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Abstract. Generalized Goppa codes with a locator set L consisting of rational
functions with denominators of different degrees are considered. It is shown these
codes can be used for correcting nonuniform distributed errors. Parameters and
examples of these codes are presented.

1 Introduction

Most results of coding theory deal with the situation where the error probability
in any position of an error vector is the same. It means that we have uniform
error distribution on the code word length. However in practice there are many
cases where the error probability depends on position of code word [1,2,3]. It
means that error distribution on the code word is not uniform. Such type of
error model is known as unequal error probability model. There are several
approaches of using error correcting codes for such models:

• At first transmitted information is divided in two (or more) parts - more
significant (MS) and less significant (LS) information. So called unequal
error control [4] and unequal error protection codes[5,6,7,8] are used for
such multilevel information. These codes have a property that its error-
correction capability is described in terms of correcting errors in specific
digits of a code word even though other digits in the code word may be
decoded incorrectly. To each digit of the code words an error protection
level ti is assigned. Then if t errors occur in the reception of a code word,
all digits which have protection ti, where ti is equal or greater than t
will be decoded correctly even though the entire code word may not be
decoded correctly.

• Construction of the codes with error correcting capability nonuniformly
distributed on a code word length [9]. For such codes the number of
correctable errors depends on positions where these errors take place. We
will call these codes ”codes for correcting nonuniform distributed errors”.
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• Construction of the codes with a property that different code words can
correct different number of errors [10]. It means that different code words
of the code can correct different error vectors. We will call these codes
”codes with nonuniform error correcting capability”.

In this paper we consider the class of linear block codes for correction of nonuni-
formly distributed errors based on the construction of generalized Goppa codes
which represent (L,G) -codes with locator set L consisting of rational fractions
with denominators of different degrees[11,12].

2 Code construction

Definition 1. Generalized Goppa code is the (L,G)- code with locator set
L consisting of rational functions vi(x)

ui(x) , where vi(x), ui(x) - are polynomials
with coefficients from GF (qm), degvi(x) < degui(x) and GCD(ui(x), uj(x)) =
1, GCD(ui(x), G(x)) = 1 for any i 6= j and G(x) - is irreducible polynomial
with coefficients from GF (qm) . The vector

a = (a1a2 . . . an)

is the code word of generalized Goppa code with length n if∑n
i=1 ai

vi(x)
ui(x) = 0 modG(x).

Let us consider situation when on the length of n symbols there are l parts
{A1, A2, . . . , Al} with lengths {n1, n2, . . . , nl}, n = n1 + n2 + . . .+ nl and with
error (erasure) probabilities {p1, p2, . . . , pl} (for example in [8] authors describe
VHM system with l = 4 and erasure probabilities {0.1k, 0.25k, 0.5k, 0.95k}
where k is constant). In such cases we can describe the generalized Goppa
code for correcting nonuniform distributed errors. For each part j (j = 1, .., l)
of code word length n we will use locator polynomials uj

i (x) with appropriate
degree - deguj

i (x) = sj . Let us denote by S = {s1, s2, . . . , sl} the set of degrees
of polynomials uj

i (x) in locator set L.
Definition 2.
The (n1/s1, n2/s2, . . . , nl/sl, k, d) is a linear block code for correcting errors with
nonuniform distribution of length n = n1 + n2 + . . . , nl , dimension k and with
minimal distance d. Where s1, s2, . . . , sl are weight coefficients corresponding
to parts of codeword n1, n2, . . . , nl such that (n1/s1, n2/s2, . . . , nl/sl, k, d) -code
can correct at least T errors:

t = t1s1 + t2s2 + . . .+ tjsj + . . .+ tlsl,
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where

• t1 is the number of errors on the first n1 positions of code word,

• t2 is the number of errors on the second n2 positions of code word,

• . . . ,

• tl is the number of errors on the last nl positions of code word.

Lemma 1 [12] The generalized Goppa code for correcting nonuniform dis-
tributed errors can correct any t errors

t = t1 + t2 + . . .+ tj + . . .+ tl

from the set {t1, t2, . . . , tl} which satisfy the inequality

degG(x)
2 ≥ t1s1 + t2s2 + . . .+ tjsj + . . .+ tlsl,

where tj is the number of errors on the length nj .
For binary generalized Goppa code with separable Goppa polynomial G(x) and
vj
i (x) = u

′j
i (x) (where u

′j
i (x) is formal derivative of uj

i (x) )we have

degG(x) ≥ t1s1 + t2s2 + . . .+ tjsj + . . .+ tlsl,

The dimension of such generalized Goppa code is

k ≥ n−mdegG(x).

Lemma 2. The number nj of different locator polynomials uj
i (x) for locator

set L can be more or equal to the number of irreducible polynomials of degree
sj with coefficients from GF (qm). In case j = 1, s1 = 1, u1

i (x) = x− αi, where
α is primitive element of GF (qm) and therefore n1 ≤ qm.

For decoding procedure of these codes it is possible to use ordinary Berlekamp-
Massey or Extended Euclidean algorithm[13].

3 Examples of code parameters

Example 1: (16/1,120/2,120,5) is the generalized Goppa code with the length
n =136 for correcting nonuniform distributed errors with n1 = 16, s1 = 1 and
n2 = 120, s2 = 2 . The Goppa polynomial of this code can be any irreducible
polynomial of degree 4 with coefficients from GF (24).
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n1 = 16 n2 = 120 n = 136
s1 = 1 s2 = 2
t1 t2 t = t1 + t2
0 ≤ 2 ≤ 2
≤ 3 ≤ 1 ≤ 4
≤ 4 0 ≤ 4

The nearest the best known linear codes for uniform distributed errors have
parameters (136,121,5), (136,120,6) and (136,114,7)[14].

Example 2: (8/1,28/2,168/3,186,5) is the generalized Goppa code with
length n =204, K = 186 and d = 5 for correction nonuniform distributed errors
with n1 = 8, s1 = 1, n2 = 28, s2 = 2 and n3 = 168, s3 = 3. Goppa polynomial
of this code can be any irreducible polynomial of degree 6 with the coefficients
from GF (23).

n1 = 8 n2 = 28 n3 = 168 n = 204
s1 = 1 s2 = 2 s3 = 4
t1 t2 t3 t = t1 + t2 + t3
0 0 ≤ 2 ≤ 2
≤ 1 ≤ 1 ≤ 1 ≤ 3
≤ 3 0 ≤ 1 ≤ 4
0 ≤ 3 0 ≤ 3
≤ 2 ≤ 2 0 ≤ 4
≤ 4 ≤ 1 0 ≤ 5
≤ 6 0 0 ≤ 6

The nearest the best known linear codes for uniform distributed errors have
parameters (204,188,5), (204,186,6) and (204,180,7)[14].
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