Mac Williams identities for linear codes as

Riemann-Roch conditions
1

Azniv Kasparian, Ivan Marinov

'Partially supported by Contract 57/12.04.2016 with the Scientific
Foundation of Kliment Ohridski University of Sofia.

Mac Williams and Riemann-Roch



The genus of a linear code

Let C be an Fq-linear [n, k, d]-code.

The genus of C is the deviation g :=n+ 1 —k — d from the
equality in the Singleton bound n+1—-k —d > 0.
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The genus of a linear code

Let C be an Fq-linear [n, k, d]-code.

The genus of C is the deviation g :=n+ 1 —k — d from the
equality in the Singleton bound n+1—-k —d > 0.

Let us denote by g =k + 1 — d* the genus of the dual code
n
Cct= {a e Fgl(a,c) = .;aici =0 for Vc e C}.
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The homogeneous weight enumerator of a linear code

If Wéw) is the number of the words ¢ € C of weight 1 <w <n
then We(x,y) = x* + 3 WE)xn="y¥ s called the

w=
homogeneous weight enumerator of C.
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The homogeneous weight enumerator of a linear code

If W( v) is the number of the words ¢ € C of weight 1 <w <n
then We(x,y) = x* + 3 WE)xn="y¥ s called the

w=
homogeneous weight enumerator of C.

Denote by M, s(x,y) = x" + Z ./\/lnws)xn WyW with
W=S
WwW—sS . .
M(W) =(2) > (=1)"(Y)(q" 7" = 1) the homogeneous weight
i=
enumerator of an MDS-code with parameters [n,n+ 1 —s, .
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The ¢-polynomial and the (-function of a linear code

Theorem (Duursma - 1999): For any linear code C of genus
g > 0 with dual C of genus g+ > 0 there is a unique

gtgt
¢-polynomial Pc(t) = > ait' € Q[t] with
i=0
gtgt
We(x,y) = > aiMpd+i(x,y) and Pc(1) = 1.
i=0

Mac Williams and Riemann-Roch



The ¢-polynomial and the (-function of a linear code

Theorem (Duursma - 1999): For any linear code C of genus
g > 0 with dual C of genus g+ > 0 there is a unique

gtgt
¢-polynomial Pc(t) = > ait' € Q[t] with
i=0
gtgt
We(x,y) = > aiMpd+i(x,y) and Pc(1) = 1.
i=0

The quotient (c(t) = % is the (-function of C.
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Algebro-geometric Goppa codes

Let X/F, C PN(F,) be a smooth irreducible curve of genus g,
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Algebro-geometric Goppa codes

Let X/F, C PN(F,) be a smooth irreducible curve of genus g,
Py,..., Py € X(Fy) = XNPN(F,),

Mac Williams and Riemann-Roch



Algebro-geometric Goppa codes

Let X/F, C PN(F,) be a smooth irreducible curve of genus g,
Pi,...,Ph € X(Fy) = XNPN(F,), D=Py +...+ P,
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Algebro-geometric Goppa codes

Let X/F, C PN(F,) be a smooth irreducible curve of genus g,
Pi,...,Pn € X(Fy) = XNPN(F,), D=Py +...+ P, and
G1,..., Gy be a complete set of representatives of the linear
equivalence classes of the divisors of Fq(X) of degree
22—-2<m<n
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Algebro-geometric Goppa codes

Let X/F, C PN(F,) be a smooth irreducible curve of genus g,
Pi,...,Pn € X(Fy) = XNPN(F,), D=Py +...+ P, and
G1, ..., Gy be a complete set of representatives of the linear
equivalence classes of the divisors of Fq(X) of degree

2g — 2 < m < n with Supp(G;i) N Supp(D) =0 for ¥1 <i<h.
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Algebro-geometric Goppa codes

The evaluation maps Ep : HY(X, Ox([Gi])) — F3,
Ep(f) = (f(P1),...,f(Pyn)) of the global sections f of the line
bundles on X, associated with Gj are F-linear.
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Algebro-geometric Goppa codes

The evaluation maps Ep : HY(X, Ox([Gi])) — F3,
Ep(f) = (f(P1),...,f(Pyn)) of the global sections f of the line
bundles on X, associated with Gj are F-linear.

