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Abstract. In this paper we obtain arithmetic Fuchsian groups derived from the
quaternion orders associated with the tessellation {p, q} by using different edge-
pairings and we show they are isomorphic. The choice of edge-pairings is directly
connected with the minimum distance of the code associated and therefore to its
capacity to correct errors.

1 Introduction

The concept of geometrically uniform codes (introduced by Forney) is strongly
dependent on the existence of regular tessellations in homogeneous space. The
error probability, associated with a communication system when considering
geometrically uniform signal constellations in the hyperbolic plane depends on
the genus of a surface (surface viewed as a regular hyperbolic polygon) and
the best performance is achieved with genus ≥ 2. Hence, one of our objectives
is to find the group which acts transitively on the regular hyperbolic polygon
(Fuchsian groups) in order to generate the signal constellation. In this direction,
the signal design problem in the hyperbolic plane is to consider lattices (order of
a quaternion algebra) as an algebraic structure from which the construction of
signal constellations (quotient of an order by an ideal) may be realized. When
considering the tessellation {4g, 4g}, with g ≥ 2, we have shown the arithmetic
Fuchsian groups associated with the diametrically opposed edge-pairings and
the normal form are isomorphic. In topological quantum coding, diametrically
opposed edge-pairings is the most desired because of the homological nontrivial
path achieves the largest minimum distance possible. As a consequence, the
resulting code has a greater capacity to correct errors among all the codes
derived from the other edge-pairings.

This paper is organized as follows. In Section 2 we present some basic
considerations on hyperbolic geometry and Fuchsian groups for the development
of this paper. In Section 3 we consider two Fuchsian groups associated with the
tessellation {4g, 4g} by using different edge-pairings. In Section 4 we prove that
the groups obtained in the previous section are isomorphic. Finally, in Section
5 we present some examples.

1This research is supported by FAPESP 2007/56052-8 and CNPq 141337/2010-9.
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2 Hyperbolic geometry and Fuchsian groups

We consider two Euclidean models for the hyperbolic plane, the upper-half
plane H2 = {z ∈ C : Im(z) > 0} and the Poincaré disc D2 = {z ∈ C : |z| < 1}.

Let PSL(2,R) be the set of all Möbius transformations, T : C −→ C, given
by TA(z) = az+b

cz+d
, where a, b, c, d ∈ R and ad − bc = 1. A Fuchsian group Γ is

a discrete subgroup of PSL(2,R), that is, Γ consists of orientation preserving
isometries T : H2 −→ H2, acting on H2 by homeomorphism, [1]. If we consider
the isometry f : H2 −→ D2 given by f(z) = zi+1

z+i
, then Γ = f−1Γpf is a

subgroup of PSL(2,R), where Tp : D2 −→ D2 and Tp ∈ Γp < PSL(2,C) is such

that Tp(z) = az+b
b̄z+ā

, a, b ∈ C, |a|2 − |b|2 = 1. Furthermore, Γ ≃ Γp.

Now, let A = (α, β)K be a quaternion algebra over a field K with basis
{1, i, j, k} satisfying i2 = α, j2 = β and k = ij = −ji, where α, β ∈ K/{0}.
Consider ϕ as an embedding of the algebra A = (α, β)K in the algebra of
matrices M(2,K(

√
α)) where

ϕ(1) =

(

1 0
0 1

)

, ϕ(i) =

( √
α 0

0 −√
α

)

, ϕ(j) =

(

0 1
β 0

)

, ϕ(k) =

(

0
√
α

−β√α 0

)

.

Since ϕ(i2) = αI2, ϕ(j2) = βI2 and ϕ(ij) = ϕ(i)ϕ(j) = −ϕ(j)ϕ(i), it follows
that ϕ is an isomorphism of A = (α, β)K in the subalgebra M(2,K(

√
α)). Each

element of A is identified with x 7−→ ϕ(x) =

(

x0 + x1
√
α x2 + x3

√
α

β(x2 − x3
√
α) x0 − x1

√
α

)

. If

α = t2 with t ∈ K/{0}, then A ≃M(2,K(
√
α)).

