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Fq : finite field

m:Fg = Fylx]/ <x"—1>

CclFy < n(C)CFy[x]/ <x"—1>

A subset C of Fg is called a cyclic code of length n if C
satisfies the following conditions:

*C is a subspace of Fj and

*If every ¢ = (¢o,...,¢n—1) € C then

J(C) = (Cn—l7 .-, Cn—2) eC

(E.Prange, 1957)
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History

(2010)S.Zhu,Y.Wang,M.Shi
» R=TF,[v]/ <v?—v>v2=v
» 7:R— T3
(a+ vb) — (a,a+ b)
» G ={xeFx,y e Fi|lx+ vy € C}
G ={x+yeFlyeFx+weC}
> C:(l—l-V)Cl@VCQ
C cyclic < 7 G, G
ct=7
C cyclic = C =7 g1(x), g2(x)
Theorem

For any cyclic code C over R, there is a unique polynomial g(x)
such that C =< g(x) > and g(x)|x" — 1 where

g(x) = (1 + v)gi(x) + g2(x).
» C cyclic= C*+ =7



The Ring A, and the Gray Map on A,

For integers k > 1, Ax = Fa[vi, v, ..., vk]/<v,-2 — Vi, ViVj — VjV;)
2

where vi = v, viv; = vjv;,i =1,...  k,j=1,... k.

Ak = {2 gep, @B | ag € Fa,vg =[]icpvi, B C{1,2,...,k}}



The Ring A, and the Gray Map on A,

For integers k > 1, Ax = Fa[vi, v, ..., vk]/(v,-2 — Vi, ViVj — VjV;)
where v,-2: vi,vivi=vvi,i=1,..., k,j=1,... k.

Ak = {2 gep, @B | ag € Fa,vg =[]icpvi, B C{1,2,...,k}}
Example

For k =1, Ay = Fa[wv1]/(vZ — v1) where v = vy.

For k =2, Ay = [Fa[wn, v2]/<v12 — v, v22 — V2, v1Va — vavy) where

2 2
Vi = V1, Vy = Vo, ViV = WoVy.



The Ring A, and the Gray Map on A,

For integers k > 1, Ax = Fa[vi, v, ..., vk]/(v,-2 — Vi, ViVj — VjV;)
where v,-2: vi,vivi=vvi,i=1,..., k,j=1,... k.

Ak = {2 gep, @B | ag € Fa,vg =[]icpvi, B C{1,2,...,k}}
Example

For k =1, Ay = Fa[wv1]/(vZ — v1) where v = vy.

For k =2, Ay = [Fa[wn, v2]/<v12 — v, v22 — V2, v1Va — vavy) where
V12 =V, V22 = Vo, V1V = WoVvig.

Lemma

The ring Ax has characteristic 2 and cardinality 22¢

Lemma
The only unit in the ring Ay is 1.



The Ring A, and the Gray Map on A,

Theorem

The ideal {wy,wa, ..., wg), where w; € {v;,1+ v;} for each
i=1,2,...,k, is a maximal ideal of cardinality 221
Lemma

Let m; be a maximal ideal as above. Then there are 2% such ideals
and m$ =m; for all i and e > 1.

Theorem
The ring Ay is isomorphic via the Chinese Remainder Theorem to

F2". Consequently, the ring Ay is a principal ideal ring.



The Ring A, and the Gray Map on A,

> (bl ZA1—>F§

a+bvy — ¢1(a+bvi) =(a,a+b)
» For k > 2,

st:Ak_)Ai,l

a+ Bvk — dr(a+ Bvk) = (a,a+ B)
> (DkZAk—)F%k

Su(7) = d1(d2(. . - (Pr—2(k—1(x(7))))



The Linear Codes over A,

A linear code C over Ay of length n is a submodule of A}



The Linear Codes over A,

A linear code C over Ay of length n is a submodule of A}

> C=(m)G &...H (mu)Co

» Ct=(m)G ®...® (mu)C



The Cyclic codes over Ay

Definition

A subset C of A} is called a cyclic code of length n if C satisfies
the following conditions:

* C is a submodule of A}

*  Ifevery c = (co,...,cn-1) € C then
o(c)=(ch-1,¢c0..-,¢cn—2) € C



The Cyclic codes over Ay

Definition

A subset C of A} is called a cyclic code of length n if C satisfies
the following conditions:

* C is a submodule of A}

*  Ifevery c = (co,...,cn-1) € C then
o(c)=(ch-1,¢c0..-,¢cn—2) € C

Theorem

Let C be a code over A and let C; be the binary codes given
before. The code C is cyclic if and only if C; is a cyclic code for all
i



The Cyclic codes over Ay

Definition

A subset C of A} is called a cyclic code of length n if C satisfies
the following conditions:

* C is a submodule of A}

*  Ifevery c = (co,...,cn-1) € C then
o(c)=(ch-1,¢c0..-,¢cn—2) € C

Theorem

Let C be a code over A and let C; be the binary codes given
before. The code C is cyclic if and only if C; is a cyclic code for all
i

Corollary
If a code C over Ay is cyclic then C* is cyclic.



The Cyclic codes over Ay

C= (ml)Cl D...D (m2k)C2k



The Cyclic codes over Ay

C= (ml)Cl D...D (m2k)C2k

Theorem
Let C be a cyclic code over Ai then there exist a polynomial g(x)
in A[x] that divides x" — 1 that generates the code.



The Cyclic codes over Ay

For a polynomial, p(x) = ag + ... + axx* define
p(X)=ax + ak_1x + ... + apx¥




The Cyclic codes over Ay

For a polynomial, p(x) = ag + ... + axx* define
p(X)=ax + ak_1x + ... + apx¥

Lemma
If C is a cyclic code over Ay generated by g(x) then C is a cyclic
code generated by (x" — 1/g(x)).



The Gray image of the Self Dual Cyclic Codes over Ay

Definition

Leta e F2" witha = (aq, ..., am, 1) = (a@]a®)]. .. 2@y,
a) €T fori=0,1,...,2k — 1. Let oc®2" be the map from F%k”
to ]F%k" given by 0®2“(a) = (c(a®)] ... |o(a®*~V)) where o is the
usual shift (co, ..., cp—1) — (Cn-1, 0, - -, Cn—2) on IF5.

A code C of length 2¥n over I, is said to be quasi-cyclic of index
2k if 0®2(C) = C.



The Gray image of the Self Dual Cyclic Codes over Ay

Definition

Leta e F2" witha = (ao, ..., ay, 1) = (a@]aD)]. .. []a@D),
a) €T fori=0,1,...,2k — 1. Let oc®2" be the map from F%k”
to ]F%k" given by 0®2“(a) = (c(a®)] ... |o(a®*~V)) where o is the
usual shift (co, ..., cp—1) — (Cn-1, 0, - -, Cn—2) on IF5.

A code C of length 2¥n over I, is said to be quasi-cyclic of index
2k if 0®2(C) = C.

Corollary
The image of a cyclic self dual code of length n over A is a length
2kn self dual quasi-cyclic code of index 2*.
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Thank you for your attention...
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