Their images C; = EpH(X, Ox([Gi])) C F} are Fq-linear codes
of genus g; < g, known as algebro-geometric Goppa codes.
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The (-functions of X and C;

If |X(Fqr)| is the number of the Fyr-rational points
X(Fg) := X NPN(Fy) of X then the formal power series

(x(t) :=exp <Z IX(Fqr)l t;) is called the (-function of X.
r=1
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The (-functions of X and C;

If |X(Fqr)| is the number of the Fyr-rational points
X(Fg) := X NPN(Fy) of X then the formal power series

(x(t) :=exp <Z IX(Fqr)l t;) is called the (-function of X.
r=1

Duursma’s considerations imply that the (-functions of X and

h
C; satisfy the equality (x(t) = D> t878i(c,(t).
i=1
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Divisors on curves

The absolute Galois group Gal(E/IF ) acts on any smooth
irreducible curve X/F, C PN(F,) with finite orbits and

deg OrbGal(E/JFq)( x) = ‘OrbGal(E/Fq)(X) '
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Divisors on curves

The absolute Galois group Gal(E/IF ) acts on any smooth
irreducible curve X/F, C PN(F,) with finite orbits and

deg OrbGal(E/JFq)( x) = ‘OrbGal(E/Fq)(X) '

The Z-linear combinations D = ajvq + ... + agvs of
Gal(F/Fq)-orbits v; C X are called divisors on X.
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Divisors on curves

The absolute Galois group Gal(E/IF ) acts on any smooth
irreducible curve X/F, C PN(F,) with finite orbits and

deg OrbGal(E/JFq)( x) = ‘OrbGal(E/Fq)(X) '

The Z-linear combinations D = ajvq + ... + agvs of
Gal(F/Fq)-orbits v; C X are called divisors on X.

The degree of D is degD = aj degvy + ... + agdeg vs.
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Effective divisors of fixed degree

A divisor D = ajuq + ... + agls is effective if all of its non-zero
coefficients a; > 0 are positive.
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Effective divisors of fixed degree

A divisor D = ajuq + ... + agls is effective if all of its non-zero
coefficients a; > 0 are positive.

There are finitely many Gal(F,/F,)-orbits on X of fixed degree
and, therefore, a finite number Ay, (X) € Z=° of effective divisors
on X of degree m € Z=0,
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Effective divisors of fixed degree

A divisor D = ajuq + ... + agls is effective if all of its non-zero
coefficients a; > 0 are positive.

There are finitely many Gal(F,/F,)-orbits on X of fixed degree

and, therefore, a finite number Ay, (X) € Z=° of effective divisors
on X of degree m € Z=0,

The (-function of X is (x(t) = > Am(X)t™.
m=0
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Riemann-Roch Conditions for a curve

Immediate consequences of the Riemann-Roch Theorem on a
smooth irreducible curve X/F, C PN(F,) of genus g are the
Riemann-Roch Conditions

An(X) = ¢"7E  Agg o (X) + (@7 — 1)Res (¢x (1))

for Vm > g and the residuum Res; (¢x(t)) of {x(t) at t = 1.
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Polarized Riemann-Roch Conditions

oo
Definition: Formal power series ((t) = Y  Apnt™ and
m=0
oo

CH(t) = 3 ALt™ satisfy the Polarized Riemann-Roch
i=0

Conditions PRRC(g, g*) for some g, gt € Z20 if

Am = q" A (@ = 1)Res (¢(t)) for Vm > g,

Ag1 = AL

alo1 and

AL =g 8 Ay (g™ T ) Resy (CH(t)) for Vi > gt

where Res(¢(t)), Res1 (¢ (t)) are the residuums at t = 1.
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Riemann-Roch Conditions imply rationality

Note that PRRC(g, g*) imply the recurrence relations
Ami2 — (@ + 1) Ami1 + gl = Apo — (@ + 1D Amgr + 945 =0
for Vm > g 4+ g+ — 1, which hold exactly when

_ P(t) _
¢(t) = =0 —q) ¢H(t) =

for polynomials P(t), P1(t) € C[t].