Let A = (α, β)K be a quaternion algebra and R be a ring of K. An order
O in A is a subring of A containing 1, equivalently, it is a finitely generated
R-module such that A = KO. Hence, considering R a ring of K and the algebra
A = (α, β)K, with α, β ∈ R, then O = {α0+α1i+α2j+α3k : α0, α1, α2, α3 ∈ R},
is an order in A denoted by O = (α, β)IK

. The group derived from the quater-
nion algebra A whose order is O = (α, β)R, denoted by Γ[A,O], is isomorphic
to PSL(2,R), [3]. Therefore, Γ[A,O] is a Fuchsian group called arithmetic
Fuchsian group.

3 Fuchsian groups Γ4g

Let {4g, 4g} be a self-dual tessellation with g ≥ 2 in the hyperbolic plane and
P4g the associated regular hyperbolic polygon. In [4] it is considered Fuchsian
groups Γ4g whose edge-pairing generators of P4g are hyperbolic transformations,
Ti, where g is the genus of the surface H2/Γ4g. For the normal edge-pairings,

we consider the edges of P4g are ordered as follows u1, u2, u
′

1, u
′

2, . . . , u
′

2g−1, u
′

2g,

such that Ti(ui) = u
′

i, i = 1, . . . , 2g. If T1 ∈ Γ4g is such that T1(u1) = u
′

1,
then, [4],

A1 =

(

a b̄
b ā

)

, with arg(a) =
(g − 1)π

2g
, |a| = tan

(2g − 1)π

4g
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and arg(b) =
−(2g + 1)π

4g
, |b| =

(

(

tan
(2g − 1)π

4g

)2

− 1

)
1
2

. (1)

The remaining generators are obtained by conjugations of the form
{

Ai = C4j+1A1C
−(4j+1), with i even and j = 0, . . . , g − 1;

Ai = C4kA1C
−4k, with i odd and k = 1, . . . , g − 1.

, (2)

where the A
′

is are the transformation matrices associated with the generators

T
′

i s of Γ4g, with i = 1, . . . , 2g and C =

(

e
iπ
4g 0

0 e
− iπ

4g

)

is the matrix corre-

sponding to the elliptic transformation with order 4g.
The process of identifying Fuchsian groups derived from a quaternion alge-

bra over a totally real algebraic number field are given by the following results.

Theorem 1. [3] For each g = 2n, 3 · 2n and 5 · 2n, where n ∈ N, the elements
of a Fuchsian group Γ4g are identified, via isomorphism, with the elements of

an order O = (θ,−1)R, where R =
{

δ
2m : δ ∈ Z[θ] e m ∈ N

}

and

θ =































√

2 +
√

2 + . . .+
√

2 for g = 2n;
√

2 +

√

2 + . . .+
√

2 +
√

3 for g = 3 · 2n;
√

2 +

√

2 + . . .+

√

2 +

√
10+2

√

5
2 for g = 5 · 2n.

(3)

Theorem 2. [3] For each g = 2n, 3 · 2n and 5 · 2n, with n ∈ N, the Fuch-
sian group Γ4g, associated with the hyperbolic polygon P4g, is derived from
a quaternion algebra A = (θ,−1)K, over the number field K = Q(θ), where
[K : Q] = 2n, 2n+1 and 2n+2, respectively, and θ is as in (3).

Now, we will consider the Fuchsian group, denoted by Γ∗
4g, associated with

the tessellation {4g, 4g} by using the diametrically opposed edge-pairings.
Hence, we consider the edges of P4g are ordered as follows u1, . . . , u4g, such that
T ∗

i (ui) = ui+2g, i = 1, . . . , 2g. In the same way, if we have the transformation
T ∗

1 ∈ Γ∗
4g and so the corresponding matrix A∗

1, the remaining generators are
obtained by conjugations of the form

A∗
i = Ci−1A∗

1C
−(i−1), i = 2, . . . , 2g. (4)

As T ∗
1 (u1) = u1+2g the form of the matrix A∗

1 may be obtained by the following
result:

