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1. Finite chain rings

Definition. A ring (associative, 1 # 0, ring homomorphisms preserving 1) is
called a left (right) chain ring if the lattice of its left (right) ideals forms a
chain.

Theorem. For a finite ring R with radical N # 0 the following conditions are
equivalent.

(i) R is a left chain ring;

)
(i) the principal ideals form a chain;
(i) Ris alocal ring and N = Rf forany 6 € N \ N?:
)

(iv) R is a right chain ring.
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Moreover, if R satisfies the above conditions, every proper left (right) ideal of R
has the form N* = RA* = 'R, for some i € N.
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Example. Chain Rings with ¢° Elements

R:|R|=¢*, R/rad R=TF,

R >rad R > (0)
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It ¢ = p" there exist r 4+ 1 isomorphism classes of such rings:

e o-dual numbers over F,, Vo € AutF, R, = [, ® [F t; addition —
componentwise, multiplication —

(o + x1t) (Yo + y1t) = woyo + (Toy1 + T10(Yo))t;
Ry = Fft; 0)/(2)

e the Galois ring GR(q¢? p*) = Z,2[X]/ (f(X)), f(X) is monic of degree

r, basic irreducible (irreducible mod p).
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2. Modules over finite chain rings

Theorem. Let R be a finite chain ring of nilpotency index m. For any finite
module pM there exists a uniquely determined partition A = (A1..., A\x) F
log,|M]| into parts A; < m such that

rRM = R/NM @ ...® R/N*.

The partition A is called the shape of g M.

The number k is called the rank of rM.
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3. Projective Hjelmslev geometries

o M = R’]‘f—i;
o M*:=M\OM;
o P={xR|x e M*}
e L={xR+ yR | z,y linearly independent}
o | C P x L —incidence relation;
e < - neighbour relation:
(Nl) XoYifds,te £: X, YIs, X, Yt

(N2) st if3X,Y € P: X,YIs, X,YIt.
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Definition. The incidence structure IT = (P, L, I') with neighbour relation ©
is called the (right) projective Hjelmslev geometry over the chain ring R.

Notation: PHG(RE)
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4. Multisets of points

Let IT be PG(k — 1,q) or PHG(RY,).
Definition. A multiset in IT = (P, L, I) is defined as a mapping

ﬁiPHNO.

¢ QCP: R(Q) =) ,cofl2)

Definition. (n,w)-multiarc in II: a multiset K with
1) R(P) = n;
2) for every hyperplane H: R(H) < w;

3) there exists a hyperplane Hy: R(Hp) = w;

— Optimal Codes and Related Topics, Varna, 16.-22.06.2009 —



5. The problem

Problem. Given v, k and a chain ring R, find the largest size of a (k, 1/)-arc in
PHG(RY).

m,,(R%) — cardinality of the largest (k, v)-arc in PHG(R%);

In this paper:

Problem. Find m,, (R%) for small chain rings R with |R| = ¢?, R/rad R = F,,.

— Optimal Codes and Related Topics, Varna, 16.-22.06.2009 — 8



6. A general upper bound

Theorem. Let & be a (k,n)-arc in PHG(R%) where |R| = ¢, R/N = F,
Suppose there exist a point x with R(x) = a and a neighbour class of points [z]

with R([x]) = b. Then

k<(n—a)¢*+ (n—>b)qg+b.
Theorem. Let 8 be a (k,n)-(multi)arc in PHG(RY,), where R is a chain ring
with |R| = ¢*, R/rad R = F,, and let x be a point with &(x) = a. Then

k<a+mu_o(R5").
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Theorem. Let R be a chain ring with |R| = ¢ R/rad R = F,. Then

(a) msq(q+1)(R§Q) — 3q2(q2 T4+ 1);

(b) Msqgr)+1(R%) = s¢*(¢*+q+1) + 1.
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Theorem. Let R be a chain ring with |R| =4, R/rad R = F5. Then
(i) mee(R3,) = 28,
(ii) m6t+1(R ) = 28t + 1

28t +7 if R = Zy;
3 o Y
(i) met+2(Rg) = { 28t +6 if R=Ty[X]/(X?)

(IV) m6t+3(R ) = 28t + 10
(V) m6t+4(R ) = 28t + 16
(VI) m6t+5(R ) = 28t + 22

where t =0,1,2, ...
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n/R Z4 Fo[ X]/(X?) | n/R Z4 Fo[X]/(X?)
3 3 6 16| 64 — 67| 64 — 6/
4 10 11 17| 65 - 70| 65 - 70
5 16 16 18] 66 - 6] 66 — 16
6|18 - 2318 — 23| 19| 6/ - 80| 75 - 80
7121 - 2919 - 29| 20 72 - 8] 76 - 83
8|22 - 3022 - 30| 21| /8 - 90| 718 - 90
0|24 - 36|24 - 35| 22| 8 - 91| 90 - 91

1026 - 39|26 - 39| 23| 90 - 98] 90 - 98
1130 - 45[30 - 45| 24| 96 - 104| 96 - 104
123 - 51|36 - 51| 25[102 - 105 105
13140 - 57[40 - 57| 26]108 - 110|108 - 110
14 |44 — 58|44 - 58| 27 114 114
1550 - 61|50 - 61| 28 120 120
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