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Introduction

Let F be a field of characteristic O;

v

v

Let A be associative algebra over F;

A function x : A — A is said to be an involution if x is an
automorphism of the additive group of A such that
(ab)* = b*a* and (a*)* = afor all a,b € A.

v

v

An example of such a map is the transpose in the algebra
M,(F) of n x n matrices over the field F.
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» Let (A, *) be a unitary algebra with involution x;

» [nvolution of the first kind: the restriction of x on F is the
identical map

» Involution of the second kind: otherwise x (the restriction of
on F is x);

» The algebra (A, %) is said to be x-simple if A% # 0 and it has
no nontrivial *-invariant ideals.
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» The opposite algebra of A, denoted by A°P, is the algebra that
has the same elements as A, the same addition as A, and
multiplication given by ao b = ba, where ba is a product in A.

» It is easy to check that (A°P)°P = A, A= B if and only if
AP = BOP,

» The algebra A @ A°P has the exchange involution defined by
(a, b)* = (b, a).
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Theorem (Rowen)

Let A be a x-simple finite dimensional associative algebra over an
algebraically closed field. Then either A is simple as an algebra or
A is of the form A = B & B°P, where B is a simple algebra.

> Let the field F be an algebraically closed field;

> Then the *-simple finite dimension algebras are:
e (M,(F),t) with transpose;
e (M,(F),s) symplectic involution (for even n);
e M,(F)® M,(F)°P with exchange involution.

Silvia Boumova Colength of Simple *-Algebras



» Drensky and Giambruno have obtained the exact values of
the cocharacters, codimensions and the Hilbert series of the
polynomial identities of the x-simple algebras (M(F), t) and
(M2(F), s).

» The subject of our study is the algebra My(F) & My (F)°P
with the exchange involution.

> We obtain the sequence of colengths of its x-identities in the
case when F is of characteristic zero.
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v

(A, x) over field F, char(F) =0

» The free associative algebra with involution F (X, x) is the free
associative algebra on the set of free generators X U X* where
X ={x1,x2,...} and X* = {x{, %3, ...} and involution that
extends the map x; X x; and X 5 X

» A polynomial (X, X*) € F(X,x) is a *-polynomial identity
for the algebra (A, ) if f(a1,...,an; aj,...,ay) =0 for all
aj € A.

» We denote by T(A,x*) the ideal of all x-polynomial identities
of (A, ).
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> Let us denote the sets of symmetric and skew elements of A
by At ={acA|a*=a}land A~ ={ac A|a*=-a},
respectively.

» It is more convenient to change the variables x;, x* by
yi = %(x,- + x¥), zi = %(x,- — x) are the symmetric and skew
variables, respectively.

» Then F(X,x) = F(Y,Z,*) where Y, = {y1,...,yp} is a set
of symmetric variables y; € F(Y,Z), and Z, = {z1,...,2z4} is
a set of skew variables z; € F(Y, Z).

» Consequently, f(Y,Z) € T(A,x) if and only if the polynomial
f(yi,...,¥ps21-..,2q) is such that
f(b1,...,bp,c1...,cq) =0forall bje At,i=1,...pand
GeA,j=1,...,q
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» The factor algebra F(A,*) = F(Y,Z,x)/T(A,*) is the
relatively free algebra in the variety of algebras with involution
generated by (A, ).

» We denote by F, 4(A, *) the subalgebra of F(A, x) generated

by Yo ={y1,...,¥p} and Z; = {z1,... zg} and assume that
by Fm(A,*) = Fmm(A,*).
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» The Hilbert series of Fp (A, %) is defined as a formal power
series

H(A %, ¥1, .., Yp: 21 ..., 2q) = Z dim ngi’,b)yfl .. .y;’”zlb1 . ..25"
(a,b)

orif Y2 = (yf...ys") and Zb = (2. .. Z27) then

H(A %, Yp, Zg) = Y dim FS30v2Z8
(a.b)
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» For ordinary polynomial identities one of the most important
numerical invariants of the polynomial identities of A is the
Sp-cocharacter sequence

Xn(A) = Zm/\(A)X)\a 0= 0512 050
An

where A = (A1,...,A,) is a partition of n and y, is the
corresponding irreducible character of the symmetric group Sy;

» The n-th cocharacter

Xn(A) = XSn(Pn/(T(A) N Pn))

is equal to the character of the representation of S, acting on
the vector subspace P, C K(X) of the multilinear polynomials
of degree n modulo the polynomial identities of A.
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» For x-polynomial identities one considers the characters of the
wreath product Z; S, where Zp = {1, %} is the multiplicative
group of order 2, and S, (Giambruno and Regev).