Theorem 3. [5] Let Pp be a hyperbolic regular polygon with p edges and Γp

the Fuchsian group associated with the tessellation {p, q}. If T1 ∈ Γp is such
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that T1(u1) = u1+ p

2

then the matrix A1 associated with the transformation T1

is given by

A1 =









2 cos π
q

2 sin π
p

√
2 cos π

p
+2 cos π

q
·e

i( p+1
p )π

2 sin π
p√

2 cos π
p
+2 cos π

q
·e

−i( p+1
p )π

2 sin π
p

2 cos π
q

2 sin π
p









. (5)

Using an appropriate set of edge-pairings of Pp, all the side pairing transfor-
mations are obtained by conjugation of the form Ti = TCri ◦ T1 ◦ TC−ri , where
TCri is a power of matrix C.

Remark 1. We can prove that Theorems 1 and 2, [3], are also valid if we
consider the group Γ∗

4g but due to space limitation we omit the proofs. In this
way, we can find the arithmetic Fuchsian group Γ∗

4g derived from a quaternion
algebra using the diametrically opposed edge-pairings.

4 Isomorphism between arithmetic Fuchsian groups

The purpose of this section is to show that there is an isomorphism between
arithmetic Fuchsian groups derived from each fixed tessellation {p, q}. We prove
this for the groups Γ4g and Γ∗

4g.

Lemma 1. [5] Let Γ ⊂ PSL(2,R) be a finitely generated Fuchsian group with
generators G1, . . . Gl. Then

Gi =
1

2s

(

xi + yi

√
θ zi + wi

√
θ

−zi + wi

√
θ xi − yi

√
θ

)

, (6)

where Gi ∈ M(2,K(
√
θ)), s ∈ N, θ, xi, yi, zi, wi ∈ K, with i = 1, . . . , l and K

a totally real algebraic number field. Furthermore, any element T ∈ Γ has the
same form as that of the generators of Γ.

Theorem 4. Let Γ4g,Γ
∗
4g ⊂ PSL(2,C) be arithmetic Fuchsian groups associated

with the tessellation {4g, 4g} using the normal edge-paring and the diametrically
opposed edge-pairings, respectively. Then Γ4g ≃ Γ∗

4g.

Proof. Fixed a genus g, we consider Γ1 and Γ2 as Fuchsian groups in H2, that
is, PSL(2,R) subgroups. So, Γ1 = f−1Γ4gf and Γ2 = f−1Γ∗

4gf , where f : z 7−→
zi+1
z+i

. Furthermore, if we consider the isomorphism of groups φ1 : Γ1 −→ Γ4g

and φ2 : Γ2 −→ Γ∗
4g given by φ1(T ) = φ2(T ) = f−1Tf , we have that Γ1 ≃ Γ4g

and Γ2 ≃ Γ∗
4g. For each i = 1, . . . , 2g, let Ai and A∗

i be the corresponding
transformation matrices Ti and T ∗

i , respectively. Then, for i = 1, . . . , 2g we
have that Gi = f−1Aif and G∗

i = f−1A∗
i f, are the generators of the groups Γ1

and Γ2, respectively. As Γ1,Γ2 ⊂ PSL(2,R), by Lemma 1 it follows that both
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generators Gi and G∗
i are of the form given in (6). Hence, by the construction

of Γ1 and Γ2 from Γ4g and Γ∗
4g, we have Gi, G

∗
i ⊂ M(2,Q(

√
θ)), both for the

same value of θ, where θ depends on the genus g and is as in (3). In this way,
there exists an isomorphism ψ : Γ1 −→ Γ2 in which ψ(Gi) = G∗

i . Therefore, by
the chain of isomorphisms Γ4g ≃ Γ1 ≃ Γ2 ≃ Γ∗

4g, it follows that Γ4g ≃ Γ∗
4g.

5 Examples

As an application of the previously established concepts, we present next two
examples where we derive the generators of the Fuchsian groups Γ4g and Γ∗

4g,
for g = 2. The normal and diametrically opposed edge-pairings constructed
previously are shown in the following figures.

