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Abstract.The focus in this work is on quadratic residue codes over the ring Fo+vlFs.
We define these codes in terms of their idempotent generators and show that these
codes share the properties analogous to that of quadratic residue codes over finite
fields. We study Euclidean and Hermitian self-dual families of codes as extended
quadratic residue codes over F2 + vF2. Further, we obtain two optimal self-dual
codes from this family.

1 Introduction

Quadratic residue codes fall into the family of BCH codes and have proven
to be a promising family of cyclic codes. Pless and Qian studied quaternary
quadratic residue codes(over the ring Z4) and some of their properties in [5].
Recently, Taeri considered quadratic residue codes over the ring Zg in [7]. Our
aim in this paper is to work on quadratic residue codes over the ring Fy + vIFy
which is isomorphic to Fo x Fy. Codes over Fo + vIFo were first introduced by
Bachoc in [1] together with a new weight. They are shown to be connected to
lattices and have since generated interest among coding theorists. For some of
the works in the literature about these codes we refer the readers to [1], [2], [3]
and [4]. Recently, Zhu et. al. considered the structure of cyclic codes over
Fy + vFy in [8]. We will first give some preliminaries about the ring Fo 4+ vFo
and codes over Fy + vlFy in section 2. In section 3, quadratic residue codes
over the ring F9 + vlFy are defined and it is shown that they share the same
general properties with quadratic residue codes over fields. In section 4, we
obtain Euclidean self-dual codes for p = 8r — 1 and Hermitian self-dual codes
for p = 8 + 1 as the extended quadratic residue codes over Fo + vFy. The
binary images of these codes are also described.

2 Preliminaries

The ring Fo 4+ vFy = {0,1,v,1 4+ v} is a commutative ring of order 4 and char-
acteristic 2, with the restriction v? = v. It has two maximal ideals {0,v} and
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{0,1+ v}. So, it is not a local ring. A code C of length n over Fa + vFy is an
(F3 + vFy)-submodule of (Fy + vF2)"™. An element of C is called a codeword of
C. A generator matrix of C' is a matrix whose rows generate C. The Hamming
weight of a codeword is the number of non-zero components. The Lee weight
is defined as wr, (0) = 0,wr, (1) = 2,wr, (1 +v) =1 = wy, (v) and the following
Gray map is a linear isometry;
o  Fo4vFs — Fg
a+bv — (a,a+0D).

It is easily observed that the ring Fy + vF9 is isomorphic to the ring Fo x Fs.
In [1], Bachoc defined the following weight on Fo + vFs:

wp (0) =0,wp (1) =1, wp (1 +v) =2,wp (v) =2.

The weight of a codeword is the sum of the weights of its components. The
minimum Hamming, Lee and Bachoc weights, dr, d; and dp of C are the
smallest Hamming, Lee and Bachoc weights among the non-zero codewords
of C, respectively. Let z = (z1,22,...,2y) and y = (y1,¥2,...,Yn) be two
elements of (Fo + vF2)". We consider two inner products, namely, the Euclidean
inner product (z,y)p = Y z;y; and the Hermitian inner product (z,y), =
S x;7; where 0 =0, T=1, 5 =1+wv and T + v = v. The dual code C*+ of C
with respect to the Euclidean inner product is defined as

Ot ={z € (Fy +vF2)" | (x,y)p =0 for all y € C}

and the dual code C* with respect to the Hermitian inner product of C' is
defined as

C* ={z € (Fe+vF2)" | (z,y)y =0forally e C}.

C is Euclidean self-dual if C = C+ and Hermitian self-dual if C = C*. The
following theorems, taken from [8] characterize the structure of cyclic codes
over the ring Fo + vFs:

Theorem 1. [8] For any cyclic code C of length n over Fo + vFa, there is
a unique polynomial g (z) such that C = (g(z)), and g(x) | ™ — 1, where

9(x) = g1(z) +v (g1 (z) + g2 (2)).

Theorem 2. [8] Every ideal of R, = (Fa + vF2)[z]/ (2™ — 1) is principal.

