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I. INTRODUCTION, SELF DUAL CODES
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Self-dual codes are an important class of codes and have been studied by
researchers for a long time. These codes are found to be connected with many
di¤erent �elds of study such as combinatorial theory, group theory and
cryptography. In the early periods the focus was on self-dual codes over �nite
�elds, especially over , and there was a lot of work towards classifying binary
self-dual codes up to certain lengths.

Later, when rings became more popular in coding theory, the scope of self-dual
codes extended to rings as well. Self-dual codes over rings have received
attention especially with respect to their connection to unimodular lattices and
invariant theory.

Recently, in [Dougherty et. al, 2010] worked out the theoretical background of
self-dual codes over commutative Frobenius rings.

Department of Mathematics, Fatih University



I. Intro II. The ring R2 III. The Bordered Double-Circulant Construction IV. New extremal codes of length 66 as extensions

Bounds on Self-dual Codes, Rains’ Bound

Definition

A self-dual code over an arbitrary ring with a suitably de�ned Lee weight is said
to be Type II (or doubly-even) if the Lee weight of every codeword is a
multiple of 4 and Type I (or singly-even) otherwise.

The following theorem gives an upper bound on the minimum distance of a
binary self-dual code.

Theorem

( [Rains, 1998]) For a Type II code of length n, its minimum weight d satis�es
d � 4

� n
24
�
+ 4. For a Type I code of length n, the minimum weight d is upper

bounded by d � 4
� n

24
�
+ 6 if n � 22 (mod 24) and d � 4

� n
24
�
+ 4 otherwise.

A self-dual code is called extremal if the minimum weight meets the bound
described in the theorem.
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Binary self-dual codes of Type I and Type II have bounds on their minimum
distances. So a great focus in coding theory has been on classifying extremal
binary self-dual codes of certain lengths. Conway and Sloane have listed the
possible weight enumerators of extremal self-dual codes of lengths up to 64 and
72 in [Conway, Sloane].

But for many of the possible weight enumerators, the existence of binary
self-dual codes with that weight enumerator is still an open problem.

Finding extremal binary self-dual codes with new weight enumerator has been
an interesting problem that has generated a lot of interest among researchers.
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II. THE STRUCTURE OF THE RING R2
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In this work, R2 denotes the ring F2 + uF2 + vF2 + uvF2 which is de�ned as a
characteristic 2 ring subject to the restrictions u2 = v2 = 0 and uv = vu.
Similarly, the isomorphism

R2 �= F2 [X, Y]
.D

X2, Y2, XY = YX
E

is clear to see. The ring can also be described in terms of R1 := F2 + uF2 as

R2 �= R1 [v]
.D

v2 = 0, uv = vu
E
= R1 + vR1.

Another de�nition for the ring can be given as

R2 =
n

a+ bu+ cv+ duvja, b, c, d 2 F2, u2 = v2 = 0 and uv = vu
o

.

We refer to [Yildiz, Karadeniz, 1 and 2] for details on linear and self-dual codes
over R2.
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We can list the elements of the ring to be the following:
R2 = f 0, u, v, u+ v, uv, u+ uv, v+ uv, u+ v+ uv,

1, 1+ u, 1+ v, 1+ u+ v, 1+ uv,
1+ u+ uv, 1+ v+ uv, 1+ u+ v+ uvg.
Note that the units of F2 + uF2 + vF2 + uvF2 can easily be found to be :

(F2 + uF2 + vF2 + uvF2)
� = f1, 1+ u, 1+ v, 1+ u+ v, 1+ u+ uv,

1+ v+ uv, 1+ uv, 1+ u+ v+ uvg.

The following proposition will be used,

Proposition

For any a 2 R2 , a2 =

�
1, if a is a unit
0 , otherwise .
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The Ideal Structure of R2

R2 = F2 + uF2 + vF2 + uvF2
"

Iu,v = f0, u, v, uv, u+ v,
u+ uv, v+ uv, u+ v+ uvg

% " -
Iu = f0, u,
u+ uv, uvg Iv = f0, v, v+ uv, uvg Iu+v = f0, u+ v,

u+ v+ uv, uvg
- " %

Iuv = f0, uvg
"

I0 = f0g
R2 is a local ring with the unique maximal ideal Iu,v. R2 is neither a chain ring
nor a Principal Ideal Ring.

