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Abstract. All binary self-dual [44,22, 8] codes with an automorphism of order 3
with 8, 10, and 12 independent cycles are classified up to equivalence. There exist
exactly 4570 inequivalent codes with automorphism of order 3 with 8 independent
cycles, 8738 inequivalent such codes with 10 cycles, and 123147 inequivalent codes
with 12 cycles.

1 Introduction

In this paper, we consider optimal binary self-dual [44,22,8] codes. The codes
having automorphisms of prime orders p > 5 are classified in [13], [14], [10], [3],
and [2]. That’s why we focus on the automorphisms of order 3, and we complete
the classification of [44,22,8] SD codes having an automorphism of prime odd
order. The codes with automorphisms of order 3 with 6 independent 3-cycles
are considered in [3]. We continue with the next possibilities for the number of
cycles — 8, 10, and 12. The case of 14 cycles is solved in [11]. To do that we
apply the method developed by Huffman and Yorgov (see [7], [12]).

2 Construction Method

Let C be a binary self-dual code of length n = 44 with an automorphism o of
order 3 with exactly ¢ independent 3-cycles and f = 44 — 3¢ fixed points in its
decomposition. We may assume that

o=(1,2,3)(4,5,6)--- (3¢ — 2,3c — 1, 3¢), (1)

and shortly say that o is of type 3 — (¢, f).

Denote the cycles of o by €11, ..., ), and the fixed points by Qc41,..., Qe s
Let F,(C)={v € C | vo = v} and E,(C)={v € C | wt(v|€;) = 0(mod 2),i =
1,---,c+f}, where v|Q; is the restriction of v on ;. Then C = F,(C)& E,(C).
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We have that v € F,(C) iff v € C and v is constant on each cycle. Let
T Fy(C) — IF'§+f be the projection map where if v € F,(C), (vr); = v; for
some j € Q;,i=1,2,...,c+ f. It is known that 7(F,(C)) is a binary self-dual
code of length ¢+ f [7].

Denote by E,(C)* the code E,(C) with the last f coordinates deleted.
So E,(C)* is a self-orthogonal binary code of length 3c. For v in E,(C)* we
let v|€2; = (vo,v1,ve) correspond to the polynomial vy + viz + vex? from P,
where P is the set of even-weight polynomials in Fy[z]/(2® + 1). In our case
P=1{0,e=x+2%w=1+2% w? = 1+2} = F, where e is the identity of P and
[F4 is the Galois field of 4 elements. Thus we obtain the map ¢ : E,(C)* — P°.

Theorem 1 [7] The binary code C with an automorphism o defined in (1) is
self-dual iff the following two conditions hold:

(i) ©(F,(C)) is a self-dual binary code of length ¢ + f;

(i1) o(Ey(C)*) is a self-dual code of length ¢ over the field P under the inner
product (u,v) = > "1 uv2.

So we have that p(E,(C)*) is a Hermitian quaternary self-dual code of length c.
Since the minimum distance of E,(C) is at least 8, this Hermitian code should
have minimum distance at least 4.

Let B, respectively D, be the largest subcode of C; = w(F,(C)) whose
support is contained entirely in the left ¢, respectively, right f, coordinates.
Suppose B and D have dimensions k1 and ks, respectively. Let ks = k— k1 — ko.
Then there exists a generator matrix for Cj in the form

B 0O
G.=| 0 D (2)
E F

where B is a k; x ¢ matrix with gen(B) = [B O], D is a kg x f matrix with
gen(D) = [O D], O is the appropriate size zero matrix, and [E F|is a ks X n
matrix. Let B* be the code of length ¢ generated by B, Bg the code of length
¢ generated by the rows of B and E, D* the code of length f generated by
D, and Dp the code of length f generated by the rows of D and F. Then

ks = rank(E) = rank(F), ko = k+ ki — c = <L + ki, B = B* and Df = D*.
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3 Optimal Self-Dual Codes of Length 44 with an
automorphism of order 3

The weight enumerators of the self-dual codes of length 44 are known [6]:
Waaa(y) = 1+ (44 +48)y® + (976 — 88)y™* + (12289 — 208)y™*> +...  (3)
for 10 < 3 <122 and
Wiaa(y) =1+ (444 48)y° + (1232 — 88)y'° + (10241 — 208)y" 2 + ... (4)

for 0 < B < 154.

Self-dual codes with a weight enumerator W41 for g = 10, ..., 68, 70, 72,
74, 82, 86, 90, 122 and Wy for 8 =0,..., 56, 58,...,62, 64, 66, 68, 70, 72,
74, 76, 82, 86, 90, 104, 154 are known (see [8]).

3.1 Codes with an automorphism of type 3 — (8,20)

Up to equivalence, a unique Hermitian quaternary [8,4,4] code exists (see [9]).
So we have unique up to equivalence subcode E,(C)*. The code Cj is a binary
self-dual [28,14,> 4] code with a generator matrix G, given in (2) where B
generates a [8, k1, > 4], and D generates a [20, k1 4 6, > 8] self-orthogonal code,
respectively. Since 0 < k; < 4, D* is a binary self-orthogonal [20,6 < ko <
10, > 8] code. All optimal binary self-orthogonal codes of length 20 are classified
in [3]. There are exactly 23 inequivalent [20,6,8], four inequivalent [20,7,8], and
a unique [20, 8, 8] self-orthogonal codes. Hence k; < 2.

