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Overview

We define and study a family of binary cyclic codes of

I length n = 22(`+1) − 1

I and dimension k = 2`+2(2` − 1)

with

I the Bose–Ray-Chaudhuri–Hocquenghem bound δBCH = 4,

I and the van Lint–Wilson bound δLW ≥ 2(`+ 1).

These codes can be decoded up to the designed distance 2(`+ 1).
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The binary number system

Every nonnegative integer can be written by a string of 1’s and 0’s

∀v ≥ 0 : v = ν0 + ν12 + ν22
2 + ν32

3 + . . . .

The binary representation defines a number uniquely, e.g.

477 = 1 + 0 · 2 + 1 · 22 + 1 · 23 + 1 · 24 + 0 · 25 + 1 · 26 +
+1 · 27 + 1 · 28 + · · · ↔ ��������� . . . .

And
��� . . .�︸ ︷︷ ︸

2`+1

�� · · · ↔ 22(`+1) − 1.
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Integers in base four

Let W be the infinite set of all nonnegative integers which are the sum of
distinct powers of 4, i.e.

∀w ∈W : w = ω0 + ω24 + ω44
2 + ω64

3 + . . . .

The first few elements of W are

0 �������� . . . 64 �������� . . .
1 �������� . . . 65 �������� . . .
4 �������� . . . 68 �������� . . .
5 �������� . . . 69 �������� . . .
16 �������� . . . 80 �������� . . .
17 �������� . . . 81 �������� . . .
20 �������� . . . 84 �������� . . .
21 �������� . . . 85 �������� . . .
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First integers in base four

The base four representation defines a number uniquely and W with the usual
definition of < is a strict total ordered set:

0 < 1 < 4 < 5 < 16 < 17 < 20 < 21 < 64 < 65 < 68 < 69 < 80 < 81 < . . . .

Definition
For each ` ≥ 0, let W` be the first 2`+1 elements of W , i.e.

` W` w B`(w)
0 {0} 0 ��
1 {0, 1, 4, 5} 5 ����
2 {0, 1, 4, 5, 16, 17, 20, 21} 21 ������
3 {0, 1, 4, 5, 16, 17, 20, 21, 64, 65, 68, 69, 80, 81, 84, 85} 85 ��������

and w < 22(`+1).
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A class of binary cyclic codes

A binary cyclic code has

I blocklength n,

I dimension k,

I generator polynomial g(x) ∈ GF (2)[x],
I minimum distance d,

I defining set R ⊂ {0, 1, 2, . . . , n− 1},
I complete defining set Z ⊆ R.

Definition
For ` ≥ 1, consider a cyclic code of length n = 22(`+1) − 1 over GF (2) whose
defining set R =W`.
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Roots of the (binary) code

Consider the sets W` and 2W`, e.g.

w B`(w) 2w B`(2w)
0 ������ 0 ������
1 ������ 2 ������
4 ������ 8 ������
5 ������ 10 ������
16 ������ 32 ������
17 ������ 34 ������
20 ������ 40 ������
21 ������ 42 ������

Then W` ↔ 2W`, and |W`| = |2W`|, and W` ∩ 2W` = {0}.
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The maximal elements

Consider the strict total ordered sets W`:

0 < 1 < 4 < 5 < 16 < 17 < 20 < 21 < 64 < 65 < · · · < w∗,

and 2W`:

0 < 2 < 8 < 10 < 32 < 34 < 40 < 42 < 128 < 130 < · · · < 2w∗

with the maximal elements:

w∗ = ���� . . .��
+

2w∗ = ����� . . .�
3w∗ = ����� . . .� = n

Then w∗ = 1
3n, and 2w∗ = 2

3n, and ∀w ∈ (W` ∪ 2W`) : w < n.
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Cyclotomic cosets

For bynary codes a cyclotomic coset containing w consists of

w → 2w (mod n)→ 22w (mod n)→ 23w (mod n)→ · · · → w

or

· · · → ∈W` → ∈ 2W` → ∈W` → ∈ 2W` → ∈W` → ∈ 2W` → . . . .

For W2 = {0, 1, 4, 5, 16, 17, 20, 21} and 2W2 = {0, 2, 8, 10, 32, 34, 40, 42}, e.g.

C0 = {0},
C1 = {1, 2, 4, 8, 16, 32},
C5 = {5, 10, 20, 40, 17, 34},
C21 = {21, 42}.
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The complete defining set and the dimension

Lemma
The code has the complete defining set Z =W` ∪ 2W`.

