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1. Multisets of pointsDe�nition. A multiset in PG(k − 1, q) is a mapping

K :

{

P → N0,

P → K(P ).

⋄ K(P ) � multipliity of the point P .
⋄ K(P) � the ardinality of K.
⋄ Q ⊂ P : K(Q) =

∑

P∈QK(P ).
⋄ ai � the number of hyperplanes H with K(H) = i

⋄ (ai)i≥0 � the spetrum of K

� Optimal Codes and Related Topis, Varna, 16.-22.06.2009 � 1



De�nition. (n, w)-multiar in PG(k − 1, q): a multiset K with1) K(P) = n;2) for every hyperplane H : K(H) ≤ w;3) there exists a hyperplane H0: K(H0) = w.De�nition. (n, w)-bloking multiset in PG(k − 1, q)(or (n, w)-minihyper):a multiset K with1) K(P) = n;2) for every hyperplane H : K(H) ≥ w;3) there exists a hyperplane H0: K(H0) = w.� Optimal Codes and Related Topis, Varna, 16.-22.06.2009 � 2



2. Linear odes over �nite �elds

⋄ Linear [n, k]q ode: C < Fn
q , dimC = k

⋄ [n, k, d]q-ode: d = min{d(u, v) | u,v ∈ C, u 6= v}.- n - the length of C;- k - the dimension of C;- d - the minimum distane of C.
⋄ Ai � number of odewords of (Hamming) weight i

⋄ (Ai)i≥0 � the spetrum of C
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3. Linear odes as multisets of points

A linear ode of full length over Fq:A linear ode C ∈ Fn
q is said to be of full length if ∀i ∈ {1, . . . , n},

∃ c = (c1, c2, . . . , cn) ∈ C with ci 6= 0.Theorem. For every multiset K of ardinality n in PG(k − 1, q) there exista linear ode of full length C < Fn
q and a generating sequene of vetors

S = (c1, · · · , ck) from C whih indues K. Two multisets K1 and K2 in

PG(k − 1, q) assoiated with the linear odes of full length C1 and C2 over Fq,respetively, are equivalent if and only if C1 and C2 are semilinearly isomorphi.
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[n, k, d]q-ode C ⇔ (n, n − d)-multiar Kof full length in PG(k − 1, q)

u ∈ C, wt(u) = n − w ⇔ a hyperplane H with K(H) = w,

(Ai)i≥0 ⇔ (ai)i≥0

ai = 1

q−1
An−i
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3. The main problem of oding theory

Given the positive integers k, d, and the prime power q, �nd nq(k, d) the smallestvalue of n for whih there exists a [n, k, d]q ode.
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4. The Griesmer bound

nq(k, d) ≥ gq(k, d) :=

k−1
∑

i=0

⌈
d

qi
⌉

In ase of equality: Griesmer odes
⋄ For k, q-�xed, d large enough, Griesmer odes always exist. (Tamari)

⋄ For d, q-�xed, k large enough the Hamming bound gets better than the Griesmerbound and Griesmer odes do not exist. (Dodunekov)
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⋄ C: [n, k, d]q-ode with n = t + gq(k, d)

⋄ K: (n, n − d)-(multi)ar in PG(k − 1, q) assoiated with C

⋄ γi := maximal multipliity of an i-dimensional subspae of PG(k − 1, q)

⋄ Fat.

γi ≤ t +
i

∑

j=0

⌈
d

qj
⌉.
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5. The status quo for q = 4

Problem.For odes over F4, n4(k, d) has been found for k ≤ 4 for all d.For k = 5, n4(5, d) has been found for all but ≈110 values of d.Some open ases for k = 5, q = 4:
d g4(5, d) n4(5, d) (n, w)-ar

285 382 382�383 (382, 97)-ar
286 383 383�384 (383, 97)-ar
287 384 384�385 (384, 97)-ar
288 385 385�386 (385, 97)-ar� Optimal Codes and Related Topis, Varna, 16.-22.06.2009 � 9



6. The Nonexistene result

Theorem. There exist no ars with parameters (384, 97) and (385, 97) in

PG(4, 4).Corollary. There exist no odes with parameters [384, 5, 287]4 and

[385, 5, 288]4. Consequently, n4(5, 287) = 385 and n4(5, 288) = 386.

d g4(5, d) n4(5, d) (n, w)-ar
285 382 382�383 ? (382, 97)
286 383 383�384 ? (383, 97)
287 384 6384�385 ∄ (384, 97)
288 385 6385�386 ∄ (385, 97)
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7. Sketh of proof

Step 1. For a (385, 97)-ar in PG(4, 4):
γ0 = 2, γ1 = 7, γ2 = 25, γ3 = 97.A maximal hyperplane is a (97, 25)-ar in PG(3, 4).Step 2. By Ward's divisibility result and additional ombinatorial arguments,all multipliities of hyperplanes (planes) for a (97, 25)-ar are 1 modulo 4.It turns out that ai = 0 for all i 6= 9, 13, 17, 21, 25.Step 3. The possible multipliities of hyperplanes (solids) for a (385, 97)-arare 65, 81, 97.� Optimal Codes and Related Topis, Varna, 16.-22.06.2009 � 11



Step 4. Dualize a (385, 97)-ar in PG(4, 4) as follows:

65-solids → 2-points

81-solids → 1-points

97-solids → 0-pointsOne gets a (22, {2, 6, 10})-ar in PG(4, 4).Step 5. A (22, {2, 6, 10})-ar obtained by dualizing a (385, 97)-ar has a 3-line.Step 6. A (22, {2, 6, 10})-ar annot have a 3-line.
◦ projetion from a 3-line: (19, {3, 7})-ar in PG(2, 4);
◦ haraterization of all (19, {3, 7})-ars in PG(2, 4);
◦ none of them is extendible to a (22, {2, 6, 10})-ar in PG(4, 4)( a straightforward omputer searh).� Optimal Codes and Related Topis, Varna, 16.-22.06.2009 � 12



⋄ The proof of the nonexistene of (384, 97)-ars in PG(4, 4) follows from thegeometri verison of Hill-Lizak's extension theorem.Theorem. (Hill, Lizak) Let K be an (n, w)-ar in PG(k − 1, q) with

gcd(n−w, q) = 1. Assume that the multipliities of all hyperplanes are ongruentto n or w modulo q. Then K an be extended to an (n + 1, w)-ar.
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