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1. Divisible and Quasidivisible Ars

⋄ A multiset in PG(k − 1, q) is a mapping

K :

{
P → N0,
P → K(P ).

⋄ K(P ) � multipliity of the point P .
⋄ Q ⊂ P : K(Q) =

∑
P∈QK(P ) � multipliity of the set Q.

⋄ K(P) � the ardinality of K.
⋄ Points, lines, ... ,hyperplanes of multipliity i are alled i-points, i-lines, ... ,

i-hyperplanes.

⋄ ai � the number of hyperplanes H with K(H) = i

⋄ (ai)i≥0 � the spetrum of K� ACCT 2014, Kaliningrad, Russia, 07.-13.09.2014 � 1



De�nition. (n, w)-ar in PG(k − 1, q): a multiset K with1) K(P) = n;2) for every hyperplane H : K(H) ≤ w;3) there exists a hyperplane H0: K(H0) = w.De�nition. (n, w)-bloking set in PG(k − 1, q)(or (n, w)-minihyper): a multiset K with1) K(P) = n;2) for every hyperplane H : K(H) ≥ w;3) there exists a hyperplane H0: K(H0) = w.
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De�nition. An (n, w)-ar K in PG(k − 1, q) is alled t-extendable, if thereexists an (n + t, w)-ar K′ in PG(k− 1, q) with K′(P ) ≥ K(P ) for every point

P ∈ P . An 1-extendable ar is alled extendable.

De�nition. An ar K in PG(k − 1, q) with K(P) = n and spetrum (ai) issaid to be divisible with divisor ∆, ∆ > 1, if ai = 0 for all i 6≡ n (mod ∆).

De�nition. An ar K with K(P) = n and spetrum (ai) is said to be t-quasidivisible with divisor ∆, ∆ > 1, (or t-quasidivisible modulo ∆) if ai = 0 forall i 6≡ n, n + 1, . . . , n + t (mod ∆).
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2. Linear odes as multisets of points

[n, k, d]q-ode C ⇔ (n, w = n − d)-ar Kof full length in PG(k − 1, q)

0 6= u ∈ C, wt(u) = u ⇔ a hyperplane H with K(H) = n − u,extendable [n, k, d]q-ode C ⇔ extendable (n, n − d)-ar Kdivisible [n, k, d]q-ode ⇔ divisible (n, n − d)-ar in PG(k − 1, q)
Ai = 0 for all i 6≡ 0 (mod ∆) ai = 0 for all i 6≡ n (mod ∆)
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⋄ Griesmer bound: Let C be an [n, k, d]q-ode. Then

nq(k, d) ≥ gq(k, d) =

k−1∑

i=0

⌈ d

qi
⌉

⋄ Griesmer ars: ars assoiated with odes meeting the Griesmer boundGriesmer [n, k, d]q odes ⇔ Griesmer (n, w)-ars in PG(k − 1, q)

n =
∑k−1

i=0
⌈d/qi⌉ n =

∑k−1

i=0
⌈(n − w)/qi⌉
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Theorem. (R. Hill, P. Lizak, 1995, geometri version) Let K be a (n, w)-ar in

PG(k − 1, q) with gcd(n − w, q) = 1. Let further K(H) ≡ n or w (mod q)for all hyperplanes H . Then K is extendable to a divisible (n + 1, w)-ar in

PG(k− 1, q). In partiular, every 1-quasidivisible ar with divisor q is extendable.Theorem. (T. Maruta, 2004, geometri version) Let K be a 2-quasidivisible

(n, w)-ar in PG(k − 1, q), q ≥ 5, odd, with divisor q. Then K is extendable toan (n + 1, w)-ar in PG(k − 1, q).
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3. A New Extension Results

⋄ K - (n, w)-ar in Σ = PG(k − 1, q)

⋄ for every hyperplane H , we have K(H) ≡ n, n+1, . . . , n+ t (mod q) where

0 < t < q is an integer onstant, i.e. K is t-quasidivisible modulo q.

⋄ De�ne an ar K̃ in the dual spae Σ̃

(⋆) K̃ :

{ H → N0,

H → K̃(H) := n + t −K(H) (mod q).where H is the set of all hyperplanes of Σ.
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Theorem. LetK be an (n, w)-ar in Σ = PG(k−1, q) whih is t-quasidivisiblemodulo q, t < q. Let
K̃ =

c∑

i=1

χ eHi
+ K̃′

for some ar K̃′ and c not neessarily di�erent hyperplanes H̃1, . . . , H̃c then Kis c-extendable. In partiular, if K̃ ontains a hyperplane in its support then K isextendable.
Note: the above theorem is a su�ient but not a neessary ondition.
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Theorem. Let S̃ be a subspae of Σ̃ then K̃(S̃) ≡ t (mod q).