In the case k1 = 2 we obtain only two inequivalent optimal codes of length
44, both with weight enumerator Wyy o, respectively for 8 = 68 and 8 = 76.
For k1 = 1, there exist 31 self-dual [44,22,8] codes - four of them with weight
function Wyy 1 for 8 = 42, 44, 46, 50, and the other 27 with Wyy o for 8 = 2s,
s = 14,16,...,23,25,26. When ki = 0, the obtained inequivalent codes are
4537. Their weight enumerators are of both types with 5 < 46.

3.2 Codes with an automorphism of type 3 — (10, 14)

In this case p(E,(C)*) is a Hermitian self-dual [10,5,4] code and by [9] is
equivalent to either Fyy or Byg. Then we can fix the generator matrix of the
subcode E,(C)* in two forms.

The code C; is a binary self-dual [24,12,> 4]. There are exactly thirty
inequivalent such codes, namely Eg’, Fi6 ® Eg, Fig ® Eg, E%Q and 26 indecom-
posable codes denoted by Asy, Boy ... Zay in [5]. The Golay code Gaq and Zay
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have minimum weights 8 and 6 and all other codes have minimum weight 4. For
any 4-weight vector in C; at most 2 nonzero coordinates may be fixed points.
An examination of the vectors of weight 4 in the listed codes eliminates 23 of
them. By investigation of all alternatives for a choice of the 3-cycle coordi-
nates in the rest codes Ga4, Ro4, Usg, Woy, Xo4, You and Zss we obtain, up to
equivalence, all possibilities for the generator matrix of the code C'.

Denote by G the generator matrix of the code C;.. Let 7 be a permutation
of the ten cycle coordinates in G, and let C” be the self-dual [44,22] code
determined by ¢(E,(C)*) and the matrix 7(G). The following transformations
preserve the decomposition and send the code C' to an equivalent one: (i) a
permutation of the last 14 fixed coordinates; (ii) a permutation of the ten 3-
cycles coordinates; (iii) a substitution z — 22 in ¢(E,(C)*) and (iv) a cyclic
shift to each 3-cycle independently.

We consider the products of transformations (ii), (iii) and (iv) which pre-
serve the quaternary code ¢(E,(C)*). Their permutational part forms a sub-
group of the symmetric group Sjo which we denote by L. Let S = Stab(Cy) be
the stabilizer of the automorphism group of the code generated by G, on the
set of the fixed points. It is easy to prove that if 7, and 75 are the permutations
from the group Sip the codes C™ and C™ are equivalent iff the double cosets
ST L and St L coincide.

In this way from all the cases for C; we constructed 1815 inequivalent
[44,22, 8] self-dual codes with weight enumerator Wy for f = 10,---,52,
54,55,60,62 and 6923 codes with weight enumerator Wy o for 8 =0,2,--- , 16,
18,21,24. The calculations for these results was done with the GAP VERSION
4 software system and the program Q-EXTENSION [1].

3.3 Codes with an automorphism of type 3 — (12,8)

There exist exactly five inequivalent quaternary self-dual [12,6,4] codes, de-
noted by dy2, 2dg, 3d4, e @ eg, and e7 + e5 [9].

The code Cy is 20,10, > 4] binary self-dual code. There are exactly seven
such codes, namely dq2 + ds, d12 + es, dao, d}, d3 + fa, d2 + dy, and €2 + dg [5].
The 13th, 14th, ..., and 20th coordinates correspond to the fixed points of C,
so each choice for these fixed points can lead to different subcode C;.. We have
considered all possibilities for each of these seven codes and we found exactly
7 inequivalent codes for di2 + dg, one code for dis + eg, one code for dsg, 10
codes for dj, 26 codes for di + f2, 18 codes for d3 + dy, and 3 codes for €2 + dg.
Denote these codes by H; ;, for i =1,2...,7 and j > 1.

Using the method from Section 3.2, considering the transformations (ii),
(iii) and (iv) (see Section 3.2) and the stabilizer of the automorphism group
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of the codes H; ; on the fixed points, we classified all codes up to equivalence.
There are exactly 123147 inequivalent codes. Their weight enumerators are of
type Waa 1 for 8 =10, ..., 68, 70, 72, 74, 82, 86, 90, 122 and of type Wyy 2 for
6=0,...,56,58, ..., 62, 64, 66, 68, 70, 72, 74, 76, 82, 86, 90, 104, 154. The
results are displayed in the Table below. The number of inequivalent codes in
each case are written in the following manner: number of codes with weight
enumerator Wys 1 (number of codes with weight enumerator Wyq 2).

Table: ¢ =12

dizg+ds | diz+es | d d; di + fo d3 + ds €7 +ds

dis 11(29) | 3(0)

431 (1894) | 379 (1531) | 103 (383) | 34 (0)

2ds | 74 (416) | 15 (0)

5760 (30678) | 5099 (26962) | 977 (5859) | 357 (0)

es D es 3 (17) 1 (

30 (88) 15 (123) 18 (70) 6 (0)

0)
er+es | 16 (95) 3 (0)

0
0
3ds | 37(203) | 9(0) |0
0
0

(0)
(6)
(4) | 2375 (12627) | 2042 (11759) | 422 (2566) | 148 (0)
(2)
2

(
710 (3304) | 817 (3437) | 201 (894) | 72 (0)
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