Theorem 3. [8] If n is odd then every cyclic code over Fy + vFy has a unique

idempotent generator, i.e., it has a generator a(z) € R, such that a(x)? = a(x).
In the sequel we let p = £1 (mod 8) and R, := (F3 + vF) [z] (2P — 1) .

Lemma 1. {(1+v) f +vh | f and h are idempotents in Fy [x] / (2P — 1)} is the

set of all idempotents in R, .

Theorem 4. Any cylic code C of length p over Fo+vFo has a unique idempotent
generator of the form (14 v) f + vh where p is an odd prime and f and h are
idempotents in Fo [z] / (2P — 1).
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3 Quadratic residue codes over Iy + vlFy

We will use idempotents to describe quadratic residue codes over [Fa + vlFy. For
the rest of this work ej(z) = > 2" and ex(z) = > 2', where @, denotes the
i€Qp i€Np

set of quadratic residues modulo p and N, denotes the set of quadratic non-
residues modulo p and h = 1+ e; + e9 is the polynomial that corresponds to the
all 1-vector of length p. Let a be a non-zero element of F,,, the map 1, : F), — F,
is defined as p, (i) = ai (mod p). It is easy to see that pu, (fg) = pa (f) ta (9)
for polynomials f and g in R,.

3.1 Casel

If p = 8 — 1 then e; and es are generating idempotents of [p, pTH} binary

quadratic residue codes so ejea = h. In the following, we define (Fo + vF3)-QR
codes and investigate their properties.

Definition 1. Ifp=8r—1let Q1 = ((1 +v) e1 + vea), Q2 = ((1 +v) ez + veq)
and Q1 = ((1+v)(1+ez)+v(l+er)), @ = (1+v)(1+e1)+v(1l+e2)).
These four codes are called quadratic residue codes over Fo 4+ vFo of length p.

Theorem 5. With the notation as in the above definition, the following hold
for (Fo + vF2)-QR codes:

a) Q1 and Q2 are equivalent and Q) and Q' are equivalent;

b) Q1NQ2=(h) and Q1 + Q2 = (Fa + vFy) [x] / (2P — 1) where h =1+ e1 + e2
the all one vector;

¢) Q1] = 4P D2 = |Qqf ;

d) Q1 =Q1+(h), Q2=0Q5+ (h);

e) Q4] = 4P~72 = |Qb;

f) Q) and QY are self-orthogonal and Qi = Q' and Q3 = Qb;
9) Q1NQ5={0} and Q1 + Q3 = (1+h)

3.2 Casell

If p =8+ 1 then e; and ey are generating idempotents of [p, %} binary
quadratic residue codes so ejes = 0.
Definition 2. If p = 8r + 1 let Q1 = (1+v)(1+e1)+v(l+er)), Q2 =

(T+v)(T+e)+v(l+er)) Q= ((1+v)ex+wver), Q5= ((1+v)er+vey).
These four codes are called quadratic residue codes over Fo + vy of length p.

Theorem 6. With the notation as in the above definition, the following hold
for (Fo + vF2)-QR codes:
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a) Q1 and Q2 are equivalent and Q) and QY are equivalent;

b) Q1NQy=(h) and Q1+ Q2 = (Fa + vFy) [x] / (2P — 1) where h =1+ e1 + e
the all one vector;

¢) Q1| = 4WHD/2 = |Qyl;

d) Q1 =Q)+(h), Q2= Q4+ (h);

e) Q)| = 4P=1/2 = |Qy);

f) Qf = Q4 and Q3 = Q;

g9) @ NQh={0} and Q] + Qy = (1+h)

4 Extended quadratic residue codes and binary
images

In this section, we define extended quadratic residue codes over Fy + vFs. Fur-
ther, we provide two optimal self-dual codes as applications to the main the-
orems. The extended code of a code C over Fy + vy will be denoted by C,
which is the code obtained by adding an overall parity check with respect to
the Euclidean product to each codeword of C.

Theorem 7. Suppose p = 8r—1 and Q1,Q2 are Fa+vF2-QR codes in Theorem
5. Then Q1 and Q2 are self-dual.