Theorem

The ring R2 is a Frobenius ring.
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Linear codes over R2 of length n are de�ned as always to be R2-submodules of
Rn

2 .
By extending the notion of the Lee weight and the Gray map from [Dougherty
et.al], we de�ne

Definition

φ : Rn
2 ! F4n

2 , which is given by

φ(a+ ub+ vc+ uvd) = (a+ b+ c+ d, c+ d, b+ d, d),

is de�ned to be the Gray map from Rn
2 to F4n

2 , where a, b, c, d 2 Fn
2 .

Definition

For any element a+ ub+ vc+ uvd 2 R, we de�ne
wL(a+ ub+ vc+ uvd) = wH(a+ b+ c+ d, c+ d, b+ d, d), where wH denotes
the ordinary Hamming weight for binary vectors, to be the Lee weight of
a+ ub+ vc+ uvd.

Lemma

If C is a linear code over R2 of length n, size 2k and minimum Lee distance d,
then φ(C) is a binary [4n, k, d]-linear code.
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The inner product and duality can be de�ned next. For
(x1, x2, . . . , xn), (y1, y2, . . . , yn) 2 Rn

2 , we de�ne

< (x1, x2, . . . , xn), (y1, y2, . . . , yn) >= x1y1 + x2y2 + � � �+ xnyn (1)

where the operations are performed in the ring R2.

Definition

Let C be a linear code over R2 of length n, then the dual of C is de�ned as

C? := fy 2 (R2)
nj < y, x >= 0, 8x 2 Cg.

C is said to be self-orthogonal if C � C?, and it is self-dual if C = C?. A
self-dual code over R2 is said to be of Type II if the Lee weights of all
codewords are divisible by 4, otherwise it is said to be of Type I.
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The following theorem is very useful in connecting self-dual codes over R2 to
binary self-dual codes:

Theorem

Suppose C is a self-dual linear code over R2 of length n. Then φ(C) is a
self-dual binary linear code of length 4n.

Because the Gray map is distance preserving, we get the following corollary:

Corollary

If C is a Type I (respectively Type II) code over R2 with parameters [n, 2k, d],
then φ(C) is a binary Type I (respectively, Type II) code of parameters [4n, k, d].
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III. THE BORDERED DOUBLE CIRCULANT CONSTRUCTION
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Double Circulant Construction

The self-dual code generated by [InjR] where R is a circulant matrix is called
pure double circulant code .

Similarly the self-dual code generated by26664
0 1 � � � 1

In 1
... R
1

37775
where R is a circulant matrix is called bordered double circulant code.
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The Bordered-Double-Circulant Construction

In [Karadeniz, Yildiz 2012], we consider a bordered-double-circulant matrix
with a special structure over R2 and use this to construct self-dual codes.

Theorem

Let be a linear code of length over , generated by a bordered double-circulant
matrix of the form

G =

266666664

x y y y � � � y
z

I2m z
... D
z
z

377777775
where x is an arbitrary non-unit in R2; y and z are arbitrary units in R2, and D
is a circulant (2m� 1)� (2m� 1) matrix over R2 with the �rst row given by

D1 = fd1, d2, � � � , dm�1, dm�1, dm�2, � � � , d1, xyzg.

Then C is a self-dual code over R2.
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Two New Extremal Type I Codes of Length 64

Table Two New Type I codes of parameters [64, 32, 12] obtained via
bordered-double-circulant construction.

(x, y, z) (d1, d2, d3) β jAut (C)j
(uv, uv+ 1, v+ 1) (v+ 1, uv+ 1, uv+ u+ v+ 1) 46 23 � 7
(uv, u+ v+ 1, u+ 1) (uv+ u+ 1, u+ v+ 1, uv+ v+ 1) 46 23 � 3� 7
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IV. NEW EXTREMAL CODES OF LENTH 66 AS EXTENSIONS
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As given in [Conway,Sloane], there are three possibilities for the weight
enumerators of extremal self-dual codes of length 66

W66,1 = 1+ (858+ 8β)y12 + (18678� 24β)y14 + � � � where 0 � β � 778,

W66,2 = 1+ 1690y12 + 7990y14 + � � �
and W66,3 = 1+ (858+ 8β)y12 + (18166� 24β)y14 + � � � where 14 � β � 756.

