fixed coordinates, respectively. Since C' is doubly-even so is
Cr [8].

Let w be a word or weight 6 in C. If [Supp(w) N X.| = I, then |[Supp(w) N
X¢|=6—1and wt(m 1 (w)) =91 +6 —1 =8+ 6 =2 (mod 4) will always lead
to a singly-even code contrary to the above statement. Thus the case d§+ is
rejected.

We have calculated all possible disjoint sets X. and Xy for the remaining
two codes. It turns out that there is a unique possible doubly-even code F,
from dj; with generator matrix 7~1(B). O

Table 1: The orders of the automorphism group of the codes Ms
type | total Aut(Ms)

9 18 | 27
MDS | 3144 | 2965 | 170 | 9
NMDS | 6703 || 6590 | 108 | 5

2.4 Hermitian self-dual codes M; over F,

We have that M; is a hermitian self-dual [10,5,> 4] code over Fy = [} =
{0,2%1,5 = 0,1,2}, where e; = 2% + 27 + 2° + 2* + 22 + z. There are two
[10,5,4] hermitian self-dual codes over Fy (see [6]) with generator matrices in
the form Ty, = (E5|X;), i = 1,2, where

11 1 w w? 1 1 1 1 1
1 1 1 w2 w 1 w w? w? w?
Xi=]l100 1 1 |'Xo=|1w w w w
010 1 1 0 0 w w? 1
001 1 1 0 0 w?> w 1

3 Results

Let C be an [96,48,20] binary self-dual code with an automorphism (1). We
consider the generator matrix of C' in the form (2) and fix the first block as
e Y(H;),i=1,...,9847.

For a matrix G and permutation 7, denote by G7 the matrix G with columns
permuted by 7. Denote by F the code with generator matrix 7—*(B7).

Let I C {1,...,9847} is the set of indices such that a subcode C’ of C' with

-1 H.
minimum distance d > 20 with generator matrix G, = ( Y F(T i) ) exists.
g
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A computer program for calculating the minimum weight of the the code with
generator matrix Gy, @ =1,...,9847, 7 € Sy give that |I| = 390.

For k = 1,2 we consider all images v(T}) of T}, k = 1,2 using compositions
of the following maps: (i) a permutation 7 € Sy acting on the set of columns;
(ii) a multiplication of each column by a nonzero element e;,w or w in Iy; (%)
a Galois automorphism ~ which interchanges w and w. Next, we check the set
of indices J C I such that a subcode 10” of C' with minimum distance d > 20

. . —(H; ,
with generator matrix Go ;1 = ( (;01(,5(13]3)) >, k = 1,2 exists.

For £k = 1,2 and j € I we have calculate all codes using only compositions
of the maps (iii), (ii); and (i) for all permutations p € Sjg from the right
transversal Ry, of S1p with respect to PAut(7}). The result was that all such
codes have minimum distance d < 20 which proves Theorem 1.
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