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Overview

We define and study a family of binary cyclic codes of

> length n = 22"+
» and dimension & — 2/72(2° 1)
with

» the Bose—Ray-Chaudhuri-Hocquenghem bound 5 = 4,
» and the van Lint=Wilson bound 6,1 > 2(/ + 1).

These codes can be decoded up to the designed distance 2(/ + 1).



The binary number system

Every nonnegative integer can be written by a string of 1's and 0's

Yo>0: v=1y+112+ 1522+ 132> +....

The binary representation defines a number uniquely, e.g.

477=1+0-2+41-2241-22+1-2440-2°+1-20 +
+1-274+1-2°4+ ... o AONEECEEN . . ..

And
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Integers in base four

Let 1V be the infinite set of all nonnegative integers which are the sum of
distinct powers of 4, i.e.

Yw e W 1 w=wy+ wad + wyd? +wed® +....

The first few elements of 11 are

0 | DOOOODOO. .. | 64 | ODOOOOmOd . ..
1 | EOO0O0004d. .. | 65 | RODOOOmH . ..
4 | ODOmOO0O0O. .. || 68 | ODOmOOOmO. ..
5 | RUEDOOOO. .. || 69 | ROEDOOMD. ..
16 | DODOmMOOd. .. || 80 | DOODMDMD. ..
17 | RODOmMOOO. .. || 81 | mOO0DEDED . ..
20 | UOmOmood. .. || 84 | DOmOmC e . ..
21 | AOEOmO00. .. || 85 | ROEDmOED. ..



First integers in base four

The base four representation defines a number uniquely and 117 with the usual

definition of < is a strict total ordered set:

0<1<4<5<16<17T<20<21<64<65<68<69<80<8l<....

Definition
For each 7 > 0, let 17/, be the first 27! elements of 1V, i.e.

/ ‘ Wy H w ‘ By(w)

0| {07 0 00

1] {0,1,4,5} 5 | mOmO

2| {0,1,4,5,16,17,20,21} 21 | mOmOmO

3| {0,1,4,5,16,17,20,21, 64,65, 68, 69,80,81,84,85} | 85 | mORCmOmD

and w < 220441,



A class of binary cyclic codes

A binary cyclic code has

» blocklength 7,
» dimension £k,
» generator polynomial ¢g(z) € GF(2)[x],
» minimum distance d,
» defining set R C {0,1,2,..., n— 1},
» complete defining set Z C R.
Definition
For ¢ > 1, consider a cyclic code of length n = 22(“*1) — 1 over (ZF'(2) whose

defining set R = /.



Roots of the (binary) code

Consider the sets 1/, and 211/, e.g.

w By(w) 2w By(2w)

0 | DOO0OO 0 | DOOOod
1 | EOO00a 2 | OeOOo.
4 | OOROOO | 8 | DOOWOO
5 | EOEOO0O | 10 | OECmo0
16 | DOOOmMO || 32 | DOOO0D.
17 | ROOOmWO || 34 | DEO00D.
20 | OOmOmo || 40 | OCOWCe
21 | EOEOEC || 42 | OROECOE

Then Wg A QVVg‘, and |Wl/| = ‘2VV[|, and VV[ QQWL/ = {0}




The maximal elements

Consider the strict total ordered sets 11/;:
0<1<4<5<16<17T<20<21<64<65< - <w",
and 2V/,:
0<2<8<10<32<34<40<42<128<130< - <2w*

with the maximal elements:

w* = EUJld.. im0
+
2w* = OmOmc... .
3w = HilEE. B = n

Then w* = %’n, and 2uw* = %n, and Yw € (W, U2W,) : w < n.



Cyclotomic cosets

For bynary codes a cyclotomic coset containing w consists of
w — 2w (mod n) — 22w (mod n) — 23w (mod n) — -+ — w
or

s eW,—me2Wp—-eWy—=e2Wp—weW, = e2W, — ...

For Wy = {0,1,4,5,16,17,20,21} and 2W, = {0,2,8, 10,32, 34,40, 42}, e.g.

Co = {0},

C1 = {1,2,4,8,16,32},

Cs = {5.10,20,40, 17, 34},
Oy = {21,42}.



The complete defining set and the dimension

Lemma
The code has the complete defining set 7 = W, U 211/,

Theorem
The dimension of the code is k — 2°2(2" — 1).

Proof.

k=n—|Z|=@2*FD — 1) — (2.2 —1) = 2¢F1(2f —1).

E.g. -
n ‘ k ‘ A
15 8 {0,1,2,4,5,8,10}
63 48 {0,1,2,4,5,8,10,16,17,20,21, 32, 34, 40, 42}
255 | 224 | {0,1,2,4,5,8,10,16,17, 20,21, 32, 34, 40,42, 64,65, . . ., 170}

[10]



The BCH bound
For some nonnegative integers @ and ¢, where gcd(c,n) = 1, the set
S={a+ic(modn)|0<i<dpcy —2}
is a subset or equal to Z and |S| = dpcy — 1.

Lemma
The BCH bound of the code is O gy > 4.