Theorem
The dimension of the code is k = 2`+2(2` − 1).

Proof.

k = n− |Z| = (22(`+1) − 1)− (2 · 2`+1 − 1) = 2`+1(2` − 1).

E.g.

n k Z
15 8 {0, 1, 2, 4, 5, 8, 10}
63 48 {0, 1, 2, 4, 5, 8, 10, 16, 17, 20, 21, 32, 34, 40, 42}
255 224 {0, 1, 2, 4, 5, 8, 10, 16, 17, 20, 21, 32, 34, 40, 42, 64, 65, . . . , 170}
. . . . . . . . .
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The BCH bound

For some nonnegative integers a and c, where gcd(c, n) = 1, the set

S = {a+ ic (mod n) | 0 ≤ i ≤ δBCH − 2}

is a subset or equal to Z and |S| = δBCH − 1.

Lemma
The BCH bound of the code is δBCH ≥ 4.

Proof.
S = {0, 1, 2} ⊂ (W1 ∪ 2W1) ⊂ (W2 ∪ 2W2) ⊂ (W3 ∪ 2W3) ⊂ . . . .

If δBCH ≥ 5, then

S = {a, a+ c (mod n), a+ 2c (mod n), a+ 3c (mod n)} = {a, b, v, w} ⊆ Z

where w = 3b− 2a(mod n) and a, b ∈ Z.
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The generating function

Consider the generating function

P (z) = F (z) + F (z2)− 1︸ ︷︷ ︸
Z

where F (z) = (1 + z)(1 + z4)(1 + z16)(1 + z64) . . . and

W (z) = P (z3)P (z−2) (mod zn − 1)︸ ︷︷ ︸
w=3b−2a (mod n)

=

n−1∑
i=0

wiz
i.

For W2 = {0, 1, 4, 5, 16, 17, 20, 21} and 2W2 = {0, 2, 8, 10, 32, 34, 40, 42}, e.g.

P (z) = z42 + z40 + z34 + z32 + z21 + z20 + z17 + z16 + z10 +

+z8 + z5 + z4 + z2 + z + 1
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The number of representations

And

` wi ∈ Z
1 [3, 3, 31), 3, 5, 3, 52)]
2 [3, 3, 3, 3, 3, 3, 3, 3, 33), 3, 3, 3, 3, 3, 3]
3 [3, 3, 3, . . . , 3, 5, 3, . . . , 3, 5]
4 [3, 3, 3, . . . , 3, 3, 3, . . . , 3, 3]
5 [3, 3, 3, . . . , 3, 5, 3, . . . , 3, 5]
. . . . . .

where

1)2 = 3 · 2︸︷︷︸
b

−2 · 2︸︷︷︸
a

= 3 · 4︸︷︷︸
b

−2 · 5︸︷︷︸
a

= 3 · 1︸︷︷︸
b

−2 · 8︸︷︷︸
a

(mod 15)

2)10 = 3 · 4− 2 · 1 = 3 · 1− 2 · 4 = 3 · 0− 2 · 10 = 3 · 5− 2 · 10 =

= 3 · 10− 2 · 10 (mod 15)

3)17 = 3 · 32− 2 · 8 = 3 · 17− 2 · 17 = 3 · 40− 2 · 20 (mod 63)
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Four consecutive roots

For ` = 2, e.g.

S Case S Case
{0, 0, 0, 0} {a, a, a, a} {0, 21, 42, 0} {0, 13n,

2
3n, 0}

{0, 42, 21, 0} {0, 23n,
1
3n, 0} {17, 17, 17, 17} {a, a, a, a}

{34, 34, 34, 34} {a, a, a, a} {1, 1, 1, 1} {a, a, a, a}
{2, 2, 2, 2} {a, a, a, a} {20, 20, 20, 20} {a, a, a, a}
{4, 4, 4, 4} {a, a, a, a} {21, 0, 42, 21} { 13n, 0,

2
3n,

1
3n}

{21, 21, 21, 21} {a, a, a, a} {21, 42, 0, 21} { 13n,
2
3n, 0,

1
3n}

{5, 5, 5, 5} {a, a, a, a} {40, 40, 40, 40} {a, a, a, a}
{8, 8, 8, 8} {a, a, a, a} {42, 0, 21, 42} { 23n, 0,

1
3n,

2
3n}

{42, 21, 0, 42} { 23n,
1
3n, 0,

2
3n} {42, 42, 42, 42} {a, a, a, a}

{10, 10, 10, 10} {a, a, a, a} {32, 32, 32, 32} {a, a, a, a}
{16, 16, 16, 16} {a, a, a, a}

In all cases (7), a = a+ 3c (mod n) and δBCH < 5.
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The BCH bound of the code

Theorem
The BCH bound of the code is δBCH = 4.

