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Optimal 4-dimensional linear codes over F8
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Abstract. We construct new linear codes over F8 with parameters [368, 4, 320]8,
[436, 4, 380]8, [669, 4, 584]8, [678, 4, 592]8, [687, 4, 600]8, [696, 4, 608]8, [733, 4, 640]8.
We also prove the nonexistence of [658, 4, 575]8 codes attaining the Griesmer bound.

1 Introduction

An [n, k, d]q code C is a linear code of length n, dimension k and minimum
weight d over Fq, the field of q elements. The weight of a vector x ∈ Fn

q ,
denoted by wt(x), is the number of nonzero coordinate positions in x.

A fundamental problem in coding theory is to find nq(k, d), the minimum
length n for which an [n, k, d]q code exists. See [6] for the updated tables of
nq(k, d) for some small q and k. The Griesmer bound gives a natural lower
bound on nq(k, d): nq(k, d) ≥ gq(k, d) =

∑k−1
i=0

⌈
d/qi

⌉
, where dxe denotes the

smallest integer ≥ x. An [n, k, d]q code attaining the Griesmer bound is called
a Griesmer code. The values of nq(k, d) are determined for all d only for some
small values of q and k. For linear codes over F8, n8(k, d) is known for k ≤ 3
for all d, but the value of n8(4, d) is unknown for many integers d although the
Griesmer bound is attained for all d ≥ 833. It is known that n8(4, d) = g8(4, d)
or g8(4, d)+1 for 575 ≤ d ≤ 608, g8(4, d)+1 ≤ n8(4, d) ≤ g8(4, d)+3 for 317 ≤
d ≤ 320, and n8(4, d) = g8(4, d)+1 or g8(4, d)+2 for d = 379, 380, 639, 640, see
[3]. Our purpose is to prove the following theorems.

Theorem 1.1. There exist codes with parameters [368, 4, 320]8, [436, 4, 380]8,
[669, 4, 584]8, [678, 4, 592]8, [687, 4, 600]8, [696, 4, 608]8, [733, 4, 640]8.

Theorem 1.2. There exists no [658, 4, 575]8 code.

Since the existence of an [n, k, d]q code implies the existence of an [n−1, k, d−1]q
code, we get the following.

Corollary 1.3. (1) n8(4, d) = g8(4, d) for 581 ≤ d ≤ 608.
(2) n8(4, d) = g8(4, d) + 1 for d = 379, 380, 575, 576, 639, 640.
(3) n8(4, d) = g8(4, d) + 1 or g8(4, d) + 2 for 317 ≤ d ≤ 320.
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2 Preliminary results

We denote by PG(r, q) the projective geometry of dimension r over Fq. The 0-
flats, 1-flats, 2-flats, (r−2)-flats and (r−1)-flats are called points, lines, planes,
secundums and hyperplanes respectively. We denote by Fj the set of j-flats of
PG(r, q) and by θj the number of points in a j-flat, i.e. θj = (qj+1− 1)/(q− 1).

Let C be an [n, k, d]q code having no coordinate which is identically zero. The
columns of a generator matrix of C can be considered as a multiset of n points
in Σ = PG(k−1, q) denoted also by C. We see linear codes from this geometrical
point of view. An i-point is a point of Σ which has multiplicity i in C. Denote
by γ0 the maximum multiplicity of a point from Σ in C and let Ci be the set of
i-points in Σ, 0 ≤ i ≤ γ0. For any subset S of Σ we define the multiplicity of
S with respect to C, denoted by mC(S), as mC(S) =

∑γ0
i=1 i·|S∩Ci|, where |T |

denotes the number of elements in a set T . When the code is projective, i.e.
when γ0 = 1, the multiset C forms an n-set in Σ and the above mC(S) is equal
to |C ∩ S|. A line l with t = mC(l) is called a t-line. A t-plane, a t-hyperplane
and so on are defined similarly. Then we obtain the partition Σ =

⋃γ0
i=0 Ci

such that n = mC(Σ) and n− d = max{mC(π) | π ∈ Fk−2}. Conversely such a
partition Σ =

⋃γ0
i=0 Ci as above gives an [n, k, d]q code in the natural manner.