P~ (t)
(1=t)(1 —qt)
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Mac Williams identities as PRRC

Theorem: Mac Williams identities for an Fy-linear [n, k, d]-code
Cofgenus g :=n+1—k—d >0 and its dual C*+ C [y of genus
gt =k+41—d*+ >0 are equivalent to the Polarized
Riemann-Roch Conditions PRRC(g, g*) on their ¢-functions

Ce(t): Cee ()
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Definition of Duursma’s reduced polynomial

Proposition (KM - 2014): Let C be an Fq-linear [n, k, d]-code of
genus g =n+ 1 —k —d > 1, whose dual C* is of genus
gt =k+1—d+ > 1. Then there is a unique Duursma’s reduced

gtgt—2
polynomial Dc(t) = Y. «t' € Q[t], such that We(x,y) =
i=0
gtgt—2 N di
Mn,n-‘rl—k(x’ Y) + (q - 1)Ci (d+i) (X - Y)n_ _ly .
i=0
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D¢ and Dq. are determined by g + g+ — 1 parameters

g—2 gt—2
Corollary: The lower parts pc(t) = Y. cit!, per(t) = > ¢t
i=0 i=0
g+gl—2
of Duursma’s reduced polynomials Dc(t) = > ¢t
i=0
gtgt-2
Dai(t) = ‘Zo cit! and the number cg_1 = cgﬂ_l €Q
1=
determine uniquely

1
De(t) = po(t) + cg-1t57! + pcr <t> QF TlEte 2,
q

1
DCL (t) = PYcL (t) —+ Cg_ltgj__l + ¢c <qt> qg—ltg—&-gL—Q'
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The coefficients of Duursma’s reduced polynomial

Corollary: If C if an Fy-linear code of genus g > 1 with
gtgt-2
Duursma’s reduced polynomial D¢(t) = > cit' € Q[t], then
i=0

Ci(dj—i) e 722Y for VOgigg—i—gL—Z.
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The coefficients of Duursma’s reduced polynomial

Corollary: If C if an Fy-linear code of genus g > 1 with

gtgt-2
Duursma’s reduced polynomial D¢(t) = > cit' € Q[t], then
i=0

Ci(dj—i) e 722Y for VOgigg—i—gL—Z.

A linear code C C Fy is non-degenerate if it is not contained in
a coordinate hyperplane V(xi) = {a € Fy|a; = 0} for some
1<i<n.
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An averaging interpretation of the coefficients of

Duursma’s reduced polynomial

Proposition: Let C be a non-degenerate Fq-linear code with
gtgt -2
Duursma’s reduced polynomial Dc(t) = > c¢it' € Q[t] and
i=0
P(C)?) = {[a] € P(C) C P(Fy)| Supp([a]) € 5}

for 8={p1,...,Ba+i} C{1l,...,n} with 0 <i<g—1. Then

a=(r) > o)

B={B1,.-,fa+i}C{1,....,n}

is the average cardinality of an intersection of P(C) with
n —d — i coordinate hyperplanes in P(Fy).
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Probabilistic interpretations of the coefficients of

Duursma’s reduced polynomial

Proposition: Let C be an Fg-linear code with Duursma’s
+gt-2

g+g .
reduced polynomial D¢(t) = Y. cit' € Q[t]. If W]g,v(%),
i=0
respectively, W]I(F:E% L) is the probability of [b] € P(Fy) with

wt([b]) = w to belong to P(C), respectively, to P(C1), then

3 (A 1)"~! for YO<i<g—1;
CI_Z p(c) W (q_) or S1xg— 4
w=d
—d— .
= i—et! —d-i — 1) Vg <i< )
¢G=dq Z oLy (a=1)"| Ve <i<gtg -2
w=d-+
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Probabilistic interpretations of the coefficients of

Duursma’s reduced polynomial

Proposition: Let C be an Fg-linear code with Duursma’s
gtgt—2 )
reduced polynomial D¢(t) = Z ct' € Qt]. If © Tla 18 the

probability of = {f1,... ,BW} C {1,...,n} to contain the
support Supp([a]) of [a] € P(Fy), then

Z 7r(d+l) for VO<i<g-—1,;
[a]€P(C)

¢ =q 8t Z 7&1] ) for Vg<i<g+g -2
[bleP(C+)
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Thank you for your attention!
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