Proof.
δBCH ≥ 4 and δBCH < 5.

E.g.

n k δBCH

15 8 4
63 48 4
255 224 4
. . . . . . . . .
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The van Lint–Wilson bound
I The empty set is independent with respect to S;

I If A is independent with respect to S, and A ⊆ S, and b 6∈ S, then
A ∪ {b} is independent with respect to S;

I If A is independent with respect to S and 0 < c < n, then
{c+ a | a ∈ A} is independent with respect to S.

δLW is the maximal size of a set which is independent with respect to Z.
Since

a0 = 0, b0 = 3 : A1 = {3},
a1 = 14, b1 = 3 : A2 = {2, 3},
a2 = 14, b2 = 3 : A3 = {1, 2, 3},
a3 = 14, b3 = 3 : A4 = {0, 1, 2, 3},

then δLW ≥ δBCH (for ` = 1).
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The van Lint–Wilson bound of the code

` = 2 (n = 63) ` = 3 (n = 255)
a0 = 0, b0 = 3: A1 = {3}, a0 = 0, b0 = 3: A1 = {3},
a1 = 62, b1 = 18: A2 = {2, 18}, a1 = 254, b1 = 66: A2 = {2, 66},
a2 = 3, b2 = 6: A3 = {5, 21, 6}, a2 = 15, b2 = 33: A3 = {17, 81, 33},
a3 = 59, b3 = 18: A4 = {1, 17, 2, 18}, a3 = 243, b3 = 6: A4 = {5, 69, 21, 6},
a4 = 3, b4 = 6: A5 = {4, 20, 5, 21, 6}, a4 = 251, b4 = 66: A5 = {1, 65, 17, 2, 66},
a5 = 59, b5 = 3: A6 = {0, 16, 1, 17, 2, 3}. a5 = 15, b5 = 33: A6 = {16, 80, 32, 17, 81, 33},

a6 = 243, b6 = 6: A7 = {4, 68, 20, 5, 69, 21, 6},
a7 = 251, b7 = 3: A8 = {0, 64, 16, 1, 65, 17, 2, 3}.

δLW ≥ 6 δLW ≥ 8

Theorem
The van Lint–Wilson bound of the code is δLW ≥ 2(`+ 1).

E.g.

n k δBCH δLW

15 8 4 4
63 48 4 6
255 224 4 8
. . . . . . . . . . . .
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Decoding
Consider the 2(`+ 1)× 2(`+ 1) submatrix of the syndrome matrix:



21+20 21 24+20 ... 22(l−1)+20 22l+20 20 24 ... 22(l−1) 22l 0

0 S
21+20

S
21

S
24+20

. . . S
22(l−1)+20

S
22l+20

S
20

S
24

. . . S
22(l−1) S

22l
S0

22 S
22+21

S
24+22+20

. . . S
22(l−1)+22+20

S
22l+22+20

S
22+20

S
24+22

. . . S
22(l−1)+22

S
22l+22

S
22

24 S
25+20

. . . S
22(l−1)+24+20

S
22l+24+20

S
24+20

S
25

. . . S
22(l−1)+24

S
22l+24

S
24

.

.

.

.
.
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

22(l−1) S
22(l−1)+20

S
22l+22(l−1)+20

S
22(l−1)+20

S
22(l−1)+24

. . . S
22l−1 S

22l+22(l−1) S
22(l−1)

20 S
22l+21

S
21

S
24+20

. . . S
22(l−1)+20

S
22l+20

S
20

22+20 S
22+21

S
24+22+20

. . . S
22(l−1)+22+20

S
22l+22+20

S
22+20

24+20 S
25+20

. . . S
22(l−1)+24+20

S
22l+24+20

S
24+20

.

.

.

.
.
.

.

.

.

.

.

.

.

.

.
22(l−1)+20 S

22l−1+20
S
22l+22(l−1)+20

S
22(l−1)+20

21 S
22l+21

S
21

21+20 S
21+20



I 2a + 2b ∈ Z and 2a + 2b + 2c ∈ Z if a, b, c are even;

I 2a ∈ Z;

I 2a + 2c 6∈ Z if a is odd and c is even.
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