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F™ — the n-dimensional metric space over the Galois field GF(2). J
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Introduction

Definitions
Constructions

Definitions

F™ — the n-dimensional metric space over the Galois field GF(2). ]

C — a perfect code of length n =2"—1, r > 2. J

C — any extended perfect code of length N = n+ 1 = 2", obtained
from C by parity checking.
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Definitions
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Definitions

A t-(v, k,1)-design — a family of k-element subsets (blocks) of
the set V, |V/| = v, such that every t-element subset is contained
in exactly one block.
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Definitions
Constructions

Definitions

A t-(v, k,1)-design — a family of k-element subsets (blocks) of
the set V, |V/| = v, such that every t-element subset is contained
in exactly one block.

Steiner triple system STS(n) of order n — 2-(n, 3, 1)-design,
n=1,3(mod 6).
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Definitions
Constructions

Definitions

A t-(v, k,1)-design — a family of k-element subsets (blocks) of
the set V, |V/| = v, such that every t-element subset is contained
in exactly one block.

Steiner triple system STS(n) of order n — 2-(n, 3, 1)-design,
n=1,3(mod 6).

Steiner quadruple system SQS(N) of order N — 3-(N, 4, 1)-design,
N = 2,4(mod 6).
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Definitions
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Definitions

The set of all vectors of weight 3 in C of length n defines a Steiner
triple system of order n.

Darya Kovalevskaya, Faina Solov’eva, Elena Filimonova Steiner triple (quadruple) systems of small ranks embedded i



Introduction

Definitions
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Definitions

The set of all vectors of weight 3 in C of length n defines a Steiner
triple system of order n.

A Steiner triple system of order n corresponding to a binary
Hamming code H", is called Hamming Steiner triple system

STS(H™).
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The set of all vectors of weight 3 in C of length n defines a Steiner
triple system of order n.

A Steiner triple system of order n corresponding to a binary
Hamming code H", is called Hamming Steiner triple system

STS(H™).

The set of all vectors of weight 4 in C defines a Steiner quadruple
system of order N.
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Definitions
Constructions

Definitions

The set of all vectors of weight 3 in C of length n defines a Steiner
triple system of order n.

A Steiner triple system of order n corresponding to a binary
Hamming code H", is called Hamming Steiner triple system

STS(H™).

The set of all vectors of weight 4 in C defines a Steiner quadruple
system of order N.

A Steiner quadruple system of order N, corresponding to a binary
extended Hamming code H", is called Hamming Steiner quadruple
system SQS(HN).
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Definitions

A code C' = (C\M) U M’ is obtained by a switching of some set
M with a set M’ in a binary code C if the code C’ has the same
parameters as C.
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A code C' = (C\M) U M’ is obtained by a switching of some set
M with a set M’ in a binary code C if the code C’ has the same
parameters as C.

M — component of C. )
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A code C' = (C\M) U M’ is obtained by a switching of some set
M with a set M’ in a binary code C if the code C’ has the same
parameters as C.

M — component of C. |

If M= M & e for some i € {1, 2, ..., n}, where
e = (0=110"7"), then M — i-component of C of length n.
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Introduction

Definitions
Constructions

Definitions

A code C' = (C\M) U M’ is obtained by a switching of some set
M with a set M’ in a binary code C if the code C’ has the same
parameters as C.

M — component of C. |

If M= M & e for some i € {1, 2, ..., n}, where
e = (0=110"7"), then M — i-component of C of length n. \

The set M — jjk-component of C, if M is an i-component,
Jj-component and k-component. \
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Definitions
Constructions

Definitions

Two sets R and R’, composed of k-element subsets of the set V/,
|V| = v, are balanced with each other, if every t-element
unordered set from the k-element subsets of R can also be found
in the k-element subsets of R'.
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Two sets R and R’, composed of k-element subsets of the set V/,
|V| = v, are balanced with each other, if every t-element
unordered set from the k-element subsets of R can also be found
in the k-element subsets of R'.

