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Goals

To present a family of rotated Dn-lattices with full diversity via

Z-modules of Q(ζp + ζ−1p ), p prime;

To show that it is impossible to construct these lattices via

ideals of Z[ζp + ζ−1p ].



Lattices in Rn

Let {v1, · · · , vm}, m ≤ n, be a set of linearly independent

vectors in Rn. The set

Λ =

{
m∑
i=1

aivi , where ai ∈ Z, i = 1, · · · ,m

}

is called lattice .

The set {v1, · · · , vm} is called a basis of Λ.



Determinant

A matrix M whose rows are these m vectors is said to be a

generator matrix of Λ.

The associated Gram matrix is G = MMt .

The determinant of Λ is det(Λ) = det(G ).



Dn-lattice

The Dn-lattice is de�ned as

Dn = {x = (x1, . . . , xn) ∈ Zn : x1 + · · ·+ xn is even}



Packing density

The packing density of a lattice Λ is the proportion of the space

Rn covered by congruent disjoint spheres of maximum radius

ρ =
1

2
min{d(x , 0); x ∈ Λ, x 6= 0}.
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Diversity

Given Λ ⊆ Rn a lattice and x = (x1, . . . , xn) ∈ Λ.

The diversity of x is the number of x ,i s nonzero.

The diversity of Λ is div(Λ) = min{div(x); x ∈ Λ, x 6= 0}.

A full diversity lattice is a lattice such that div(Λ) = n.



Minimum product distance

Let Λ ⊆ Rn be a full diversity lattice and x ∈ Λ.

The product distance of x is dp(x) =
n∏

i=1

|xi |.

The minimum product distance of Λ is

dp,min(Λ) = min{dp(x) | x ∈ Λ, x 6= 0}.

The relative minimum product distance of Λ, denoted by

dp,rel (Λ), is the minimum product distance of a scaled version

of Λ with minimum Euclidean norm equal to one.



Signal constelattions having structure of lattices can be used for

signal transmission over both Gaussian and Rayleigh fading

channels.

Gaussian channel =⇒ high packing density.

Rayleigh fading channel =⇒ full diversity and high minimum

product distance.



In this work we attempt to consider lattices which are feasible for

both channels by constructing full diversity rotated Dn-lattices .

E.B. Fluckiger, F. Oggier, E. Viterbo, �New algebraic

constructions of rotated Zn-lattice constellations for the

Rayleigh fading channel�

J. Boutros, E. Viterbo, C. Rastello, J.C. Bel�ori, �Good lattice

constellations for both Rayleigh fading and Gaussian channels�



First Goal

To construct a family of rotated Dn-lattices via free Z-modules

I ⊆ OK of rank n = [K : Q], K = Q(ζp + ζ−1p ).



Number Fields

A number �eld K is a �nite extension of Q.

If [K : Q] = n, then there are n distinct Q-homomorphisms

{σi : K −→ C}ni=1
.

If σi (K) ⊆ R for all i = 1, · · · , n the number �eld K is said

totally real .



Twisted homomorphism

Let K be a totally real number �eld of degree n and α ∈ K such

that αi = σi (α) ∈ R and σi (α) > 0 for all i = 1, · · · , n. The

twisted homomorphism is the map

σα : K −→ Rn

σα(x) = (
√
α1σ1(x), . . . ,

√
αnσn(x))



If [K : Q] = n and I ⊆ K is a free Z-module with rank n and

Z-basis {v1, . . . , vn}, then the image σα(I ) is a lattice in Rn with

basis {σα(v1), . . . , σα(vn)}.

K
I
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Determinant

If I ⊆ OK is a free Z-module of rank n and Λ = σα(I ), then

det(Λ) = N(I )2NK|Q(α)dK

where N(I ) = |OK/I |, NK|Q(α) =
∏n

i=1
σi (α) and dK is the

discriminant of K|Q.



If K is a totally real number �eld, then:

Λ = σα(I ) ⊆ Rn has full diversity n.

The minimum product distance of Λ = σα(I ) is

dp,min(Λ) =
√
NK|Q(α)min06=y∈I |NK|Q(y)| ,

where NK|Q(y) =
∏n

i=1
σα(y) for all x ∈ K.



Cyclotomic Fields

Let ζ = ζm = e
2πi
m

The �eld K = Q(ζ) is called cyclotomic �eld.

The sub�eld L = Q(ζ + ζ−1) ⊆ Q(ζ) is called maximal real

sub�eld of Q(ζ) and it is a totally real number �eld.



