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Asymptoti behaviour of onstant rate random odes in rank metriIntrodution
Correting riss-ross errorsRelated to the measure of diversity in MIMO hannelsMetri used in random network odingUsed in ryptographi appliationsGoal: Study properties of the metri



Asymptoti behaviour of onstant rate random odes in rank metriDe�nition of rank metriDe�nition of rank metriDe�nition
γ1, . . . , γm, a basis of Fqm/Fq,e = (e1, . . . , en) ∈ (Fqm)n, ei 7→ (ei1, . . . , ein),

∀e ∈ Fqm , Rk(e) def
= Rk



e11 · · · e1n... . . . ...em1 · · · emn 



De�nition
C ⊂ F

nqm is a (n,M, d)r -ode ifM = |C|Min. rank distane: d = min1 6=2∈C Rk(1 − 2)



Asymptoti behaviour of onstant rate random odes in rank metriBounds in rank metriTopology of rank metri
Bounds on spheres and balls:Volume of sphere: q(m+n−1)t−t2 ≤ St ≤ q(m+n)t−t2+σ(q)Volume of ball: q(m+n)t−t2 ≤ Bt ≤ q(m+n)t−t2+σ(q)



Asymptoti behaviour of onstant rate random odes in rank metriBounds in rank metriGV-like bound
De�nitionThe (n,M, d)r ode C reahes the GV-bound if

(M − 1)×Bd−1 < qmn ≤ M × Bd−1,Let F a family of (n,Mn = qαn2R , dn)r odes over Fqαn reahingGV-bound limn→∞
dn/n =

α+ 12 −
√

(α− 1)2/4+ αR . (1)



Asymptoti behaviour of onstant rate random odes in rank metriAsymptoti behaviour of Random odesGeneral aseOutline of the talk
1 De�nition of rank metri2 Bounds in rank metri3 Asymptoti behaviour of Random odesGeneral aseLinear ase



Asymptoti behaviour of onstant rate random odes in rank metriAsymptoti behaviour of Random odesGeneral aseSampling spaeParameters :0 < R < 1,m = αnM = qαRn2Construt C = {1, . . . , M}, suh that
∀j ∈ [1..M], j U

← F
nqαnTherefore, for all j ∈ [1..M] and all 0 ≤ i ≤ n

∀ y ∈ F
nqαn Pr(Rk(j − y) ≤ i) = Biqαn2 ≤ q(α+1)ni−i2−αn2+σ(q),



Asymptoti behaviour of onstant rate random odes in rank metriAsymptoti behaviour of Random odesGeneral aseRandom variable - (I)
De�nition

Di = M
∑u=1 u−1

∑v=1 1Rk(u−v )≤i ,Upper bound on minimum rank distaned ≤ i ⇒ Di ≥ 1Therefore Pr(d ≤ i) ≤ Pr(Di ≥ 1)



Asymptoti behaviour of onstant rate random odes in rank metriAsymptoti behaviour of Random odesGeneral aseRandom variable (II)Lower bound on the minimum rank distaned ≥ ℓ⇒ Dℓ−1 = 0 or {

Dℓ−1 ≥ 1u = v , for some u, vTherefore Pr(d ≥ ℓ) ≤ Pr(Dℓ−1 = 0) + Pr(∃u < v | u = v)Birthday Paradox ⇒ Pr(∃u < v | u = v) = (M2 )qαn2 ≤ M22qαn2 .Hene Pr(d ≥ ℓ) ≤ Pr(Di−1 = 0) + M22qαn2



Asymptoti behaviour of onstant rate random odes in rank metriAsymptoti behaviour of Random odesGeneral aseAsymptoti equivalent
Let ∆ = α+12 −√

(α− 1)2/4+ 2αR ,(Reall ∆GV = α+12 −√

(α− 1)2/4+ αR)PropositionPropositionFor ǫ not too small and 0 < R < 1, Pr(d/n ≤ ∆− ǫ)
n→∞
→ 0For ǫ small enough and 0 < R < 1/2, Pr(d/n ≥ ∆+ ǫ)
n→∞
→ 0