A t-(v, k,1)-design A’ = (A\R) U R’ is obtained by a switching of
a block set R with a block set R’ in a t-(v, k, 1)-design A, if R and
R’ are balanced with each other.
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Two sets R and R’, composed of k-element subsets of the set V/,
|V| = v, are balanced with each other, if every t-element
unordered set from the k-element subsets of R can also be found
in the k-element subsets of R'.

A t-(v, k,1)-design A’ = (A\R) U R’ is obtained by a switching of
a block set R with a block set R in a t-(v, k, 1)-design A, if R and
R’ are balanced with each other.

The set R (and R') is also called a component. |
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Definitions
Constructions

Definitions

Two sets R and R’, composed of k-element subsets of the set V/,
|V| = v, are balanced with each other, if every t-element
unordered set from the k-element subsets of R can also be found
in the k-element subsets of R'.

A t-(v, k,1)-design A" = (A\R) U R’ is obtained by a switching of
a block set R with a block set R in a t-(v, k, 1)-design A, if R and
R’ are balanced with each other.

The set R (and R') is also called a component. |

The rank of a code C in the vector space F" — the dimension of
the subspace < C > spanned by vectors from C. ’
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Definitions

A Pasch configuration — a collection of 4 triples of a Steiner triple
system, isomorphic to (a, b, ¢), (a,y, z), (x, b,z) and (x,y, c). J
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A Pasch configuration — a collection of 4 triples of a Steiner triple
system, isomorphic to (a, b, ¢), (a,y, z), (x, b,z) and (x,y, c).

Switchings: asrx, by, ceo oz
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Definitions
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Definitions

A Pasch configuration — a collection of 4 triples of a Steiner triple
system, isomorphic to (a, b, ¢), (a,y, z), (x, b,z) and (x,y, c).

Switchings: asrx, by, ceo oz

{(a,b,¢), (a,y,2), (x; b,2), (x,y,€)}
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Definitions
Constructions

Definitions

A Pasch configuration — a collection of 4 triples of a Steiner triple
system, isomorphic to (a, b, ¢), (a,y, z), (x, b,z) and (x,y, c).

Switchings: asrx, by, ceo oz
{(37 b7 C)7 (a7y7 2)7 (X7 b7 Z)’ (X7.y7 C)}

Jaex
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A Pasch configuration — a collection of 4 triples of a Steiner triple
system, isomorphic to (a, b, ¢), (a,y, z), (x, b,z) and (x,y, c).

Switchings: asrx, by, ceo oz
{(37 b7 C)7 (a7y7 2)7 (X7 b7 Z)’ (X7.y7 C)}

Jaex

{(x;b,¢), (x,y,2), (a,b,2), (a,y, €)}
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Well-known constructions

Vasil'ev construction of perfect codes:
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Definitions
Constructions

Well-known constructions

Vasil'ev construction of perfect codes:

V7 = {(x, [X[+A(), x4y) | x € FTy e H'T A H"T —{0,1}}
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Well-known constructions

Vasil'ev construction of perfect codes:
V7= {06 XA, xy) [ x € F2y e W2 0 1™ — (0,1}

Method of ijk-components:
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Definitions
Constructions

Well-known constructions

Vasil'ev construction of perfect codes:
V7= {06 XA, xy) [ x € F2y e W2 0 1™ — (0,1}

Method of ijk-components:

Theorem*

(S. V. Avgustinovich, F.Il. Solov'eva) Every binary Hamming code
of length n can be presented as a union of disjoint ijk-
components R,-j-k. Each of them can be represented as a union of
disjoint i-components RF:

Hr = N R — Uivil g;l R,Pt, where Ny = 2(n=3)/4,

t=1"Yijk
Ny = 2(n+5)/47log(n+l).
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Introduction

Definitions
Constructions

Ranks of codes

The Hamming code H" : rank = n — log(n+ 1).

A perfect binary code of length n given by Vasil'ev construction
n—1
from H 2z : rank = n— log(n+1) + 1.

