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Definitions

F n – the n-dimensional metric space over the Galois field GF (2).

Cn – a perfect code of length n = 2m − 1, m ≥ 2, d = 3.

Hn – the linear binary perfect code of length n, and code distance
3 (the Hamming code).
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Definitions

A detection kernel of D ⊂ Fn:
Kerd(D) = {e ∈ Fn|e + d ∈ D,∀d ∈ D}.

A correction kernel of D ⊂ Fn:
Kerc(D) = {e ∈ Fn|e /∈ Der , d ∈ D, e ′ ∈ Der ,AlgD(e, d) =
AlgD(e ′, d)}.

AlgD – an error correcting algorithm for D
Der – a set of errors which AlgD tries to correct
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Definitions

A code D ⊂ Fn is a robust code if Kerd(D) = 0.

QD(x) = |d∈D:d+x∈D|
|D| – the error masking probability of x .

For the robust code: max(x∈Fn\{0})QD(x) < 1

A systematic (n, 2k , d)-code D is a partially robust code if
|Kerd(D)| < 2k .

The error masking probability of D:

Qmc(D) = max(e /∈Kerd (D))QD(e).
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Derivative of the function f : Fk → Fs :

Dv f (x) = f (x + v) + f (x), v ∈ Fk .

Measure of the function f nonlinearity:

Pf = maxv∈Fk\{0}maxb∈FsPr(Dv f (x) = b).

Pr(E ) – the probability of the event E occurrence.
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The Vasiliev code construction:

C s – any perfect binary code of length s

f : C s → {0, 1} – some boolean function

The Vasiiev code:

V 2s+1 = {(x + c , |x |+ f (c), x) : x ∈ Fs , c ∈ C s}

M. Karpovsky, K. Kulikowski and Z. Wang:

? V 2s+1 – a partially robust code

? |Kerd(V 2s+1)| = 2s

? Qmc(V 2s+1) = Pf
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The classic Mollard code construction.

• At – an arbitrary binary code of length t, dA ≥ 3, 0 ∈ At .

• Bm – an arbitrary binary code of length m, dB ≥ 3, 0 ∈ Bm.

• f : At → Fm – any function.

• An arbitrary vector x ∈ Ftm:

x = (x11, x12, . . . , x1m, x21, x22, . . . , x2m, . . . , xt1, xt2, . . . , xtm).

• The generalized parity check functions:

p1(x) = (v1, v2, . . . , vt) ∈ Ft , vi =
∑m

j=1 xij ,

p2(x) = (w1,w2, . . . ,wm) ∈ Fm,wi =
∑t

i=1 xij .
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The classic Mollard code construction.

Theorem 1 (Mollard M.).

A set
Mn = {(x , a + p1(x), b + p2(x) + f (a))|x ∈ Ftm, a ∈ At , b ∈ Bm}
is a binary code of length n = tm + t + m which minimal distance
equals to 3.

? At=2t1−1, Bm=2m1−1 – perfect binary codes

⇓
Mn is a perfect binary code.

? m = 1, t = 2t1 − 1

⇓
The Mollard code = the Vasiliev code
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Lemma 1.

If At and Bm are systematic codes, the Mollard code
Mn = {(x , a + p1(x), b + p2(x) + f (a))|x ∈ Ftm, a ∈ At , b ∈ Bm}
is a systematic one.
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The classic Mollard code construction

• At : (t = 2t1 − 1, 2t

t+1 , 3)-systematic perfect code with t − t1

information bits and t1 redundant bits
• Bm: (m = 2m1 − 1, 2m

m+1 , 3)-systematic perfect code with m−m1

information bits and m1 redundant bits
• P1 : Ftm → Ft and P2 : Ftm → Fm – such mappings that the
code distance of (x ,P1(x),P2(x)) equals to 2

Theorem 2.

The Mollard code
Mtm+t+m = {(x , a+P1x , b+P2x + f (a))|x ∈ Ftm, a ∈ At , b ∈ Bm}
with parameters (tm + t + m, 2tm+t+m

tm+t+m+1 , 3) is a partially robust

code with |Kerd(Mtm+t+m)| = 2tm+m

m+1 and Qmc(Mtm+t+m) = Pf .
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The generalized Mollard code construction

f : At → Fm – an arbitrary nonlinear function, f (0) = 0

Theorem 3.

The code
M̃n = {(x , a + p1(x , 0), b + p2(x , 0) + f (a))|

x ∈ Fz , 0 ∈ Ftm−z , 0 < z ≤ tm, a ∈ At , b ∈ Bm}
is a partially robust code with parameters

(n = z + t + m, 2z+t+m

tm+t+m+1 , 3),

where |Kerd(M̃n)| = 2z+m

m+1 , and Qmc(M̃n) = Pf .

