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C - binary linear [n,k,d] code

C - self-orthogonal code i€ C C*+

C - self-dual code iC = C*
Any self-dual code has dimensiénr=n/2

All codewords in a binary self-orthogonal code have
even weights

Doubly-even code - all its weights are divisible by 4

Singly-even self-dual code - if it contains a
codeword of weightv=2 (mod 4
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Extremal salf-dual codes

Rains (1998)
If C is a binary self-dualn,n/2,d] code then

d<4[n/24+4
except ifn=22 (mod 24 when
d <4{n/24] 46

Whenn is a multiple of 24, any code meeting the bound
must be doubly-even.
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Optimal self-dual codes

A self-dual code is called optimal if it has the largest
minimum weight among all self-dual codes of that
length.

Any extremal self-dual code is optimal.

For some lengths, no extremal self-dual codes exist!
There are no extremal self-dual codes of lengths 2,
4,6, 10, 26, 28, 30, 34, 50, 52, 54, 58, ...

Conjecture: The optimal self-dual codes of lengths
24m—+r forr =2, 4, 6, and 10 are not extremal.
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The shadow of a singly even code

Conway, Sloane (1990)

C - singly even self-duah,k=n/2 d| code
Co - Its doubly even subcode:

Co={veC|wt(v)=0 (mod 4}, dmCop=k—-1

Co={veC|wt(v)=2 (mod 4}
C=CHUC

= Cy =CoUCLUCLUC3
S=Cy \C=C1UC3; - the shadow o€
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s-extremal self-dual codes

Bachoc, Gaborit (2004)

If sis the minimum weight of the shadow of a
singly-even self-dugh,n/2,d| code then

n
2d+s§§+4

except ifn=22 (mod 24 when 21+s< 3 +8

Codes, meeting the bound are calteegktremal.
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Salf-dual codes with minimal shadow

Bouyuklieva, Willems (2012)

A self-dual codeC of lengthn is acode with minimal
shadow If:

(i) wt(S) =rifn=2r (mod 8,r=1,2,3, and
(i) wt(S)=4ifn=0 (mod 8.

Bouyuklieva, Varbanov (2011) - \W§) =1
Bouyuklieva, Malevich, Willems (2011) - W) = 4
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Singly-even vs doubly-even codes

C - singly-even self-duah,n/2,d| code,n=0 (mod §
= CoUC1 andCqyUC3 - doubly-even codes

If CIs an extremal self-dual code with minimal shadow
then

CoUC; - doubly-even8m,4m, 4| code

CoUC3 - extremal doubly-ever8m,4m| code
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Salf-dual codes and theair children
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s=1=n=2 (mod 8§

(100...0) € S
(1 0/ b )
1 1 a
G=|00 = Co=(00,2)U(0La+b+2)
. D
\0 0

= C =D U(a+ D) - doubly-even code

If Cis extremal thel€ is also extremal.
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s=2=n=4 (mod 8§

(1100...0) € S
(1 0/b
1 1| a

G=|00
1D

\ 0 0

)

/

= Co=(00,2)U(1l,a+ D)

If Cis extremal theml =d(C) =dord—2,5>d+1
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s=2=n=4 (mod 8§

(1100...0) € S d = 4m+4,n=24m+8l +4,1 = 0,1,2

n=24m-+4 ia:4m+ﬁor4m+2,§2 Am-+5
= 2(4m+2) +4m+5<2d4+5<12m+5 -

Impossib

e

n = 24m-

12 =d=4d4m+4ordm+2,5>4m+5

= 2(4m+2) +4m+5<2d+35< 12m+9
= Cis ans-extremal24m-+10,12m+-5,4m - 2]

code

n=24m+4,d =4m+2 = d =4m+4 or 4m+ 2,
S=4m+1
= Cis ans-extremal24m+ 2, 12m+ 1,4m+ 2|

code
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s=2=n=4 (mod 8§

(1) There exists a self-dug@dm+4,12m+ 2, 4m+ 2|
code with minimal shadow if and only if there is an
s-extremal24m+ 2,12m+ 1,4m—+ 2] code §=4m+1).
(2) There exists a self-dugdm+ 12, 12m+ 6,4m+- 4
code with minimal shadow If and only if there is an
s-extremal|24m—+ 10,12m+ 5,4m+ 2] code
(S=4m+5).

(3) There exists an extremal self-dual

24m+ 20,12m+ 10,4m+ 4] code with minimal shadow
if and only if there is §24m+ 18,12m—+ 9, > 4m+ 2|
code withs > 4m+ 5.

ACCT2012. Pomorie — pn. 14/19



Singly-even self-dual codes

N=24m+81+2r,1=0,12,r=0,1,2,3

12m+-4l +r

W(y) = ajy”
2 °

3Mm-+|

_ % Ci(:]__I_y2)12m—|—4|—|—r—4i(yZ(l_yZ)Z)i7 and

|=
6m+-2

Sy) = ZO bjy* !
j=

3m+| _ | | |
_ Z) (—1)|Ci 212m+4|+r—6|y12m+4l+r—4|(1_y4)2|.
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Welght enumerators

31 —i
Ci = Z)a.,aj_ ZO Bi;b;
d=dm+4=p=1la=a=---=am1=0

= Cj = Qjp =aj(n),i=0,1,...,2m+1
s=4dm+4l+r—4=Dbpg=by=by=---=bp_2=0
=¢=01=2m+2,...,3m+|

6—t
Comt+1=02ms1(N) = Bomt+1.mel—1Bmii—1=—2"""bmyi—1
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Weight enumerators,t =4l +r

Comt-1 = Oomy1(N) = Bom1.mil—10my1—1= — 26 Br1—1
b = 2% N
= Dmy1—1 omt+-1(N)

Com = Oom(N) = Bom.m+1—1Bm+1—1 + Bomme 1 Bmi
=2 2m+ Dbmy 1+ 2 b

= Byt = 2'0om(N) — 2(2m+1)bmy 1
= 2'0om(n) + 217> (2m+ 1) aom1(n).
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n=24m- 2

20m m—1
= m<?2

But self-dual|2,1, 4], [26,13,8| and|50, 25,12 do not
exist

b — (12m+ 1)(39—14m)< oM ) ~ 0

Hence self-dual2dam+ 2, 12m+ 1, 4m—+ 4] s-extremal
codes do not exist
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Weight enumerators,t =4l +r

No s-extremal singly-even self-dual
24m+ 2t, 12m+t, 4m-+ 4] codes exist if
Ht=1;(2)t=2andm==£7,;
)t=3andm=# 7,13 14, 15;
)t =4 andm> 43;
)t=5andm> 78;
Jt=6andm>113;

)t =7 andm> 136;

)t =8 andm > 148;
)t=9andm> 152;

0)t =10 andm > 153.
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