P8-normal edge-pairings P8-diametrically opposed edge-pairings

Example 1. Let P8 be the regular hyperbolic polygon associated with the tessel-
lation {8, 8}. Let us consider the normal form for the edge-pairings of P8. Using
the equalities in (1) and (2), and the fact that Gi = f−1Aif , with i = 1, · · · , 4
we obtain the following generators of the arithmetic Fuchsian group Γ8:

G1 =

(

x1−x1
4
√

2
2

x1−y1
4
√

2
2

−x1−y1
4
√

2
2

x1+x1
4
√

2
2

)

= ϕ(x1

2 − x1

2 i+
x1

2 j −
y1

2 k)

,
G2 =

(

x1+x1
4
√

2
2

x1+y1
4
√

2
2

−x1+y1
4
√

2
2

x1−x1
4
√

2
2

)

= ϕ(x1

2 + x1

2 i+
x1

2 j + y1

2 k)

,

G3 =

(

x1−x1
4
√

2
2

−x1+y1
4
√

2
2

x1+y1
4
√

2
2

x1+x1
4
√

2
2

)

= ϕ(x1

2 − x1

2 i−
x1

2 j + y1

2 k)

,
G4 =

(

x1+x1
4
√

2
2

−x1−y1
4
√

2
2

x1−y1
4
√

2
2

x1−x1
4
√

2
2

)

= ϕ(x1

2 + x1

2 i−
x1

2 j −
y1

2 k)

,

where x1 = 2+
√

2 and y1 =
√

2. Hence, according to Theorem 1, the quaternion
order associated with the Fuchsian group Γ8 is O = (

√
2,−1)R, where R = { δ

2m :
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δ ∈ Z[
√

2] and m ∈ N}, and according to Theorem 2, Γ8 is derived from the
quaternion algebra A = (

√
2,−1)K, with K = Q(

√
2) and [K : Q] = 2.

Example 2. Let P8 be the regular hyperbolic polygon associated with the tessel-
lation {8, 8}. Let us consider the diametrically opposed edge-pairings of P8. Us-
ing the equalities in (4), Theorem 3 and the fact that G∗

i = f−1Aif, i = 1, · · · , 4
we obtain the following generators of the arithmetic Fuchsian group Γ∗

8:

G∗
1 =

(

x1+y1
4
√

2
2

−w1
4
√

2
2

−w1
4
√

2
2

x1−y1
4
√

2
2

)

= ϕ(x1

2 + y1

2 i− w1

2 k)

,
G∗

2 =

(

x1−w1
4
√

2
2

y1
4
√

2
2

y1
4
√

2
2

x1+w1
4
√

2
2

)

= ϕ(x1

2 − w1

2 i+
y1

2 k)

,

G∗
3 =

(

x1−w1
4
√

2
2

−y1
4
√

2
2

−y1
4
√

2
2

x1+w1
4
√

2
2

)

= ϕ(x1

2 − w1

2 i−
y1

2 k)

,
G∗

4 =

(

x1−y1
4
√

2
2

−w1
4
√

2
2

−w1
4
√

2
2

x1+y1
4
√

2
2

)

= ϕ(x1

2 − y1

2 i− w1

2 k)

,

where x1 = 2 + 2
√

2, y1 =
√

2 and w1 = 2 +
√

2. Hence, according to Remark
1 the quaternion order associated with the Fuchsian group Γ∗

8 derived from the

quaternion algebra A = (
√

2,−1)K, is O = (
√

2,−1)R, where R = { δ
2m : δ ∈

Z[
√

2] and m ∈ N}, K = Q(
√

2) and [K : Q] = 2.

Remark 2. Although the generators have the same form, as given in (6),
they are distinct. This implies that different Fuchsian groups are being gen-
erated, however they are isomorphic. Furthermore, both set of generators yield
arithmetic Fuchsian groups derived from the same quaternion algebra A =
(
√

2,−1)K.

Remark 3. These results extend to other tessellations other than the self-dual
tessellation {4g, 4g}.
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