Adding one linear parity check bit to M̃n, we get a partially robust
code M̄n with the code distance 4, and power of detection kernel
and max(e /∈Kerd (D))QD(e) like that of the code M̃n.
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kA = t − log2(t + 1), kB = m − log2(m + 1)

Theorem 4.

Let M̄n be the extended generalized Mollard code with parameters
(z + m + t + 1, 2z+m+t

tm+t+m+1 , 4).

There are |Kerd | = 2z+m

m+1 undetectable errors and 2z( 2t

t+1 − 1) errors
which are conditionally detectable.

If only errors occurred to the information part of the code are
corrected, the number of miscorrected errors is
kA(2z+kA+m − 1) + kB2z+kB − z and the number of conditionally
miscorrected errors is kAkB · 2z+kA(2kB − 1).

The conditionally detectable error masking probability and the
conditionally miscorrected errors miscorrection probability are
limited by nonlinearity Pf of function f .
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Table: Capabilities of Hamming, Vasiliev and Mollard codes (length 37),
their detection and correction kernels

(n = z + t + m + 1 – length of M̄n, t – length of At , m – length of Bm)

n t, m, z Set (H̄)n M̄n V̄n

37 t = 31 |C | 230 229 230

37 m = 3 |Kd | 230 23 24

37 z = 2 |Kc | 127 · 230 − 37 52 · 230 − 20 8 · 230 + 22 · 24 − 30

37 t = 15 |C | 230 229 230

37 m = 7, |Kd | 230 218 24

37 z = 14 |Kc | 127 · 230 − 37 44 · 230 + 220 − 25 8 · 230 + 22 · 24 − 30

37 t = 15 |C | 230 230 230

37 m = 3 |Kd | 230 219 24

37 z = 18 |Kc | 127 · 230 − 37 44 · 230 + 219 − 29 8 · 230 + 22 · 24 − 30

37 t = 7 |C | 230 229 230

37 m = 15 |Kd | 230 225 24

37 z = 14 |Kc | 127 · 230 − 37 32 · 230 + 11 · 225 − 18 8 · 230 + 22 · 24 − 30

37 t = 7 |C | 230 230 230

37 m = 7 |Kd | 230 226 24

37 z = 22 |Kc | 127 · 230 − 37 32 · 230 + 228 − 26 8 · 230 + 22 · 24 − 30
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Table: Capabilities of Hamming, Vasiliev and Mollard codes (length 62),
their detection and correction kernels

(n = z + t + m + 1 – length of M̄n, t – length of At , m – length of Bm)

n t, m, z Set H̄n M̄n V̄n

62 t = 31 |C | 255 252 255

62 m = 15 |Kd | 255 226 229

62 z = 15 |Kc | 127 · 255 − 62 26 · 256 + 11 · 226 − 41 26 · 256 + 3 · 226 − 55

62 t = 31 |C | 255 253 255

62 m = 7 |Kd | 255 227 229

62 z = 23 |Kc | 127 · 255 − 62 26 · 256 + 229 − 40 26 · 256 + 3 · 226 − 55

62 t = 31 |C | 255 254 255

62 m = 3 |Kd | 255 228 229

62 z = 27 |Kc | 127 · 255 − 62 26 · 256 + 228 26 · 256 + 3 · 226 − 55

62 t = 15 |C | 255 252 255

62 m = 31 |Kd | 255 241 229

62 z = 15 |Kc | 127 · 255 − 62 22 · 256 + 26 · 241 − 26 26 · 256 + 3 · 226 − 55

62 t = 15 |C | 255 255 255

62 m = 3 |Kd | 255 244 229

62 z = 43 |Kc | 127 · 255 − 62 22 · 256 + 244 − 54 26 · 256 + 3 · 226 − 55

62 t = 7 |C | 255 253 255

62 m = 31 |Kd | 255 249 229

62 z = 23 |Kc | 127 · 255 − 62 16 · 256 + 26 · 249 − 27 26 · 256 + 3 · 226 − 55
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? The number of undetectable and miscorrected multiple errors for
M̄n is much smaller than for H̄n.

? If t = 2blog2nc − 1, the number of undetectable errors of M̄n is
less than the number of undetectable errors of V̄ n.
(Also,|M̄n| < |V̄ n|).

? If t < 2blog2nc − 1 and n > 2blog2nc+1 − blog2nc, the number of
miscorrected errors of M̄n is less than the number of miscorrected
errors of V̄ n. (Also, |M̄n| ≤ |V̄ n|).

⇓

? For some parameters, M̄n have less undetectable or miscorrected
errors than V̄ n.

? The class of different generalized Mollard codes is larger than the
class of different generalized Vasil’ev codes.
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Thank you for your attention!
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