Proof.

S =1{0,1,2} C (W, U2Wy) C (WoU2Wa) C (W3 U2W3) C ... O

If opcy > 5, then
S ={a,a+ c¢(mod n),a+ 2¢(mod n),a+ 3¢ (mod n)} = {a,b,v,w} C Z

where w = 3b — 2a(mod n) and a,b € Z.



The generating function
Consider the generating function

P(z) = F(2)+ F(2*) — 1

Z

where F'(2) = (14 2)(1+ ") (1 +2'9)(1 + %) ... and

W(z) = P(z*)P(z~ %) (mod 2" — 1) = Z w; 2"

w=3b—2a (mod n)

For Wy = {0,1,4,5,16,17,20,21} and 2W> = {0,2,8, 10, 32, 34,40, 42}, e.g.

[)(Z):Z4Q+Z4O+Z.‘54+Z32+Z21 +220+Z]7+Z]6+Z]U+
428+t 24241



The number of representations

And
4 w; € 4
1 |[3,3,39,3,5,3,5Y]
2 [333333,3333>,3,§,33,3,3]
3 |103,3,3,...,3,5,3,...,3,5
4 |13,3,3,...,3,3,3,...,3,3]
5 [33 .,3,5,3,...,3,5]
where

Vog=3. 2 —2. 2 =3. 4 2. 5 =3._1 2.8 (mod 15)
~~ ~— ~— ~— ~~ ~~

b a b a b a
Y10=3-4-2-1=3-1-2-4=3.0-2-10=3-5—-2-10 =
=3-10—2-10(mod 15)
917=3.32-2.8=3-17—2-17 =340 — 2 - 20 (mod 63)



Four consecutive roots

For / =2, eg.
S Case S Case
{0,0,0,0} {a,a,a,a} {0,21,42,0} {0, +n 3N, 3n 0}
{0,42,21,0} {0,2n,3n,0} | {17,17,17,17} {a,a,a,a}
{34, 34,34, 34} {a,a,a,a} {1,1,1,1} {a,a,a,a}
{2,2,2,2} {a,ma,a} {20, 20, 20, 20} {a,a,a,a}
{4,4,4,4} {a,a,a,a} {21,0,42,21} | {3n,0,2n, in}
O
{21,21,21,21} {a,a,a,a} {21,42,0,21} | {3n, 5n,0,3n}
{5,5,5,5} {a,a,a,a} {40, 40, 40, 40} {a,a,a,a}
{8,8,8,8} {a, 6, a} {42,0,21,42} | {3n,0,4n, 2n}
{42,21,0,42} | {3n,4n,0,2n} || {42,42,42,42} {a,a,a,a}
{10,10,10,10} | {a.a,a,a} || {32,32,32,32} | {a.a,a,a}
{16,16,16,16} {a,a,a,a}

In all cases (7), @ = a + 3¢ (mod n) and dpcy <5




The BCH bound of the code

Theorem
The BCH bound of the code is d gy = 4.
Proof.
Opcn =4 and oo < 5.
E.g.
T /1 ‘ 63(*[—[
15 8 4
63 48 4

255 | 224 | 4



The van Lint—Wilson bound

» The empty set is independent with respect to 5;

» If A is independent with respect to S, and A C S, and b ¢ S, then
AU {b} is independent with respect to 5,

» If A is independent with respect to S and 0 < ¢ < n, then
{c+ala e A} is independent with respect to 5.

drw is the maximal size of a set which is independent with respect to 7.

Since
ag = U,b() =3: 1’11 — {é}
a; = 11[}] =3: —12 = {23}
ag = 14,bo =3 : A3 = {1,2,3},
az = 14, Z);; 3: Aq — {() 1 2&}

then o, > dpon (forl' = l)



The van Lint—Wilson bound of the code

¢ =2(n=63)

ag = 0, by = 3: A1 = {37, =0, Ay = {3},

ay = 62,b) =18 Ay = {2,18}, = 254, Ay = {2,66},

as = 3,by = 6: As = {5,21,6}, 9 = 15, b; Az = {17, 81, 33},

a3 = 59,b3 = 18 Ay = {1,17,2, 18}, a3 = 243, bg =6 Ag= {569,216},

ay = 3,by = 6: As = {4,20,5,21,6}, 251, As = {1,65,17,2,66},

a5 = 59, bs = 3 Ag = {0,16,1,17,2, 3}. 15, by Ag = {16,80,32,17, 81,53},
24 A7 = {4,68,20,5,69,21,6},
2! Ag = {0, 64, 16, 1 65,17, 2, 3}.

SLw > 6

Theorem

The van Lint—Wilson bound of the code i

E.g.

n |k |dpcn | Siw
15 8 4 4
63 48 4 6
255 | 224 | 4 8



Decoding

Consider the 2(/ + 1) x 2(¢ + 1) submatrix of the syndrome matrix:

> 20 120 ¢ Zand 29 + 20 1 2¢ ¢ Zif a, b, c are even;

>€Z;

» 204+ 2¢¢ 7 if ais odd and ¢ is even.