For an m-flat Π in Σ we define

γj(Π) = max{mC(∆) | ∆ ⊂ Π, ∆ ∈ Fj}, 0 ≤ j ≤ m.

We denote simply by γj instead of γj(Σ). It holds that γk−2 = n−d, γk−1 = n.
When C attains the Griesmer bound, γj ’s are uniquely determined. Every
[n, k, d]q code attaining the Griesmer bound is projective if d ≤ qk−1. Denote
by ai the number of hyperplanes Π in Σ with mC(Π) = i and by λs the number
of s-points in Σ. The list of ai’s is called the spectrum of C. We usually use τj ’s
for the spectrum of a hyperplane of Σ to distinguish from the spectrum of C.
Simple counting arguments yield the following.

Lemma 2.1. (1)
∑n−d

i=0 ai = θk−1. (2)
∑n−d

i=1 iai = nθk−2.

(3)
∑n−d

i=2 i(i− 1)ai = n(n− 1)θk−3 + qk−2
∑γ0

s=2 s(s− 1)λs.

Lemma 2.2 ([8]). Let Π be an i-hyperplane through a t-secundum δ. Then
(1) t ≤ γk−2 − (n− i)/q = (i + qγk−2 − n)/q.
(2) ai = 0 if an [i, k − 1, d0]q code with d0 ≥ i − b(i + qγk−2 − n)/qc does not
exist, where bxc denotes the largest integer less than or equal to x.
(3) γk−3(Π) = b(i + qγk−2 − n)/qc if an [i, k − 1, d1]q code with d1 ≥ i −
b(i + qγk−2 − n)/qc+ 1 does not exist.
(4) Let cj be the number of j-hyperplanes through δ other than Π. Then

∑

j

(γk−2 − j)cj = i + qγk−2 − n− qt. (2.1)
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(5) For a γk−2-hyperplane Π0 with spectrum (τ0, · · · , τγk−3
), τt > 0 holds if i+

qγk−2 − n− qt < q.

An f -set F in PG(r, q) satisfying m = min{|F ∩ π| | π ∈ Fr−1} is called an
{f, m; r, q}-minihyper. When γ0 = 1, the set of 0-points C0 forms a {θk−1 −
n, θk−2 − (n− d); k − 1, q}-minihyper, and vice versa.

We also use the following theorems to prove Theorem 1.2.

Theorem 2.3 ([2]). Let C be an [n, k, d]q code with gcd(d, q) = 1 whose spectrum
satisfies ai = 0 for all i 6≡ n, n− d (mod 3). Then C is extendable.

Theorem 2.4 ([9]). Let C be a Griesmer [n, k, d]8 code. If 8 divides d, then C
is 2-divisible.

3 Proof of Theorem 1.1

Let F8 = {0, 1, α, α2, · · · , α6}, with α3 = α + 1. For simplicity, we denote
α, α2, · · · , α6 by 2, 3, · · · , 7 so that F8 = {0, 1, 2, 3, · · · , 7}.
Lemma 3.1 ([4]). Let C0 be the linear code over F8 with generator matrix

G0 =




1 1 1 1 1 1 0 0 1 1 1 1 0 1 1 1 1 1 1 1 1
6 6 7 4 5 1 1 1 6 6 3 5 1 0 4 4 3 5 2 6 3
0 6 0 7 0 0 3 3 2 1 7 4 2 5 7 2 1 2 0 3 1
2 6 3 6 4 7 3 1 2 5 2 3 0 4 0 6 0 5 6 7 2


 .

Then C0 is a [21, 4, 16]8 code with spectrum (a1, a3, a5) = (228, 240, 117).

Lemma 3.2 ([4]). (1) There exists a [76, 4, 64]8 code with spectrum (a4, a8, a12) =
(72, 224, 289).
(2) A [28, 4, 22]8 code with spectrum (a0, a2, a4, a6) = (25, 231, 196, 133) exists.

As a method to construct good codes, we first introduce the projective dual.
An [n, k, d]q code is called m-divisible if all codewords have weights divisible by
an integer m > 1.