» The wreath product is defined by
Z21Sh={(a1,...,an;0)|a; € Zy,0 € Sy}
with multiplication given by
(a1, -yan 0)(b1, ..., bp;7) = (a1by-1(1), - - - s @nby-1(ny; OT).

> Let us denote by x» , the irreducible Zj ! S,-character
associated with the pair of partitions (A, u).
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» The Z> ! S,-module structure of the set of multilinear
polynomilas in Y and Z (namely P,(A, %)) and the
GLm % GLp-module structure of F,(A, %) are related by the
following results given by Giambruno

Theorem
If

Z Mx uX A

[Al+|pl=n
HA Y Zm) =Y > bauSa(Ym)Su(Zm),
n20 [A|+|ul=n

then my , = by, for all X, i, where S\(Yn) and S.(Zn) are the
Schur functions indexed by \ and i, respectively.
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Schur functions
V(A + 0, X)

VLX)
where A= (A1,...,\g), 6=(d—1,d—2,...,2,1,0) and
p= (41, Hd)

Sx\(X) =

B M m
Xt X x4
x{‘ 2 xg 2 ij 2
V(M? X ) = .
Hd Hd Hd
x| X X
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> In the x-case one considers the so-called Y-proper polynomial
identities. They are the x-identities in which all symmetric
variables participate in commutators only (Drensky,
Giambruno).

» The Hilbert series of the relatively free algebra and its proper
elements (Bm(A, *)) are related by
LA |
H(Fm(A, %), Yp, Zg) = H(Bm(A, %), Yp, Zg) [ [ =
i=1 !
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» Sequence of colengths in the *-case is

¥) = len—k(A %)
k=0

where

/knkA* Zm,\u,n—12
Ak
puEn—k

i.e. the sequence of lengths of the modules P,(A, *).
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» Drensky and Giambruno have obtained the Hilbert series for
the proper elements By, 4 for algebra My & M,?, i.e

H(Bp,qv Tp, Uq) =

p q
H]__tH 1—UJ <ann Tp7U >_C(TP7UCI)7
C 'j:1

i= n>1

Z S(H,n)(TP’ Uq) Z S(>\1 /\2) 5(,u1 p2) (UCI)?

where the summation runs on all (A1, A2) and (u1, p2) with
AL+ p2 =X+
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» and the correction c(Tp, Ug) is

P
1
C( Tpa Uq) = ﬁ <5(13)(Tpv Uq) + Z S(n)(Tpa Uq))-
J]

n>1
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» The description of the multiplicities my , usually is given in
terms of the multiplicity series of the polynomial (T, U,)

M(f, Tp, Ug) Zm,\HT Uk,

» Also we denote by V7 (and similarly )y) the Young
operator which sends the multiplicities series of f(Tp, Ug) to

the multiplicities series of []7_; 1 1t f(Tp, Ug), ie

VrM(F(T Ua))) = M( T 1 (T Vo))

i=1 !
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» Using Young tableaux one can obtains the

H< Z 5()\1)\2)(TP)S(Ml,Mz)(Uq)> =

Art+p2=Xa+p1

1
1-—tt)1—uw)(l—tin)
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The main result of our paper is the following

Theorem
The colength series of the x-identities of My & My" is

I(t,u) = M(H(B(My ® MJP), t, t, t,u,u,u,u))=f —fr — 1,
2

where f1, f» and f3 are given bellow.

Nu := t20° + tu® — At + Bu’ — But — B3 — 28— 2P + 2u? — b +tu+1
De := (1 + u?)(1 — t)2(1 — £3)(1 — t2u)(1 + v)3(1 + t)(1 — tu)?(1 + tu)?(1 — t?)?x
x(1—u?)?(1 - u)®

_Nu

fl=—
De

Silvia Boumova Colength of Simple *-Algebras



- P
= H ﬁs(l,l,l)(-rpv Uq) = H ZS 16)(Tp)S(13-k)(Uq) = H
j=1 f]

j= 11y =1 Il = uJ
) (5(0)(T3)5(13)(U4) +5(1)(T3)S(12)(Us) + Sa2)(T3) S (Ua) + 5(13)(T3)5(o)(U4))

S+ t? o3

(1— u)

P p

fs = | | T -S(n)(Tp, Ug) = | [
-1 —u 11—y
Jj=1 j=1

> S(ky X Sn—k)

n>1

- (1—1u)4 <(1— t)31(1 —up 1)
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> M(f, T,U) = Zn Zk Z)\,,u M TAUK

» When one substitutes t; = t,i = 1,...,p and u; = u for
j=1,...,q then obtains

M(F, t, u) ZZ(Z’"M> £k =k ZZ/’”’ Rk

> The colength lx p_x = Z)\# -

Silvia Boumova Colength of Simple *-Algebras



THANK YOU!
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