Rotated Zn
-lattices, n = p−1

2
, p prime

Let ζ = ζp, p prime, p ≥ 5, K = Q(ζp + ζp
−1) and ei = ζ i + ζ−i .

Proposition

If I = OK and α = 2− e1, then the lattice 1√
p
σα(OK) ⊆ R

p−1

2 is a

rotated Z
p−1

2 -lattice.

E.B. Fluckiger, F. Oggier, E. Viterbo, �New algebraic

constructions of rotated Zn-lattice constellations for the

Rayleigh fading channel�



Rotated Dn-lattices, n = p−1
2
, p prime

Let p prime, p ≥ 7, ζ = ζp, K = Q(ζp + ζp
−1) and ei = ζ i + ζ−i .

Proposition

If I ⊆ OK is a free Z-module with Z-basis

{−e1 − 2e2 − · · · − 2en, e1, e2, · · · , en−1}

and α = 2− e1, then the lattice 1√
p
σα(I ) is a rotated Dn-lattice.



We have that Dn ⊆ Zn

Let B be the generator matrix for Dn

B =



−1 −1 0 0 · · · 0 0

1 −1 0 0 · · · 0 0

0 1 −1 0 · · · 0 0

...
...

...
...

. . .
...

...

0 0 0 0 · · · 1 −1


.



Rotated Zn
-lattices, n = p−1

2
, p prime

Let ζ = ζp, p prime, p ≥ 5, K = Q(ζp + ζp
−1) and ei = ζ i + ζ−i .

Proposition

If I = OK and α = 2− e1, then the lattice 1√
p
σα(OK) ⊆ R

p−1

2 is a

rotated Z
p−1

2 -lattice.
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Using the generator matrix M of 1√
p
σα(OK) such that

MMt = In×n, we have that BM is a generator matrix for a rotated

Dn-lattice. Using homomorphism properties we prove that this

rotated Dn-lattice is 1√
p
σα(I ).



Rotated Dn-lattices, n = p−1
2
, p prime

Proposition

If Λ = 1√
p
σα(I ), then

dp,rel (Λ) = 2
1−p
4 p

3−p
4 .

For Λ = 1√
p

(σα(I )) ⊆ R
p−1

2 and p prime:

limn−→∞
n
√

dp,rel(Zn
)

n
√

dp,rel (Dn)
=
√
2 e limn−→∞

δ(Zn
)

δ(Dn)
= 0.



Proposition

The Z-module I ⊆ OK is not an ideal of OK.

If it was possible to construct these rotated Dn-lattices via

ideals of OK we would have a greater relative minimum

product distance than the one obtained in our construction.

This motivated our study on the existence of such rotated

Dn-lattices via ideals of OK, for K = Q(ζp + ζ−1p ), p prime.



Second Goal

Proposition

Let p be a prime number and K ⊆ Q(ζp + ζ−1p ) such that K|Q is a

Galois extension and [K : Q] 6∈ {1, 2, 4}. It is impossible to

construct rotated Dn-lattices via the twisted homomorphism

applied to ideals of OK and α ∈ OK.



A necessary condition to construct a rotated Dn-lattice, scaled by

√
c with c ∈ Z, via ideals of OK, is the existence of an ideal I ⊆ OK

and an element totally positive α ∈ OK such that

4cn = NK|Q(α)N(I )2dK.

Since p is odd prime, we have that 2 - dK, what implies that

either 2 divides N(α) or 2 divides N(I ).



We can prove that if A ⊆ OK is an ideal and N(A) is even, then

N(A) = (2f )ab, a ≥ 1, b odd

where f is the residual degree of 2.

We may write:

N(I ) = (2f )a1b1, a1 ≥ 0, b1 odd.

NK|Q(α) = (2f )a2b2, a2 ≥ 0, b2 odd.

c = 2ab, a ≥ 0, b odd.



We have

4(2ab)n = (2f )a2b2((2f )a1b1)2dK

and the powers of 2 are equal in the equality i�

2 + aefg = 2 + an = fa2 + 2fa1 = f (a2 + 2a1), i.e.,

2 = f (a2 + 2a1 − ag)

Since dK is odd and [K : Q] 6∈ {1, 2, 4} we can prove that f 6= 1

and f 6= 2. Then, it is impossible to obtain this equality.



Rotated D3 and D5-lattices

Proposition

It is impossible to construct rotated D3 and D5-lattices via ideals of

OK.
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