Lemma 3.3 ([8]). Let C be an m-divisible [n, k, d]q code with q = ph, p prime,
whose spectrum is

(an−d−(w−1)m, an−d−(w−2)m, · · · , an−d−m, an−d) = (αw−1, αw−2, · · · , α1, α0),

where m = pr for some 1 ≤ r < h(k − 2) satisfying λ0 > 0. Then there exists a
t-divisible [n∗, k, d∗]q code C∗ with t = qk−2/m, n∗ =

∑w−1
j=0 jαj = ntq− d

mθk−1,

d∗ = n∗ − nt + d
mθk−2 = ((n− d)q − n)t whose spectrum is

(an∗−d∗−γ0t, an∗−d∗−(γ0−1)t, · · · , an∗−d∗−t, an∗−d∗) = (λγ0 , λγ0−1, · · · , λ1, λ0).
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C∗ is called the projective dual of C, see [1]. Applying Lemma 3.3 to the codes
in Lemmas 3.1 and 3.2, we obtain the following codes.

Corollary 3.4. (1) There exists a [368, 4, 320]8 code with spectrum (a48, a32, a16)
= (511, 72, 2).
(2) There exists a [696, 4, 608]8 code with spectrum (a56, a88) = (21, 564).
(3) There exists a [733, 4, 640]8 code with spectrum (a61, a93) = (28, 557).

We apply the following “geometric puncturing” to obtain other codes.

Lemma 3.5 ([7]). Let C be an [n, k, d]q code and let ∪γ0
i=0Ci be the partition of

Σ = PG(k − 1, q) obtained from C. If ∪γ0
i=1Ci contains a t-flat and if d > qt,

then an [n− θt, k, d− qt]q code exists.

The above lemma can be generalized as follows.

Lemma 3.6. Let C and ∪γ0
i=0Ci be as in Lemma 3.5. If ∪γ0

i=1Ci contains an
{f, m; k − 1, q}-minihyper F such that (C1 \ F) ∪ (∪i≥2Ci) spans Σ, then there
exists an [n− f, k, d + m− f ]q code.

Proof. Let C ′
i = (Ci \ F) ∪ (Ci+1 ∩ F) for all i. Then ∪γ0

i=0C
′
i forms a partition

of Σ giving an [n′ = n − f, k, d′]q code, say C′. For any hyperplane π of Σ,
π meets F in at least m points. So, mC′(π) ≤ n′ − d′ ≤ n − d − m, giving
d′ ≥ d− f + m.

Let C be the 25-divisible [696, 4, 608]8 code found in Corollary 3.4 and let
C0 ∪C1 ∪C2 be the partition of Σ = PG(3, 8) obtained from C. Then it follows
from Lemmas 3.2 and 3.3 that (λ0, λ1, λ2) = (117, 240, 228), where λi = |Ci|.
Actually, the sets Ci for C are constructed from G0 in Lemma 3.1 as follows:

Ci = {P(p0, p1, p2, p3) ∈ PG(3, 8) | wt(p0g0+· · ·+p3g3) = 16+2i} for 0 ≤ i ≤ 2,

where gi is the (i+1)-th row of G0 for 0 ≤ i ≤ 3. It can be checked with the aid
of a computer that the set C1 ∪ C2 contains three skew lines l1 = 〈1523, 0152〉,
l2 = 〈2342, 7220〉 and l3 = 〈3545, 5352〉, where x0x1x2x3 stands for the point
P(x0, · · · , x3) of Σ represented by a vector (x0, · · · , x3). Applying Lemma 3.5
with Π = l1 to C gives a [687, 4, 600]8 code C1 with spectrum

(a55, a79, a87) = (21, 9, 555)

and applying Lemma 3.5 with Π = l2 to C1 gives a [678, 4, 592]8 code C2 with
spectrum

(a54, a78, a86) = (21, 18, 546).

