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Introduction

@ Correcting criss-cross errors
@ Related to the measure of diversity in MIMO channels
@ Metric used in random network coding

@ Used in cryptographic applications

Goal: Study properties of the metric
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Definition of rank metric

Definition of rank metric

Definition
® V1,...,Ym, a basis of Fgm/F,
ee=(e,...,en) € (Fgm)", & — (ej1,...,€in),

€11 -+ €In

Ve € Fgm, Rk(e) % Rk

€ml " €mn

Definition
C CFgm is a(n,M,d),-code if
e M=|C|

® Min. rank distance: d = ming,c,ec Rk(c1 — ¢2)
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Bounds in rank metric

Topology of rank metric

Bounds on spheres and balls:
o Volume of sphere: g(mTn=1t=t* < g < g(mtn)t—t*+0(q)
@ Volume of ball: q(”'ﬁL")t—t2 < B < q(m+n)t—t2+U(Q)
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Bounds in rank metric

GV-like bound

Definition
The (n,M, d), code C reaches the GV-bound if

(M—1)xBg_1 < q™ <M x By_1,

Let F a family of (n, M, = qO‘”ZR, dp)r codes over Fgan reaching
GV-bound

lim d,,/n:a—;l - Jla—1p/a+aR. (1)

n—oo
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General case

Outline of the talk

© Asymptotic behaviour of Random codes
@ General case
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Asymptotic behaviour of Random codes

General case

Sampling space

@ Parameters :

s 0<R<1,
@ m=auwn
OM:qaan

@ Construct C = {cy1,...,cp}, such that
) U
Therefore, forall j € [1.M] and all 0 < i <n

B: o
Vy € Flu, Pr(RK(c; —y) < i) = qa_ < glotDni—?—anto(q)
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Asymptotic behaviour of Random codes

General case

Random variable - (1)

@ Definition
M u—1

Di=> > TRics—c)<i
u=1v=1
@ Upper bound on minimum rank distance
o d<i=D;>1
@ Therefore Pr(d < i) < Pr(D; > 1)
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Asymptotic behaviour of Random codes

General case

Random variable (I1)

Lower bound on the minimum rank distance

Dy_1>1
od2£:>Dg_1:00r{ 1=
c, =c,, forsome u, v

@ Therefore Pr(d > ¢) < Pr(Dy—1 =0)+Pr(3u<v|c,=cy)

(3) . M

qan2

Birthday Paradox = Pr(3u<v |c,=¢c,) =

@ Hence Pr(d > /) < Pr(Dj_1 =0) + 22:,:2
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Asymptotic behaviour of Random codes

General case

Asymptotic equivalent

o Let A= =3t — \/(a—12/4+ 2R,
(Recall Agy = 2 — /(a —1)?/4 + aR)
@ Proposition

Proposition

n—oo

@ For e not too small and 0 < R < 1,Pr(d/n<A—¢€) "= 0

n—o0

o For e small enough and 0 < R <1/2,Pr(d/n>A+¢€) =0




Asymptotic behaviour of constant rate random codes in rank metric
Asymptotic behaviour of Random codes

General case

Sketch of proof

@ From before with i = n(A — €) and ¢ = n(A + €) we have

Pr(d/n <A —¢€) <Pr(D; >1)

Pr(d/n> A+ ¢€) < Pr(Dy_; = 0) + 221;.

o Let f(x) = —x?>+ (a+ 1)nx — (1 — 2R)an?, thus f(nA) =0
@ We can show that
e Pr(D; > 1) = (’\2/’) Pr(Rk(cy, —c,) < i) < 0.5¢f(N+o(a)

f(e—1)

o Pr(Dy_; = 0) = (1 - BH)(Z) < Ae 9

qanz

s Since M = g®R" then 23{’;2 < q(2R_1)°‘"2/2
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Asymptotic behaviour of Random codes

Linear case

Outline of the talk

© Asymptotic behaviour of Random codes

@ Linear case
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Asymptotic behaviour of Random codes

Linear case

Sampling space

o Parameters: 0 < R <1, a >0, M = gon°R
@ Pickup G g FZaRnXR

@ Construct C = {x;G,...,xyG}, where
o x; describles 78,
@ X1 = 0

Therefore, for all j € [2..M] and all 0 </ < n

Pr(Rk(ij) < [) = Bi < q(a+1)ni—i2—an2+a(q)

an? — ’
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Asymptotic behaviour of Random codes

Linear case

Random variable - (1)

@ Definition
M
Di =) lRuxG)<i
j=2

@ Upper bound on minimum rank distance
o d<i=D;>1
o Therefore Pr(d < i) < Pr(D; > 1)
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Asymptotic behaviour of Random codes

Linear case

Random variable (I1)

Lower bound on the minimum rank distance

Dp1 21
> =
o d>(=Dy, 00"{Xu(;zo,forsomeuz2

@ Therefore Pr(d > ¢) < Pr(Dy_1 = 0) + Pr(Rk(G) < nR)
@ Hence Pr(d > ¢) < Pr(D;_1 = 0) + g~ (R-1)
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Asymptotic behaviour of Random codes

Linear case

Asymptotic equivalent

o Le Agy = 2L — /[ —1)?/4+ aR)

@ Proposition

Proposition
@ For € not too small, Pr(d/n < Agy — ¢) "0
o For e small enough, Pr(d/n > Agy +€) "= 0
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Asymptotic behaviour of Random codes

Linear case

Sketch of proof

@ From before with i = n(A — ¢€) and ¢ = n(A + €) we have

Pr(d/n < Agy — 6) < PF(D,' > 1)
Pr(d/n > AGV + E) < PI’(D[_I = 0) + qo‘"z(R_l)

o Let g(x) = —x?+ (a+1)nx — (1 — R)an?, thus g(nAgy) = 0
@ We can show that
o Pr(D; > 1) = (M — 1) Pr(Rk(xG) < i) < 0.5¢8()+(a)
B, \M~1 s(e—1)
e Pr(Dy_y =0)= (1 - qi;;) < e ¢
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Asymptotic behaviour of Random codes

Linear case

Conclusion

@ Exact asymptotic behaviour of random codes in rank metric

o If @« =1, similar to Johnson bound
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