⋄ The ar K̃ has the following properties:- the multipliity of eah point is at most t;- eah subspae S̃ of dimension r, 1 ≤ r ≤ k − 1, is of multipliity

K̃(S̃) ≥ tvr,

where vr =
qr − 1

q − 1

.
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⋄ Consider a Griesmer (n, w)-ar K (w = n − d) in PG(k − 1, q) with

d = sqk−1 − εk−2q
k−2 − . . . − ε1q − ε0,

⋄ Set wi := maximal multipliity of a subspae of odimension i. Then:

n = svk − εk−2vk−1 − . . . − ε2v3 − ε1v2 − ε0v1,

w1 = svk−1 − εk−2vk−2 − . . . − ε2v2 − ε1v1,

w2 = svk−2 − εk−2vk−3 − . . . − ε2v1,... ... ...

wk−2 = sv2 − εk−2v1,

wk−1 = sv1.� ACCT 2014, Kaliningrad, Russia, 07.-13.09.2014 � 10



Lemma. Let K be a Griesmer (n, w = n − d)-ar with d as above, whih is

t-quasidivisible modulo q, i.e. K(H) ≡ n, n + 1, . . . , n + t (mod q) for everyhyperplane H . Let S be a hyperline (subspae of odimension 2) in a hyperplane

H0 with K(H0) = w1 − aq where a ≥ 0 is an integer.(i) If K(S) = w2 − a − b, 0 ≤ b ≤ t − 2, then K̃(S̃) ≤ t + bq;(ii) If K(S) = w2 − a − b, b ≥ t − 1, then K̃(S̃) ≤ t + (t − 1)q.
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Lemma. Let K be a t-quasidivisible Griesmer (n, w)-ar in PG(k − 1, q), andlet K̃ be as in (⋆). Let T be a subspae of odimension 3 in PG(k − 1, q) with

K(T ) = w3. Then K̃(T̃ ) ≤ t(q + 1) + ε1q.

Lemma. Let K be a t-quasidivisible Griesmer (n, w)-ar in PG(k−1, q), q ≥ 3with

d = n − w = sqk−1 −
k−2∑

i=0

εiq
i, (ε0 = t)

and let K̃ be de�ned as in (⋆). Let further ε0, ε1 <
√

q. For every maximalsubspae T of odimension 3 in PG(k − 1, q), i.e. a subspae with K(T ) = w3,it holds

K̃(T̃ ) = t(q + 1).
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Theorem. Let K be t-quasidivisible Griesmer (n,w)-ar in PG(k−1, q), q ≥ 3with
d = n − w = sqk−1 −

k−2∑

i=0

εiq
i.Let K̃ be de�ned as in (⋆). Let U be a subspae in PG(k − 1, q) of maximalmultipliity wr with codimU = r, 1 ≤ r ≤ k (if codimU = k, U = ∅). If

t = ε0, ε1, . . . , εr−2 <
√

q, then
K̃(Ũ) = tvr−1.

In partiular, K̃(Σ̃) = tvk−1.
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Theorem. (I. Landjev, P. Vanderdrieshe, 2012) If t ≤ q − q/p any

(tvk−1, tvk−2)-minihyper in PG(k − 1, q) is a sum of t hyperplanes.
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Theorem. (main theorem)Let K be a t-quasidivisible Griesmer ar in PG(k − 1, q) with parameters

(n, n − d), where
d = sqk−1 −

k−2∑

i=0

εiq
i.Let ε0 = t, . . . εk−2 <

√
q. Then K is t-extendable.Proof.

⋄ By the previous theorem K̃ has parameters (tvk−1, tvk−2).

⋄ By a theorem by I. Landjev and P. Vandendrieshe, K̃ is the sum of t (notneessarily di�erent) hyperplanes.
⋄ Hene K̃ is t-extendable.
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4. What is this good for?

d g5(4, d) n5(4, d) K K|H
81 103 103�104 (103, 22) (22, 5)-ar

82 104 104�105 (104, 22) in PG(2, 5)

161 203 203�204 (203, 42) (42, 9)-ar

162 204 204�205 (204, 42) in PG(2, 5)

d = 82 = 53 − 52 − 3 · 5 − 3

s = 1, ε2 = 1, ε1 = 3, ε0 = t = 3;
ε0, ε1 ≥ √

q

w3 = 1, w2 = 5, w1 = 22, w0 = n = 104� ACCT 2014, Kaliningrad, Russia, 07.-13.09.2014 � 16



Let K be a (104, 22)-ar in PG(3, 5)Some fats about K and K̃:
• K is Griesmer 3-quasidivisible projetive ar;

• all planes have multipliity ≥ 14;
• the struture of K|H , where H is a maximal plane, is known: (22, 5)-ars;
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(22, 5)-ars in PG(2, 5)

(A) (B)
(C)
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(A) a5 = 14, a4 = 15, a2 = 1, a0 = 1(B) a5 = 15, a4 = 12, a3 = 3, a0 = 1(C) a5 = 18, a4 = 6, a3 = 4, a2 = 3

N.B. (22, 5)-ars do not have 1-lines!
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The ars K̃| eH

(18, {3, 8, 13, 18})-ars
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(23, {3, 8})-ar
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(28, {3, 8})-ar
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• From the struture of the maximal planes with respet to K:

|K̃| = 93, 118 or 143.

• |K̃| = 118 and 143 are ruled out investigating the struture of K
• Hene |K̃| = 93 and K̃ is a sum of three planes.
• Hene K is 3-extendable to a (non-existent) (107, 22)-ar.

• There is no [104, 4, 82]5-ode and
n5(4, 82) = 105.
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