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1. Finite 
hain rings

De�nition. A ring (asso
iative, 1 6= 0, ring homomorphisms preserving 1) is
alled a left (right) 
hain ring if the latti
e of its left (right) ideals forms a
hain.Theorem. For a �nite ring R with radi
al N 6= 0 the following 
onditions areequivalent.(i) R is a left 
hain ring;(ii) the prin
ipal ideals form a 
hain;(iii) R is a lo
al ring and N = Rθ for any θ ∈ N \ N2;(iv) R is a right 
hain ring.� Optimal Codes and Related Topi
s, Varna, 16.-22.06.2009 � 1



Moreover, if R satis�es the above 
onditions, every proper left (right) ideal of Rhas the form N i = Rθi = θiR, for some i ∈ N.W.E. Clark, D.A. Drake, Abh. aus dem Math. Sem. der Univ. Hamburg39(1974), 147�153.B. M
Donald, Finite rings with identity, 1974.A. Ne
haev, Mat. Sbornik 20(1973), 364�382.Example. Chain Rings with q2 Elements
R : |R| = q2, R/ rad R ∼= Fq

R > rad R > (0)

� Optimal Codes and Related Topi
s, Varna, 16.-22.06.2009 � 2



R. Raghavendran, Compositio Mathemati
a 21 (1969), 195�229.A. Cronheim, Geom. Dedi
ata 7(1978), 287�302.If q = pr there exist r + 1 isomorphism 
lasses of su
h rings:

• σ-dual numbers over Fq, ∀σ ∈ Aut Fq: Rσ = Fq ⊕ Fqt; addition �
omponentwise, multipli
ation �
(x0 + x1t)(y0 + y1t) = x0y0 + (x0y1 + x1σ(y0))t;

Rσ = Fq[t;σ]/(t2).

• the Galois ring GR(q2, p2) = Zp2[X ]/ (f(X)), f(X) is moni
 of degree

r, basi
 irredu
ible (irredu
ible mod p).
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2. Modules over �nite 
hain rings

Theorem. Let R be a �nite 
hain ring of nilpoten
y index m. For any �nitemodule RM there exists a uniquely determined partition λ = (λ1 . . . , λk) ⊢
logq|M | into parts λi ≤ m su
h that

RM ∼= R/Nλ1 ⊕ . . . ⊕ R/Nλk.

The partition λ is 
alled the shape of RM .The number k is 
alled the rank of RM .
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3. Proje
tive Hjelmslev geometries

• M = Rk
R;

• M∗ := M \ θM ;
• P = {xR | x ∈ M∗};
• L = {xR + yR | x, y linearly independent};
• I ⊆ P × L � in
iden
e relation;
• ⌢⌣ - neighbour relation:(N1) X ⌢⌣Y if ∃s, t ∈ L : X, Y Is,X, Y It;(N2) s⌢⌣t if ∃X,Y ∈ P : X,Y Is,X, Y It.� Optimal Codes and Related Topi
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De�nition. The in
iden
e stru
ture Π = (P,L, I) with neighbour relation ⌢⌣is 
alled the (right) proje
tive Hjelmslev geometry over the 
hain ring R.Notation: PHG(Rk
R)
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4. Multisets of points

Let Π be PG(k − 1, q) or PHG(Rk
R).De�nition. A multiset in Π = (P,L, I) is de�ned as a mapping

K : P → N0.

• Q ⊂ P : K(Q) =
∑

x∈Q
K(x).De�nition. (n, w)-multiar
 in Π: a multiset K with1) K(P) = n;2) for every hyperplane H : K(H) ≤ w;3) there exists a hyperplane H0: K(H0) = w;� Optimal Codes and Related Topi
s, Varna, 16.-22.06.2009 � 7



5. The problem

Problem. Given ν, k and a 
hain ring R, �nd the largest size of a (κ, ν)-ar
 in

PHG(Rk
R).

mn(Rk
R) � 
ardinality of the largest (κ, ν)-ar
 in PHG(Rk

R);In this paper:Problem. Find mν(R
4
R) for small 
hain rings R with |R| = q2, R/ rad R ∼= Fq.
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6. A general upper bound

Theorem. Let K be a (k, n)-ar
 in PHG(R3
R) where |R| = q2, R/N ∼= Fq.Suppose there exist a point x with K(x) = a and a neighbour 
lass of points [x]with K([x]) = b. Then

k ≤ (n − a)q2 + (n − b)q + b.

Theorem. Let K be a (k, n)-(multi)ar
 in PHG(Rt
R), where R is a 
hain ringwith |R| = q2, R/ radR ∼= Fq, and let x be a point with K(x) = a. Then

k ≤ a + mn−a(R
t−1
R ).
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Theorem. Let R be a 
hain ring with |R| = q2, R/ rad R ∼= Fq. Then(a) msq(q+1)(R
3
R) = sq2(q2 + q + 1);(b) msq(q+1)+1(R

3
R) = sq2(q2 + q + 1) + 1.
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Theorem. Let R be a 
hain ring with |R| = 4, R/ rad R ∼= F2. Then(i) m6t(R
3
R) = 28t,(ii) m6t+1(R

3
R) = 28t + 1,

(iii) m6t+2(R
3
R) =

{

28t + 7 if R = Z4;
28t + 6 if R = F2[X ]/(X2)

,

(iv) m6t+3(R
3
R) = 28t + 10,(v) m6t+4(R
3
R) = 28t + 16,(vi) m6t+5(R
3
R) = 28t + 22,where t = 0, 1, 2, . . ..� Optimal Codes and Related Topi
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n/R Z4 F2[X ]/(X2) n/R Z4 F2[X ]/(X2)3 8 6 16 64 � 67 64 � 674 10 11 17 65 � 70 65 � 705 16 16 18 66 � 76 66 � 766 18 � 23 18 � 23 19 67 � 80 75 � 807 21 � 29 19 � 29 20 72 � 83 76 � 838 22 � 30 22 � 30 21 78 � 90 78 � 909 24 � 36 24 � 35 22 84 � 91 90 � 9110 26 � 39 26 � 39 23 90 � 98 90 � 9811 30 � 45 30 � 45 24 96 � 104 96 � 10412 36 � 51 36 � 51 25 102 � 105 10513 40 � 57 40 � 57 26 108 � 110 108 � 11014 44 � 58 44 � 58 27 114 11415 50 � 61 50 � 61 28 120 120
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