In [Harada et. al.] and [Tsai] codes were obtained with weight enumerator
W66,2. A substantial number of codes with weight enumerator W66,1 are
obtained in [Conway, Sloane], [Gulliver, Harada], [Harada et. al.], [Hu¤man]
and [Russeva,Yankov]. Recently, the codes with weight enumerator W66,3 �rst
found by Tsai et al. in [Tsai et.al. 2008] for β = 28, 33 and 34. In the
following, we obtain the codes with β = 54, 56, 57, 58, 59, 62 and 66 in W66,3.
The extension method given below is used to obtain [66, 33, 12] extremal codes
from [64, 32, 12] self-dual codes obtained as the Gray images of bordered-double
circulant codes over R2. We managed to obtain seven new extremal binary
codes of length 66.
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Extension Method [Jon-Lark Kim]

Theorem

(J.-L. Kim) Let S be a subset of the set f1, 2, . . . , 2ng of coordinate indices
such that jSj is odd. Let G0 = [LjR] = [lijri] be a generator matrix (may not
be in standard form) of a self-dual code C0 of length 2n, where li and ri are
rows of L and R, respectively, for 1 � i � n. Let x = (x1, . . . , xn, xn+1, . . . , x2n)
be the characteristic vector of S, i.e., xj := 1 if j 2 S and xj := 0 if j /2 S for
1 � j � 2n. Suppose that yi := (x1, . . . , xn, xn+1, . . . , x2n) � (lijri) for 1 � i � n.
Here � denotes the (scalar) inner product. Then the following matrix:26664

1 0 x1 . . . xn xn+1 . . . x2n
y1 y1
...

... L R
yn yn

37775
generates a self-dual code C of length 2n+ 2.
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The extension in Theorem 11 is applied to φ(C1) with binary vector Xj and
extremal codes of length 66 with new weight enumerators are found;

X1 ={(0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 1 0 1 0 1 0 0 1 0 1 0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 0)} gives a code with
β = 59 in W66,3,

X2 ={(0 1 0 1 1 1 1 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 1 0 1 1 1 1 1 1 1 1 1 1
0 1 0 1 1 1 1 1 0 1 1 0 1 1 1 1 1 1 1 0 1 1 1 1 1 0 1)} gives a code with
β = 57 in W66,3,

X3 ={(1 1 0 1 1 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 0 1 1 1 1 0 1 1 1 1 1 0 1 1 1 1 1
1 1 1 1 1 1 1 0 1 1 1 1 1 1 0 0 1 0 1 1 1 0 0 1 1 1 1)} gives a code with
β = 56 in W66,3,

X4 ={(1 0 1 1 1 1 0 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 1 1 0 0 1 1
1 1 1 1 1 1 0 1 1 1 1 1 1 0 1 1 0 1 0 1 0 0 1 1 1 1 1)} gives a code with
β = 66 in W66,3.

Department of Mathematics, Fatih University



I. Intro II. The ring R2 III. The Bordered Double-Circulant Construction IV. New extremal codes of length 66 as extensions

The extension in Theorem 11 is applied to φ(C2) with binary vector Xj and
extremal codes of length 66 with new weight enumerators are found;

X5 ={(0 0 0 1 0 1 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 1 0 0 1 1 0 0 0 1 0 0 0 1 0 0
1 0 0 0 0 0 1 1 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0)}, gives a code with
β = 58 in W66,3,

X6 ={(1 0 1 0 1 1 1 0 0 0 1 0 0 1 1 1 0 1 0 0 1 0 0 0 1 1 0 0 1 1 1 1 0 0 0 0 0
1 1 0 1 0 1 0 0 0 0 0 0 1 1 1 1 1 0 0 0 1 1 1 1 0 0 1)}, gives a code with
β = 62 in W66,3,

X7 ={(0 0 0 0 1 1 1 1 0 1 1 0 0 1 1 1 0 1 0 0 1 0 1 1 0 1 1 1 0 1 1 0 1 0 0 1 1
1 1 1 0 1 0 0 0 1 0 0 0 1 1 0 0 1 0 0 0 0 0 0 0 0 0 0)}, gives a code with
β = 54 in W66,3.
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