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1. Introduction

Fq: the field of q elements

Σ = PG(2, q): projective plane over Fq
• Σ forms a design S(2, q +1, q2 + q +1).

• Σ is defined from F3q \ {(0,0,0)} as

P (a, b, c) = Q(x, y, z) in Σ

⇔ (a, b, c) = λ(x, y, z) for some λ ∈ Fq \ {0}
for P (a, b, c), Q(x, y, z) ∈ F3q \ {(0,0,0)}.



A projectivity is a bijection τ : Σ −→ Σ

induced by a 3 × 3 non-singular matrix over

Fq.
Two n-sets K1 and K2 in Σ are called projec-

tively equivalent if there exists a projectivity

τ such that τ(K1) = K2.

For a given set K in Σ,

Aut(K) = {τ ∈ PGL(3, q) | τ(K) = K} is the

automorphism group of K.



A b-set B in PG(2, q) is a (b,m)-blocking set

if m = min{|l ∩B| : l is a line}.

m = 1: blocking set

m = 2: double blocking set

m = 3: triple blocking set

A line is a (trivial) (q + 1,1)-blocking set in

PG(2, q).



A b-set B in PG(2, q) is a (b,m)-blocking set

if m = min{|l ∩B| : l is a line}.

m = 1: blocking set

m = 2: double blocking set

m = 3: triple blocking set

A (b,1)-blocking set containing no line is called

non-trivial in PG(2, q).



For a (b,m)-blocking set B in Σ = PG(2, q),

i-line: a line l with i = |l ∩B|
bi := |{line l | |l ∩B| = i}|

The list of bi’s is the spectrum of B.



A set K of n points in Σ is an (n, r)-arc if

r = max{|l ∩K| | l: a line}.
An (n,2)-arc is simply called an n-arc.

A set L of s lines in PG(2, q) is an s-arc of

lines if no 3 lines of L are concurrent.

For an (n, r)-arc K, the set B = Σ \ K is a

(q2+q+1−n, q+1−r)-blocking set and vice

versa.



Let m be an integer with 1 ≤ m ≤ q − 1.

Problem 1.

(1) Find b(m, q), the minimum value of b for

which there exists a (b,m)-blocking set

in PG(2, q).

(2) Classify (b,m)-blocking sets in PG(2, q)

for b = b(m, q) up to proj. equivalence.



B: a (b,1)-blocking set in PG(2, q)

b(m, q) = q +1, such B is a line.

Problem 2.

(1) Find b(q), the minimum value of b for

which there exists a non-trivial (b,1)-

blocking set in PG(2, q).

(2) Classify non-trivial (b,1)-blocking sets

in PG(2, q) for b = b(q) up to projective

equivalence.



Problem 2.

(1) Find b(q), the minimum value of b for

which there exists a non-trivial (b,1)-

blocking set in PG(2, q).

Known results.

(1) b(p) = 3(p+1)/2 for odd prime p.

(2) b(q) = q +
√
q +1 if q is square.

(3) b(q) = q + p2 + 1 if q = p3 with p prime.

(4) A non-trivial (b(q),1)-blocking set for square

q is a Baer subplane PG(2,
√
q).



Problem 1 (m = 2).

(1) Find b(2, q), the minimum value of b for

which ∃(b,2)-blocking set in PG(2, q).

Known results.

(1) b(2, q) = 3q for q ≤ 8.

(2) b(2, q) ≥ (5q+7)/2 for q = 11,13,17,19.

(3) b(2, q) = 2(q +
√
q +1) for square q ≥ 9.

(4) A (b,2)-blocking set B containing a line

satisfies |B| ≥ 3q.



For a 3-arc of lines {l1, l2, l3},
B = l1 ∪ l2 ∪ l3 forms a (3q,2)-blocking set.

P

P P

l

ll

• |ℓ ∩B| = 2 iff ℓ contains one of P1, P2, P3.