Example 1. For p =7 we get the Euclidean self-dual code Q1 with dy, (@) =
4 =dy (@) so it corresponds to [16,8,4] optimal self-dual binary code and
dp (@) = 7. Q1 which is generated by the idempotente = (1 + v) (x + a2 4 x4)+
v (423 + 2%+ :L’G) mn Ry.

A self-dual code is called Type IV if all the Hamming weights are even, a
binary code is called even if all the weights are even.

Proposition 1. [1] [3] If C = (1 4+ v) C1 ®vCy then C is a Euclidean self-dual
if and only if C1 and Cy are binary self-dual codes. C = (1 +v)Cy @& vCy is
Euclidean Type IV self-dual if and only if C1 = Cs.

Proposition 2. [1] [3] If C = (1 4+ v) C1 ®vCy then C is a Hermitian self-dual
if and only if Cy = C3. C = (14 v) C1 @ vCi- is Hermitian Type IV self-dual
if and only if C1 and C{- are even codes.

The following gives an upper bound on the distances of Hermitian self-dual
codes.

Theorem 8. [1] Let C' be a Hermitian self-dual code of length n over Fo x Fy
then wp (C) < 2([n/3] +1).



186 ACCT2012

Codes that meet this bound are called extremal codes and Bachoc has shown
that they correspond to extremal modular lattices. In the next theorem we
would like to introduce another family of Hermitian self-dual codes by using
quadratic residue codes:

Theorem 9. Suppose p = 8r+1 and Q', Q% are Fa+vF2-QR codes in Theorem
3.2. Then Qy + (v), QY+ (v), Q) + (1 4+ v) and QL + (1 + v) are Hermitian
self-dual codes of length p where v denotes the polynomial vh which corresponds
to all-v vector and 1 + v denotes the polynomial (1 + v) h which corresponds to
all-(1 4 v) vector.

In [2] it is proven that there are no extremal codes for the lengths greater
than 10, a self-dual code is called optimal if it has the best possible distance.
Betsumiya et. al. obtained unique optimal self-dual codes for lengths 17 and
18 which are obtained by quadratic residue codes in a different way in the next
examples:

Example 2. Forp = 17, the code Q)+ (v) is the unique optimal Hermitian self-
dual code of length 17 with dp (Q} + (v)) = 10 and Bachoc weight enumerator

1+ 18720 + 115622 4 29242 + 1003026 + 1851328 + 27744220
429954222 + 231882%% + 12019225 + 850230 + 85232 4 234,

Example 3. For p = 17, the extended quadratic residue code Q1 is the unique
optimal Hermitian self-dual code of length 18 with dp (Ql) = 12 and Bachoc
wetght enumerator

1+ 17342"2 + 18362 + 13158210 + 23869218 + 4681822° + 55080222
+573242%% + 3702622 + 18054228 + 6324230 + 756232 4 153234 + 2236

dy (@) =6=dj (@) and Q1 is an optimal Hermitian Type IV self-dual code
of length 18 as given in [4].

Example 4. For p = 23, the extended quadratic residue code Q1 is Fuclidean
self-dual code with dp (Ql) = 14, dy (Ql) = & = dj, (Ql) and Lee weight
enumerator

1+ 151828 + 51522'2 + 577599216 + 391036822 + 7787940224
+391036822% 4 577599232 + 5152236 + 1518240 4 248,

Theorem 10. Suppose p = 8r+1 and Q1, Q2 are Fo+vFo-QR codes in Theorem
6. Then Q1 and Q2 are Hermitian self-dual codes.

We finish this section with the following theorem describing the duality
relation between the extended quadratic residue codes:
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Theorem 11. Suppose p = 8r+1 and Q1, Q2 are Fo+vF2-QR codes in Theorem
6. Then the Euclidean dual of Q1 is Q2 and the Euclidean dual of Q2 is Q1.

Theorem 12. The Gray images of the extended quadratic residue codes over
Fy + vlFo are self-dual binary codes if p = 8r — 1 and formally self-dual binary
codes if p = 8r + 1.
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