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Notations

Fq = {0, 1, . . . , q − 1}, Fn
q = Fq × . . .× Fq

s(α) = {i : αi 6= 0}, α ∈ Fn
q

wt(α) = |s(α)|, ρ(α, β) = wt(β − α)

Wi = {β ∈ Fn
q : wt(β) = i}

Bi = W0 ∪W1 ∪ . . . ∪Wi
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Eigenfunctions: de�nition

V =
{
f : F n

q −→ C
}

f ↔ (f (0, . . . , 0), f (0, . . . , 0, 1), . . . , f (q − 1, . . . , q − 1))T

D − qn × qn, Dα,β =

{
1, ρ(α, β) = 1
0, other

� adjacency matrix of Fn
q.

Eigenfunction

f is the eigenfunction of Fn
q with the eigenvalue λ (or λ-function) if

Df = λf .

In other words,
∑

β∈W1(α)
f (β) = λf (α), ∀α ∈ Fn

q.

The eigenvalues of the graph of n-dimensional q-ary hypercube are equal to

λi = (q − 1)n − qi , i = 0, 1, . . . , n

Anastasia Yu. Vasil'eva (Sobolev Institute of Mathematics, Novosibirsk State University, Novosibirsk, RUSSIA)Are q-ary Perfect Codes reconstructed by the Vertices of Largest Level?ACCT-XIV 3 / 13



Perfect codes: de�nition

De�nition

The code C ⊆ Fn
q is perfect if

∀α ∈ Fn
q ∃! β ∈ Fn

q ρ(α, β) = 1

A perfect code intersects with a ball of radius 1 by exactly one vertex.

Let χC be the characteristic function of C
then χC − 1/((q − 1)n + 1) is λ-function with λ = −1

The number of the eigenvalue for perfect codes

The number of the eigenvalue is h(−1) = ((q − 1)n + 1) /q
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Reconstruction of Perfect Binary Codes

n = 2t − 1 is odd

|W(n−1)/2| = |W(n+1)/2| = maxi=0,1,...,n|Wi |

Reconstruction

Avgustinovich S.V.:

C
⋂

W(n−1)/2 � C

The idea: Any perfect binary code is antipodal: α ∈ C ⇔ 1+ α ∈ C

C ∩W(n−1)/2 � C ∩
(
W(n−1)/2 ∪W(n+1)/2

)
C1 6= C2, C1 ∩W(n−1)/2 = C2 ∩W(n−1)/2(

C1 ∩
(
W0 ∪W1 ∪ . . . ∪W(n+1)/2

))
∪
(
C2 ∩

(
W(n+1)/2 ∪ . . . ∪Wn

))
Anastasia Yu. Vasil'eva (Sobolev Institute of Mathematics, Novosibirsk State University, Novosibirsk, RUSSIA)Are q-ary Perfect Codes reconstructed by the Vertices of Largest Level?ACCT-XIV 5 / 13



λ-functions: binary case

Any λ-function code is antipodal or minus-antipodal: f (α) = ±f (α)

Reconstruction

As in case of perfect codes: f (α), α ∈Wm � f (α), α ∈ Fn
q,

where m = (n ± 1)/2

Vh denotes the space of all λ-functions with λ = n − 2h

Vh = 〈f α(β) = (−1)αβ : wt(α) = h〉
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Krawtchouk polynomials

(x − y)t(x + (q − 1)y)N−t =
N∑

m=0

P
(q)
m (t;N)ymxN−m,

P
(q)
m (t;N) =

m∑
j=0

(−1)j(q − 1)m−j
(

t
j

)(
N − t
m − j

)
−

Krawtchouk polynomial
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λ-functions: binary case

λ, h = h(λ) = (n − λ)/2, f - λ-function.

Reconstruction

f (α), α ∈Wh � f (α), α ∈ Fn
q

in case

Ph(h; n), . . . ,Ph−k(h − k ; n − 2k), . . . ,P0(0; n − 2h) are nonzero.

Reconstruction

Let d ≤ h. Then
f (α), α ∈Wd � f (α), α ∈ Bd if

Pd(h; n), . . . ,Pd−k(h − k; n − 2k), . . . ,P0(h − d ; n − 2h) are nonzero.
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λ-functions: q-ary case

Let λ be an eigenvalue of the hypercube Fn
q and d ≤ l(λ).

We know the values f (α) for all α with Hamming weight d .
Question: Is it possible to determine (uniquely) the values f (α) for all α
with Hamming weight less than d?
Obviously, ∑

α∈Wd

f (α) = P
(q)
d (h; n)f (0).

Then

f (0) =

∑
α∈Wd

f (α)

P
(q)
d (h; n)

if P
(q)
d (h; n) 6= 0.
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λ-functions: q-ary case

f (α), α ∈Wd � are known

f (α), α ∈W0 � can be calculated

f (α), α ∈W1
⋃
. . .
⋃

Wk−1, k < d � assume that can be calculated

f (α), α ∈Wk � let us calculate!
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λ-functions: q-ary case

Theorem

Let λ be an eigenvalue of Fn
q, n − h < h, d ≤ h and ϕ : Wd −→ C be a

function. Suppose that f is a λ-function such that for any α ∈Wd it holds

f (α) = ϕ(α). Then for any α ∈ Bd the value f (α) is uniquely determined

if for all k = 0, . . . , d and l = 0, . . . , k

k∑
i=0

rki ,d−kP
(q−1)
i (l , k) 6= 0, (1)

where rkij is de�ned in terms of Krawtchouk polynomials.
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Thank you for your attention!
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