• Spec: (b2, b3, bq+1) = (3(q − 1), (q − 1)2,3)



Known results for m = 3.

A (b,3)-blocking set B in PG(2, q) satisfies

(1) b ≥ 4q for odd q if B contains a line.

(2) b ≥ 4q− 1 for even q if B contains a line.

(3) b ≥ 3(q +
√
q +1) if B contains no line.

(4) b(3, q) = 4q for q = 5,7,9.

(5) b(3,8) = 31.

(6) b(3, q) = 3(q +
√
q +1) for odd square

q > 121.



2. A conic in PG(2, q)

quadric: a curve in PG(2, q) with homoge-

neous quadratic equation in 3 variables.

A non-singular quadric C is a conic.

Normally, C = {(1, t, t2) : t ∈ Fq}∪{(0,0,1)}.

Thm A. (B. Segre 1955)

Every (q +1)-arc in PG(2, q) with q odd is a

conic.



Let C be a conic.

A line l is called external, tangent or secant

to C if |C ∩ l| = 0, 1 or 2, respectively.



Thm B.

When q is odd, the q+1 tangents of a conic

C in PG(2, q) form a (q +1)-arc of lines.

Thm C.

When q is even, the q+1 tangents of a conic

C in PG(2, q) are concurrent at the point N

called the nucleus of C.

Hence, C ∪ {N} is a (q +2)-arc.



Known results for m = 3.

A (b,3)-blocking set B in PG(2, q) satisfies

(1) b ≥ 4q for odd q if B contains a line.

(2) b ≥ 4q− 1 for even q if B contains a line.

(3) b ≥ 3(q +
√
q +1) if B contains no line.

(4) b(3, q) = 4q for q = 5,7,9.

(5) b(3,8) = 31.

(6) b(3, q) = 3(q +
√
q +1) for odd square

q > 121.



3. Construction of optimal triple blocking sets

Our aim is to construct new optimal triple

blocking sets containing a line in PG(2, q).

Notation.

[abc] (or [a, b, c]) denotes the line

{(x, y, z) ∈ PG(2, q) : ax+ by + cz = 0}.
For two points P and Q,

⟨P,Q⟩ denotes the line through P and Q.



Thm 1 (Hill-Mason 1981).

For odd q ≥ 5, let

B = l1 ∪ l2 ∪ l3 ∪ l4 ∪ {P,Q},
consisting of the lines l1 = [100], l2 = [010],

l3 = [001], l4 = [111] and the points

P = (−1,1,1), Q = (1,−1,1).

Then, B is a (4q,3)-blocking set with spec.

(b3, b4, b5, bq+1)

= (6q − 14, q2 − 7q +17,2q − 6,4).



L = l1 ∪ l2 ∪ l3 ∪ l4

l

l

l

l
m

m

m

• m1, m2, m3 are the 2-lines for L. ℓ con-

tains one of P1, P2, P3.



B = l1 ∪ l2 ∪ l3 ∪ l4 ∪ {P,Q} (Hill-Mason)

P

Q

l

l

l

l m

m

m

• B is a (4q,3)-blocking set. ℓ contains one

of P1, P2, P3.



B′ = l1 ∪ l2 ∪ l3 ∪ l4 ∪ {P,Q′}

P

Q’

l

l

l

l m

m

m

Thm 2. B′ is also a (4q,3)-blocking set

which is not projectively equivalent to B.



B′ = l1 ∪ l2 ∪ l3 ∪ l4 ∪ {P,Q′}

P

Q’

l

l

l

l m

m

m

• B′ has spec. (b3, b4, b5, b6, bq+1)

= (6q − 15, q2 − 7q +20,2q − 9,1,4).



Thm 3. For odd q ≥ 5, let C be a conic in

PG(2, q). For any three points P1, P2, P3 in

C, let li be the tangent of C through Pi and lij

be the secant of C through Pi and Pj, and let

Pij = li ∩ lj for 1 ≤ i ≤ j ≤ 3. Take any two

points P and Q from the three points P12,

P23, P13, and let B = C∪l12∪l23∪l13∪{P,Q}.
Then, B is a (4q,3)-blocking set.



