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Covering radius

The covering radius of a linear code C' with a length n is defined
as the least integer R(C') such that for any vector x of an

n- dimensional space that does not belong to code C', a codeword
c € ('is found that is located at a distance not exceeding R(C').

R(C) = mazx {min{wt(x+c),ce C},x e Z]'}.
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Goppa codes: definitions

Goppa codes defined by a Goppa polynomial

G(z) € Fym|x],deg G(z) =t

and location set of codeword positions

l)::{Oq,&Qw.

Definition 1 A g-ary vectora = (aqas, . .
['(L, G)-code if the following congruence is satisfied

Lo, a; € GF(@™),G(ay) # 0}

.ay,) is a codeword of
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Irreducible Goppa codes

Definition 2 The I'(L, ) - code is called an irreducible one if
the Goppa polynomial G(x) is irreducible over GF'(q™). The
length of this code is equal ton = q™.

In the general case, the lower bound of the covering radius of
Goppa codes is known for reducible separable Goppa codes only.
It was proved by A. Tietavainen (1987) by using so-called the
"Supercode Lemma”.

Lemma 1 (The Supercode Lemma) Let C and C5 be linear
codes and C'y C Cs. Then

R(Cy) > min{wt(x),x € Cy \ C1} = d(Cy),

where d(C5) is the minimum distance of the code Cs.
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Definition of I'( L, ()-code as generalized (L, G)-code

Definition 3 (E.T.Mironchikov and N.A.Shekhunova, 1981) A
q-ary block code with a polynomial G(x) of a degree T and
location set

L= {Ui(x)}?zl

where U, (x) .

T—oy’

a; € GF(q™), a; # aj and G(ay;) # 0
is called a (L, G)-code if any q-ary vectora = (aq, as, . .., ay)
satisfying the equation

n

Z a;U;(x) =0 mod G(x)

1=1

IS a codeword of this code.
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Extended ['(L, (G)-code

The I'(L, G)-code can be extended by the addition of a parity
check for all symbols of a codeword of I'(L, G')-code.
[E.R.Berlekamp, O.Moreno, 1973]

Definition 4 The extension by a parity check of a code C' of
length n over GIF'(q) is the code C' of lengthn + 1 defined by:

n+1
C = a:(al...anﬂ)\a:(al...an)EC’andZai:O

1=1

Therefore, the location set L.; = L U {1} for the code C has all
the possible unitary polynomials from Fim || of degree less or
equal 1 as denominators of rational fractions.
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Locator set of extended I'( L, G)-code

q"+1
> a;Ui(z)) =0 mod G(x)
i=1
Ui(x) = x%ai,cvi e GF(¢gm),i=1,...,q¢™,
qu_|_1(x) = 1
A g-ary I'{ (L, G)-code with the location set L.; = {U;(x) g:il
and parameters:
nlzqurl, klznl—Tm, dlzT—l—l

The parity check matrix of the I'y (L, G)-code is

G 1(ar) G~ Haz) G Hap_1) G~1(0) 0
a1G7 1 (ar) asG ™ (a) an_1G Hap_1) 0 0

H, =
aI_lG_l(al) ag_lG_l(ag) a;__llG_l(ocn_l) 0 ﬁ
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I'(L, G)-code extended by nominators

:%f;;‘:igj‘j;s According to the V.D.Goppa extension [V.D. Goppa,1972], we
definfions obtain a g-ary I'y( Lo, G)-code with the location set:

syndromes for
I'(L, G)-code

e Covering radius of )\ )

irreducible L o J

I'(L, G)-code 2 — - ; (1 )
J=1lm

e Covering radius of Xr — Oéz'

irreducible Fl(Lla G) ’L:]_”n
-code

@ Covering radius of

ineducible where {1, Ao, ..., Ay} is the basis of GF'(¢™) over the field

I's (Lo, G)-code . .

® Ertor vectors and (GF'(q) and with the following parameters :

syndromes for

I'3 (L3, G)-code

oL b L

synzg:lzsa o n2 _ mqm, kQ Z nQ _ Tm, d2 Z T —l_ 1
e General case:

Covering radius of

irreducible
I's (L3, G)-code
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Extended ['(L, G))-code by nominators

A g-ary vector ¢ = (c11C12 - . - CinCa1 - - - Cnn ) Will be a codeword

of the I'5( Lo, G)-code iff the following equality is satisfied:

Remark 1 This code is an error-block correcting code [K. Feng, L.

Xu, FJ. Hickernell,2006] with a partition T = [m|?

m
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I'(L, G)-code extended by location set

Using both previous methods for extending I'( L, G')-code we
obtain a g-ary I'3( L3, G)-code with the following parameters:

ny=mq" +m, kys<ns—mm, d3>T1+ 1.
The location set is:

L3 — LQU{)\l,)\Q,...,)\m}.

Remark 2 /t is easy to see that, at the same time, this code
according to [K. Feng, L. Xu, F.J. Hickernell, 2006], is an
error-block correcting code with the partition T = [m|?" +1.
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Example:g-ary Hamming code as extended ['(L, G)-
code

The location set is:

Ly=LoU{\, A, Agma b

qg—1

.
r — O =1 gm—1

) q_l ,L:]_,qm

where

and

{)\1 = 1, )\2 = qu_l, Cee )\z = )\10{(7;_1)(61_1), .. }

is the multiplicative group in GF'(¢™). « ia a primitive element in
GF'(q™). G(x) is any irreducible polynomial of degree 2.