Furthermore, applying Lemma 3.5 with Π = l3 to C2 gives a [669, 4, 584]8 code
with spectrum

(a53, a77, a85) = (21, 27, 537).
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Next, we construct a [436, 4, 380]8 code from a [449, 4, 392]8 code by the
projective puncturing Lemma 3.6. Let H = V(x0x1 + x2x3) be a hyperbolic
quadric in Σ = PG(3, 8). Take P (0010) ∈ H and π = V(x3), the tangent plane
at P . Putting C0 = (H ∪ π) \ {P} and C1 = Σ \ C0, one can get a Griesmer
[449, 4, 392]8 code C [5]. We cannot find a line to apply Lemma 3.5 since C1

contains no line, for γ1 = 8. Instead, we take a blocking 13-set in a plane
through P as F in Lemma 3.6. Let δ = V(x0 + x1) and take a blocking 13-set
in δ:

B = {P, 0011, 0012, 0014, 0017, 1101, 1121, 1161, 1171, 1112, 1132, 1142, 1152}.

Applying Lemma 3.6 with B to F gives a [436, 4, 380]8 code with spectrum

(a0, a44, a46, a48, a52, a54, a56) = (1, 1, 10, 54, 24, 118, 377).

This completes the proof of Theorem 1.1.

4 Proof of Theorem 1.2

Lemma 4.1. The spectrum of a [83, 3, 72]8 code satisfies ai = 0 for all i /∈
{3, 5, 7, 9, 11}.
Proof. Let l be a t-line through a 1-point P in Σ = PG(2, 8). Then we have
n = 83 ≤ (γ1−1)8+t, giving t ≥ 3. Since there is no line with even multiplicity
by Theorem 2.4, our assertion follows.

Now, let C0 be a putative [659, 4, 576]8 code and let δ0 be a γ2-plane in Σ =
PG(3, 8). Then δ0 satisfies τi = 0 for all i /∈ {3, 5, 7, 9, 11} by Lemmas 4.1, so
ai = 0 for all i < 19 by Lemma 2.2. Hence ai = 0 for all i /∈ {67, 69, 71, 73, 83}
by Lemma 2.2, Theorem 2.4 and the known n8(3, d)-table.

Suppose a73 > 0 and let π be a 73-plane. Then π gives a projective
[73, 3, 64]8 code consisting of the points in π. Hence π has a 9-line. Since (2.1)
for (i, t) = (73, 9) has no solution, a contradiction. Hence a73 = 0. We can prove
a71 = a69 = 0 similarly. Then we have (a67, a83) = (28, 557) by Lemma 2.1. Let
δ be a 67-plane. Then, δ corresponds to a projective Griesmer [67, 3, 58]8 code.
So, δ has exactly six 0-points, and has a 8-line, say `. Let x be the number of
67-planes through `. Then we have (67− 8)x + (83− 8)(9− x) + 8 = 659, i.e.,
y = 15/2, a contradiction. Thus we get the following.

Lemma 4.2. There exists no [659, 4, 576]8 code.

Next, let C be a putative [658, 4, 575]8 code and let δ0 be a γ2-plane in Σ =
PG(3, 8). Then we have ai = 0 for all i /∈ {66, 67, 68, 69, 70, 71, 72, 73, 82, 83}
by Lemma 2.2 and the known n8(3, d)-table.
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Suppose a66+e > 0 and let π be a (66 + e)-plane for 0 ≤ e ≤ 7. Then π
gives a projective code, and π has a 8-line. Since it follows from Lemma 4.1
that c83 = 0 in (2.1) for (i, t) = (66 + e, 8), (2.1) has no solution for 1 ≤ e ≤ 6.
Hence ai = 0 for 67 ≤ i ≤ 72. For (i, t) = (73, 9), (2.1) has the unique solution
(c82, c83) = (7, 1). Then we have the spectrum (a73, a82, a83) = (1, 511, 73),
which gives λ2 = 3001/64 from (3) in Lemma 2.1, a contradiction. Hence
a73 = 0. Thus, we have ai = 0 for all i 6∈ {66, 82, 83}, which implies that C is
extendable by Theorem 2.3. But there exists no [659, 4, 576]8 code by Lemma
4.2, a contradiction. This completes the proof.
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