A perfect binary code of length n constructed by switchings of
ijk-components from H" : rank = n— log(n+1) + 2.
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Steiner triple systems Construction of Steiner triple systems

The number of Steiner triple systems of small ranks embedded in

Construction

M=1{1,2,3,...,m}, m=1,3(mod 6), n=4m+3 > 7
{i.j, k} A M=0

1 (2 ]...1 a b | cl|...| m

S(T,n), T = T I N >SN R N S N/ [ O R o
e J a2 Jaldb|de]| - | Jm

k|l ki | ko | ... | kal| kp | ke | ... | km

1.(4,/, k)

2NYae M : (i,ja ka) (i a,i2) (J, 2, Ja) U, ias ka) (K, ia, ja) (K, a, ka)
3.¥(a,b,c) € STS(m):

(a,b,¢) (a,Jb, e
(a, ip, ic) (a, kp, ke
(fas b, ic) (ia; b, ke
(iav Ib, C) (’37 kb, je
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(Ja;]ba ¢) (a» b, je)
2y Kb, ic) (as ib, ke)
asJby ic) (ka; b, ke) (1)
ka, kb, €) (Ka, b, Jc)
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Steiner triple systems

Construction of Steiner triple systems
The number of Steiner triple systems of small ranks embedded in

The set S(T, n) is a Steiner triple system of order n = 4m + 3.

Darya Kovalevskaya, Faina Solov’eva, Elena Fili i triple (quadruple) systems of small ranks embedded in



Steiner triple systems

Construction of Steiner triple systems
The number of Steiner triple systems of small ranks embedded in

The set S(T, n) is a Steiner triple system of order n = 4m + 3.

Let STS(m) be the Hamming Steiner triple system of order m.
Then S(T,n) is the Hamming Steiner triple system of order
n=4m+ 3.
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Steiner triple systems Construction of Steiner triple systems

The number of Steiner triple systems of small ranks embedded in

Switchings of the construction

A.Vae M
{(isJas ka), (iya,ia), (s @,Ja), Us as ka)s (K, ias Ja), (K, @, ka) }

Three Pasch configurations:

{(1'7_/.3, ka)? (I a, ia)? (./7 aa.ja): (J7 ia? ka)} I HJ
{(i1jas ko), (i, a, i), (K, issja), (k,a ka)} Yy
{Usa,Ja)s U fas ka), (ks iasda), (K, a, ka)} Jek

B. V(a, b,c) € STS(m)

i — columns from (1): asriy, a<riy jar ks Ja ks
J — rows from (1): A< J, a<rja Iy ky iy <k,
k — transversals from (1):  a<> ky, a<> ks ja<>is Ja<4>ia
Bl1. jorj, or k

B2. i+ j (k)orj+i(k)ork+i(j)
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Steiner triple systems

Construction of Steiner triple systems

The number of Steiner triple systems of small ranks embedded in

Theorem 2.

The class of Steiner triple systems of order n = 4m + 3, obtained
by the switching construction of Theorem 1 using the Hamming
Steiner triple system STS(H™) of order m, coincides with the class
of Steiner triple systems of order n = 4m + 3, embedded into the
class of perfect binary codes, constructed by the method of
ijk-components from the binary Hamming code of length n.
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Steiner triple systems

Construction of Steiner triple systems
The number of Steiner triple systems of small ranks embedded in

|Sym(H™)| = | GL(log(n + 1),2)

Theorem 3.

Any STS(n) of rank n — log(n+ 1) + 1 is embedded in some
perfect code of length n and the same rank, the code is given by
Vasil'ev construction from the Hamming code of length (n — 1)/2.
The number of such different STS(n) equals to

(2ISTSCZII= 20y 1/ |Sym(H7)|.
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Steiner triple systems Construction of Steiner triple systems

The number of Steiner triple systems of small ranks embedded in

R(H,n) = n!/|Sym(H")|

Theorem 4.