We obtain a ¢-ary ['3( L3, G)-code with the following parameters:

k3:n3—2m, d3:3
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Error vectors and syndromes for ['( L, G)-code

Lete = (e1ez...€,),e; € GF(q) be an error vector.

S(x) = Z o o(x)

r—oa; w(T)

mod G(z).
Rational fraction Z %,deg w(x) =1,dego(x) = 0 for the
location set L = GF( ™) can be obtained if

wt(e) =landw(z) =2 — a4,0(x) =¢; € GF(q) \ {0}.

It is also exist another ¢ (¢™ — ¢q) different syndromes .S;;

b;i
E%j — J

r—Qy

mod G(z), «; € GF(q™),
by € GF(q™)\ GF(q)

that can not be obtained by any error vector e of weight 1.
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Covering radius of irreducible I'( L, G)-code

Let e be a coset leader of the I'(L, G)-code and S;; be its
syndrome.

> - =08 =S(r) = 22 =28 mod G(x),

deg ¢(x) < degyp(x) = wi(e),bj; € GF(q™) \ GF(q)

mod G(x).

This equality will be fulfilled if and only if
max(deg ¥ (x),deg(x) — 1 + degw(z)) > deg G(x),
i.e., wt(e) > deg G(x).
Hence, we have the lower bound of the covering radius of the
I'(L, G)-code:

R(I'(L,G)) > deg G(x).
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Covering radius of irreducible I';(L;, G) -code

L =LU{1}.

We have ¢™(¢™ — q) different syndromes .S;; corresponding to
rational fractions:

mod G(z), o; € GF(q™),
bij € GF(q™)\ GF(q)

bij
S’L” — Y
X

—Ckg

same as for L. Same as for I'( L, G)-code these syndromes can
not obtained for any error vector of weight 1. Therefore same as
for I'( L, G') code we obtain the following lower bound of the
covering radius:

R(I'i(L1,G)) = deg G(z).
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Covering radius of irreducible I's( -, G)-code

.
(i)
xr — Oéz j:l)qm_l

q—1 1=1,n

We have ¢™ different syndromes S; corresponding to
S;=b;, mod G(x), b€ GF(¢™)\ {0}.

These syndromes can not obtained for any error vector of weight 1.
Therefore same as for I'(L, G) and I'y (L1, G)- codes we obtain
the following lower bound of the covering radius:

R(I'2(L2, G)) = deg G(x).
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Error vectors and syndromes for ['3( L3, G')-code

Let
e — (611612. .. €1m€2a1 ... €Enm€oni1€o2 - - .60n1),egj Ef(;}r(q>.
n m 0.\ m
S(z) = S ¥ d G(z).
(x) = Zzljzlx_%—l—jzleojj mod G(x)

For location set L3 and the error vector e with wt,(e) = 1 we can
obtain S(x) as a rational fraction

o(x)

ydegw(x) = 1,dego(x) =0,

w(x)
where w(z) = — o;, o € GF(q™),
o(x) = ) eijA; = 00,00 € GF(q™) \ {0}
j=1

m
or as an element >  eg;\; € GF(q™).
i1
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Lemma about syndromes

We use here generalization for nonbinary case of Lemma about
number of different syndromes and fractions [S.Bezzateeyv,
Shekhunova , 2015].

Lemma 2 The number of different nonzero syndromes
Sij(x) € Fym|z], deg S;j(z) < deg G(x) such that

i) = S;;(x) mod G(x)
is equal toq™™ — 1,
where G(x) is a unitary separable polynomial from F ,m [x] ,
degG(z) =T,

@i(x) is a unitary polynomial from IF ;m x|,

0 <degyi(x) <17—1,0a; € GF(¢™) \ {0}.
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General
I's(L3, G)-code

case: Covering radius of irreducible

From Lemma we obtain that for any irreducible polynomial ¢;(x)
of the second degree, a corresponding error vector e should exist.
Let us define a coset leader e of I'3( L3, G')-code and let

Sij = & mod G(z) be its syndrome.

S e e _ @) — ¢ () — G

Z:ZH; p—— +]§1 eojAi = i = Sile) = 4 mod G(a),
deg ¢(z) < degp(z) = wix(e) < wt(e), or

olz) — _aij

0@ = wn Mod Glz)

max(degy(z),deg d(x) + 2) > deg G(x) , i.e.
wt(e) > wtr(e) > 17— 1.

The lower bound of the covering radius of the irreducible
I'3(L3, G)-code:

R(T3(Ls,G)) > 71— 1.
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Example: Covering radius for g-ary Hamming code as
I's(L3, G)-code

g-ary I's(Ls, G)-code with the following parameters:

ng="4—Fq"+ L =1

k3:n3—2m, d3:3

q—1 g—1 — q-17
T =degG(x) =2
and
L3 = Loy U{Ai, Ao, A}
where

Covering radius:
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Research Problem ( 12.3): What other extended Goppa

codes are cyclic?

p.357, MacWilliams, F.J., Sloane, N.J.A.: The Theory of

Error-Correcting Codes. Amsterdam, Netherlands, North-Holland

(1977)
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