B = C ∪ l12 ∪ l13 ∪ l23 ∪ {P,Q}

P

PP

C

l l

P Q

l

ll

l

• |B| = q +1+ 3(q +1)− 2 · 3+ 2 = 4q

ℓ contains one of P1, P2, P3.



B = C ∪ l12 ∪ l13 ∪ l23 ∪ {P,Q}

P

PP

C

l l

P Q

l

ll

l

• |ℓ ∩ (l12 ∪ l13 ∪ l23)| ≥ 2 for any line ℓ

ℓ contains one of P1, P2, P3.



B = C ∪ l12 ∪ l13 ∪ l23 ∪ {P,Q}

P

PP

C

l l

P Q

l

ll

l

• If |ℓ ∩ (l12 ∪ l13 ∪ l23)| = 2 for some line ℓ,

then ℓ contains one of P1, P2, P3.



B = C ∪ l12 ∪ l13 ∪ l23 ∪ {P,Q}

P

PP

C

l l

P Q

l

ll

l

l

• If ℓ contains one of P1, P2, P3 and if

ℓ is a secant, then |ℓ ∩B| = 3.



B = C ∪ l12 ∪ l13 ∪ l23 ∪ {P,Q}

P

PP

C

l l

P Q

l

ll

l

• If ℓ contains one of P1, P2, P3 and if

ℓ is a tangent, then |ℓ ∩B| = 3 or 4.



B = C ∪ l12 ∪ l13 ∪ l23 ∪ {P,Q}

P

PP

C

l l

P Q

l

ll

l

• B is a (4q,3)-blocking set.

ℓ contains one of P1, P2, P3.



B = C ∪ l12 ∪ l13 ∪ l23 ∪ {P,Q}

P

PP

C

l l

P Q

l

ll

l

• B has spectrum (b3, b4, b5, b6, bq+1)

= ((q+5)(q−2)
2 ,2q, (q−3)(q−4)

2 , q − 3,3).



B′ = C ∪ l12 ∪ l13 ∪ l23 ∪ {P,Q′}

P

PP

C

l l

P Q

l

ll

l

Q’

• B′ is also a (4q,3)-blocking set if

Q′ ∈ l2 \ {P2, Q, l13 ∩ l2}.



B′ = C ∪ l12 ∪ l13 ∪ l23 ∪ {P,Q′}

P

PP

C

l l

P Q

l

ll

l

Q’ m

• B′ is also a (4q,3)-blocking set if

Q′ ∈ l2 \ {P2, Q, l13 ∩ l2}. Let m = ⟨P,Q′⟩.



Thm 4. B′ = C ∪ l12 ∪ l13 ∪ l23 ∪ {P,Q′} has

spectrum

(1) (b3, b4, b5, b6, bq+1)

= ((q+5)(q−2)
2 ,2q, (q−3)(q−4)

2 , q − 3,3)

(2) (b3, b4, b5, b6, b7, bq+1)

= ((q+5)(q−2)
2 ,2q − 1, q

2−7q+18
2 , q − 6,1,3)

(3) (b3, b4, b5, b6, bq+1)

= (q
2+3q−8

2 ,2q − 3, q
2−7q+18

2 , q − 4,3)

if m is a tangent, a secant or an external line,

respectively.



Thm 5. Let q = ph ≥ 7 with odd prime

p ̸= 3. Under the conditions of Thm 3, let C

be the conic {(1, a, a2) | a ∈ Fq} ∪ {(0,0,1)}
and take P1 = (1,1,1), P2 = (0,0,1), P3 =

(1,0,0), P4 = (1,2−1,2−2), P5 = (1,2,22),

S = ⟨P1, P4⟩ ∩ ⟨P2, P5⟩, T = ⟨P1, P5⟩ ∩ ⟨P3, P4⟩.
Then, B1 = (B\{P4, P5})∪{S, T} is a (4q,3)-

blocking set, which is not projectively equiv-

alent to any blocking set in Thms 1-4.