The number R>(n) of different Steiner triple systems of order

n = 4m+ 3 of rank not more than n — log(n+ 1) + 2, embedded
into perfect binary codes of the same rank, satisfies the following
inequalities:

4(n=3)/4 . 130(n=3)(n=7)/32" . n(n —1)/6 - R(H, (n — 3)/4) <

< Ry(n) < 4(n=3)/4.130(n=3)(n=7)/32> . n(n —1)/6 - R(H, ).
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Steiner triple systems

Construction of Steiner triple systems
The number of Steiner triple systems of small ranks embedded in

The number R(n) of different Steiner triple systems STS(n) of
order n = 4m + 3, obtained from the all switchings of the

construction, is at least
((n+1)-4(n=1/4 4 n—3).310(=3)("=1)/32°. n(n—1) /6. R((n—3) /4).
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Steiner triple systems

Construction of Steiner triple systems
The number of Steiner triple systems of small ranks embedded in

Theorem 5.

The number R(n) of different Steiner triple systems STS(n) of
order n = 4m + 3, obtained from the all switchings of the
construction, is at least

((n+1)-4(=7/44 n—3).310(=3)("=7)/32 . n(n—1) /6-R((n—3) /4).

Theorem 6.

The number R'(n) of different Steiner triple systems STS(n) of
order n = 4m + 3, m > 255, which are not embedded into perfect
binary codes constructed by the method of jjk-components from
the binary Hamming code, is at least

R'(n) > ((n+1)-4(=1/4 4 n —3).310(n=3)("=7)/32" . n(n 1) /6.
R((n — 3)/4) — 4(n=3)/4 .130(n=3)(n=7)/32" . n(n _ 1)/6 - R(H, n),
where R((n — 3)/4) is the number of different STS((n — 3)/4).
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Steiner triple systems

Construction of Steiner triple systems
The number of Steiner triple systems of small ranks embedded in

The number of different Steiner triple systems of order n = 2" — 1,

r > 4, of rank not more than n—log(n+ 1) + 2, is at most
2(4n=7)(n—3)/6 R(H, n)_
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Steiner quadruple systems

Theorem 8.

The class of Steiner quadruple systems, constructed by the
switching method of jjkI-components from the Hamming Steiner
quadruple system SQS(HN), coincides with the class of Steiner
quadruple systems of order N, embedded into extended perfect
binary code, constructed by the method of ijk/-components from
the extended binary Hamming code.
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Steiner quadruple systems

Theorem 9.

Any SQS(N) of rank N — logN is embedded in some extended
perfect code of length N and the same rank, the code is given by
extended Vasil'ev construction from the Hamming code of length
N/2 — 1. The number of such different SQS(n) equals to

(2159521 =2 — Iy NI/|Sym(H?)).
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Steiner quadruple systems

Theorem 9.

Any SQS(N) of rank N — logN is embedded in some extended
perfect code of length N and the same rank, the code is given by
extended Vasil'ev construction from the Hamming code of length
N/2 — 1. The number of such different SQS(n) equals to
(2159521 =2 — Iy NI/|Sym(H?)).

R(H,N/4) = (N/4)!/(N/4—1)(N/4—2)(N/4—22)-...-(N/4)/2)
Theorem 10.

The number of different Steiner quadruple systems SQS(N) of
order N of rank not more than N — logl + 1, embedded into

perfect extended binary codes of the same rank, constructed by the
method of jjk/-components from HN is at least

(32 .28 _ 8)N(N74)(N78)/(3-29) . (2N(N74)/25 ~1)- N(N—;%(N—2) .
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Futher research

Futher research

e An exact estimation for the number of STS(n) of rank
n — log(n+ 1) + 2, embedded into perfect codes of the same rank.

e An exact estimation for the number of SQS(N) of rank
N — logN + 1, embedded into extended perfect codes of the same
rank.
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Conclusion

Conclusion

e Classification of STS(n) of rank n — log(n+1) 4+ 1 and

n — log(n+ 1) + 2, embedded into perfect codes of the same rank:
— construction

— the number of STS(n) of rank n — log(n+1) +1

— the bounds of the number of STS(n) of rank n — log(n+1) + 2
+

— the upper bound of the whole number of STS(n) of rank
n—log(n+1)+2

e Classification of SQS(N) of rank N — logN and N — logl + 1,
embedded into extended perfect codes of the same rank:

— construction

— the number of SQS(N) of rank N — logN

— the bound of the number of SQS(n) of rank N — logl + 1
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Conclusion

Thank you for your attention!
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