Asymptoti behaviour of onstant rate random odes in rank metriAsymptoti behaviour of Random odesGeneral aseSketh of proofFrom before with i = n(∆ − ǫ) and ℓ = n(∆ + ǫ) we havePr(d/n ≤ ∆− ǫ) ≤ Pr(Di ≥ 1)Pr(d/n ≥ ∆+ ǫ) ≤ Pr(Dℓ−1 = 0) + M22qαn2 .Let f (x) = −x2 + (α + 1)nx − (1− 2R)αn2, thus f (n∆) = 0We an show thatPr(Di ≥ 1) = (M2 )Pr(Rk(u − v ) ≤ i) ≤ 0.5qf (i)+σ(q)Pr(Dℓ−1 = 0) = (1− Bℓ−1qαn2 )(M2 ) ≤ λe−qf (ℓ−1)Sine M = qαRn2 , then M22qαn2 ≤ q(2R−1)αn2/2



Asymptoti behaviour of onstant rate random odes in rank metriAsymptoti behaviour of Random odesLinear aseOutline of the talk
1 De�nition of rank metri2 Bounds in rank metri3 Asymptoti behaviour of Random odesGeneral aseLinear ase



Asymptoti behaviour of onstant rate random odes in rank metriAsymptoti behaviour of Random odesLinear aseSampling spaeParameters : 0 < R < 1, α > 0, M = qαn2RPik up G U
← F

nR×RqαnConstrut C = {x1G, . . . , xMG}, wherexj desribles FnRqαnx1 = 0Therefore, for all j ∈ [2..M] and all 0 ≤ i ≤ nPr(Rk(xjG) ≤ i) = Biqαn2 ≤ q(α+1)ni−i2−αn2+σ(q),



Asymptoti behaviour of onstant rate random odes in rank metriAsymptoti behaviour of Random odesLinear aseRandom variable - (I)
De�nition

Di = M
∑j=2 1Rk(xjG)≤iUpper bound on minimum rank distaned ≤ i ⇒ Di ≥ 1Therefore Pr(d ≤ i) ≤ Pr(Di ≥ 1)



Asymptoti behaviour of onstant rate random odes in rank metriAsymptoti behaviour of Random odesLinear aseRandom variable (II)
Lower bound on the minimum rank distaned ≥ ℓ⇒ Dℓ−1 = 0 or {

Dℓ−1 ≥ 1xuG = 0, for some u ≥ 2Therefore Pr(d ≥ ℓ) ≤ Pr(Dℓ−1 = 0) + Pr(Rk(G) < nR)Hene Pr(d ≥ ℓ) ≤ Pr(Dℓ−1 = 0) + qαn2(R−1)



Asymptoti behaviour of onstant rate random odes in rank metriAsymptoti behaviour of Random odesLinear aseAsymptoti equivalent
Le ∆GV = α+12 −√

(α− 1)2/4+ αR)PropositionPropositionFor ǫ not too small, Pr(d/n ≤ ∆GV − ǫ)
n→∞
→ 0For ǫ small enough, Pr(d/n ≥ ∆GV + ǫ)

n→∞
→ 0



Asymptoti behaviour of onstant rate random odes in rank metriAsymptoti behaviour of Random odesLinear aseSketh of proofFrom before with i = n(∆ − ǫ) and ℓ = n(∆ + ǫ) we havePr(d/n ≤ ∆GV − ǫ) ≤ Pr(Di ≥ 1)Pr(d/n ≥ ∆GV + ǫ) ≤ Pr(Dℓ−1 = 0) + qαn2(R−1)Let g(x) = −x2+(α+ 1)nx − (1−R)αn2, thus g(n∆GV ) = 0We an show thatPr(Di ≥ 1) = (M − 1)Pr(Rk(xG) ≤ i) ≤ 0.5qg(i)+σ(q)Pr(Dℓ−1 = 0) = (1− Bℓ−1qαn2 )M−1
≤ λe−qg(ℓ−1)



Asymptoti behaviour of onstant rate random odes in rank metriAsymptoti behaviour of Random odesLinear aseConlusion
Exat asymptoti behaviour of random odes in rank metriIf α = 1, similar to Johnson bound
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