Note. P4 = P5 iff p = 3.



B = C ∪ l12 ∪ l13 ∪ l23 ∪ {P,Q}
B1 = (B \ {P4, P5}) ∪ {S, T}

P

PP

T S

P
P

P Q

l

ll

C

• B1 is also a (4q,3)-blocking set.



From the above thms, we get the following.

Corollary 1. There exist at least six projec-

tively inequivalent (4q,3)-blocking sets con-

taining a line in PG(2, q) for q = ph ≥ 7 with

odd prime p ̸= 3.

Corollary 2. There exist at least six projec-

tively inequivalent (q2 − 3q +1, q − 2)-arcs in

PG(2, q) for q = ph ≥ 7 with odd prime p ̸= 3.



Thm 6 (Hill-Mason 1981).

For even q ≥ 4, let

B = l1 ∪ l2 ∪ l3 ∪ l4 ∪ {P},
consisting of the lines l1 = [100], l2 = [010],

l3 = [001], l4 = [111] and the point

P = (1,1,1).

Then, B is a (4q − 1,3)-blocking set with

spec. (b3, b4, b5, bq+1)

= (6q − 9, q2 − 6q +8, q − 2,4).



For odd q ≥ 5, B = l1 ∪ l2 ∪ l3 ∪ l4 ∪ {P,Q}

P

Q

l

l

l

l m

m

m

• B is a (4q,3)-blocking set. ℓ contains one

of P1, P2, P3.



For even q ≥ 4, B = l1 ∪ l2 ∪ l3 ∪ l4 ∪ {P}

P

l

ll

m

m

m

l

• B is a (4q− 1,3)-blocking set. ℓ contains

one of P1, P2, P3.



Thm 7. For even q ≥ 8, let C be a conic

in PG(2, q) with nucleus N . For any points

P1, P2, P3 in C ∪ {N} with P1, P2 ∈ C, let

lij = ⟨Pi, Pj⟩ for 1 ≤ i < j ≤ 3. Then,

(1) C ∪ l12 ∪ l23 ∪ l13 is a (4q − 1,3)-blocking

set with |Aut(B)| = 2(q − 1) if P3 = N ,

(2) C ∪ l12 ∪ l23 ∪ l13 ∪ {N} is a (4q − 1,3)-

blocking set with |Aut(B)| = 6 if P3 ̸= N .



N = P3, B = C ∪ l12 ∪ l13 ∪ l23

|B| = q +1+ 3(q +1)− 2− 2− 1 = 4q − 1

P P

N = P

C l

l

l

spec: (b3, b5, bq+1) = ((q+6)(q−1)
2 , (q−1)(q−2)

2 ,3)



N = P3, B = C ∪ l12 ∪ l13 ∪ l23 ∪ {N}
|B| = q+1+3(q+1)−2−2−2+1 = 4q−1

P P

N

 P

l

l l

spec: (b3, b5, bq+1) = ((q+6)(q−1)
2 , (q−1)(q−2)

2 ,3)



From Thms 6 and 7, we get the following.

Corollary 3. There exist at least three pro-

jectively inequivalent (4q−1,3)-blocking sets

containing a line in PG(2, q) for even q ≥ 8.

Corollary 4. There exist at least six projec-

tively inequivalent (q2 − 3q +2, q − 2)-arcs in

PG(2, q) for even q ≥ 8.

Thank you for your attention!



From Thms 6 and 7, we get the following.

Corollary 3. There exist at least three pro-

jectively inequivalent (4q−1,3)-blocking sets

containing a line in PG(2, q) for even q ≥ 8.

Corollary 4. There exist at least six projec-

tively inequivalent (q2 − 3q +2, q − 2)-arcs in

PG(2, q) for even q ≥ 8.

Thank you for your attention!
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