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Chain RingsDe�nition. A ring (asso
iative, 1 6= 0, ring homomorphisms preserving 1) is
alled a left (right) 
hain ring if the latti
e of its left (right) ideals forms a
hain.A. Ne
haev, Mat. Sbornik 20(1973).
R > radR > (radR)2 > . . . > (radR)m−1 > (radR)m = (0).

• m � the length of R;

• Fq � the residue �eld of R, q = ps;
• pr � the 
hara
teristi
 of R.� ACCT 2014, Svetlogorsk, Russia, 07.-13.09.2014 � 1



Example. (Chain Rings with q2 Elements)

R : |R| = q2, R/ radR ∼= Fq; R > radR > (0).

R. Raghavendran, Compositio Mathemati
a 21 (1969).A.Cronheim, Geom. Dedi
ata 7(1978).
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If q = ps there exist s+ 1 isomorphism 
lasses of su
h rings:

• σ-dual numbers over Fq, ∀σ ∈ Aut Fq: Rσ = Fq[X ;σ]/(X2).

(a0 + a1X)(b0 + b1X) = a0b0 + (a0b1 + a1σ(b0))X .Also: S
(i)
q = Fq[X ;φi]/(X2), where φ : α→ αp.

• the Galois ring GR(q2, p2) = Zp2[X ]/ (f(X)), f(X) is moni
 of degree r,irredu
ible mod p.Also: Tq = GR(q2, p2).The Homogeneous WeightDe�nition. Let R be a �nite ring. A mapping w : R→ R is 
alled a a normalizedhomogenious weight if (x, y) 7→ w(x− y) is a metri
 on R and if the followingtwo axioms hold:� ACCT 2014, Svetlogorsk, Russia, 07.-13.09.2014 � 3



(1) w(x) = w(uxv) for all x ∈ R and u, v ∈ R×.(2) the average weight 1
|I|

∑

x∈I w(x) for every left or right ideal I 6= {0} of Ris equal to one.
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Theorem. (I. Constantines
u, W. Heise, 1997) A homogenious weight on theinteger residue ring Zm exists if and only if m is not divisible by 6. In su
h 
asethe normalized homogenious weight is unique.The Heise-weight: the normalized homogeneous weight on R = Zm:

wR(x) = 1 −
µ(m/d)

ϕ(m/d)
,

where d = gcd(x,m).
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Let R be a lo
al ring with residue �eld of order q. Then for all x ∈ R:

wR(x) =















1 if x 6∈ soc(R),
q

q−1 if x ∈ soc(R) \ {0},

0 if x = 0.

For 
hain rings R with |R| = qm, R/ radR ∼= Fq:
wR(x) =















1 if x ∈ R \ (radR)m−1,
q

q−1 if x ∈ (radR)m−1 \ {0},

0 if x = 0.
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Let R be a 
hain ring with |R| = q2, R/ radR ∼= Fq.De�nition. A 
ode over Fq is said to be linearly representable over R if it is theimage of an R-linear 
ode under the Reed-Solomon map:

ψRS :















R → Fq
q

r = r0 + r1θ → (r0, r1)

(

0 1 ζ . . . ζq−2

1 1 1 . . . 1

)

.

Here ζ is a primitive element of Fq, and ri ∈ Γ, where Γ is a set of elementsfrom R no two of whi
h are 
ongruent modulo radR.
ψRS : (R,whom) −→ (Fq

q,
1

q − 1
wHam).
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The Proje
tive Hjelmslev Geometries PHG(RR
n)

• M = RR
n;

• P = {xR | x ∈M \Mθ};
• L = {xR + yR | x, y linearly independent};
• I ⊆ P × L � in
iden
e relation;
• ⌢⌣ - neighbour relation:(N1) X⌢⌣Y if ∃s, t ∈ L : X,Y Is,X, Y It;(N2) s⌢⌣t if ∀X I s ∃Y I t: X⌢⌣Y and ∀Y I t ∃X I s: Y ⌢⌣X .� ACCT 2014, Svetlogorsk, Russia, 07.-13.09.2014 � 8



De�nition. The in
iden
e stru
ture Π = (P,L, I) with neighbour relation ⌢⌣is 
alled the (left) proje
tive Hjelmslev geometry over the 
hain ring R.Notation: PHG(RR
k), PHG(k − 1, R)

P ′ � the set of all neighbour 
lasses on points
L′ � the set of all neighbour 
lasses on lines
I ′ ⊆ P ′ × L′ � in
iden
e relation de�ned by

[P ]I ′[l] ⇔ ∃P0 ∈ [P ],∃l0 ∈ [l], P0Il0.

Theorem. (P ′,L′, I ′) ∼= PG(k − 1, q).� ACCT 2014, Svetlogorsk, Russia, 07.-13.09.2014 � 9



PHG(Z3
9)
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A Neighbour 
lass of lines in PHG(Z3
9)
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Homogeneous Ar
s in PHG(RR
n)For any subspa
e S ⊂ P de�ne the homogenious weight of S by:

w(S) = K(S) −
1

q − 1
K([S] \ S).

De�nition. The mapping K : P → N0 is 
alled a homogeneous (N,W )-ar
 if(a) K(P) = N ;(b) w(H) ≤W for any hyperplane;(
) w(H0) = W for at least one hyperplane H0.
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De�nition. The mapping K : P → N0 is 
alled a homogeneous (N,W )-blo
kingset if(a) K(P) = N ;(b) w(H) ≥W for any hyperplane;(
) w(H0) = W for at least one hyperplane H0.Theorem. A linearly representable q-ary 
ode with parameters

(

qN, q2k, (q − 1)(N −W )
)

exists if and only if there exists a homogeneous (N,W )-ar
 in PHG(RR
k).
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Theorem. Let K be a proje
tive ar
 in Π with homogeneous weights: w1 ≤
w2 ≤ . . . ≤ ws. Then the 
omplementary ar
 K := 1 − K has homogeneousweights −ws ≤ ws−1 ≤ . . . ≤ −w1.Corollary. If K is a (N,W )-ar
 then K is a (N,−W )-blo
king set.
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Homogeneous Ar
s with W = 0

Theorem. Let K be a (N,W )-ar
 in PHG(RR
k). Then

∑

H

w(H) = 0.

Theorem. A homogeneous (N,W )-ar
 in PHG(RR
k) has W = 0 if and onlyif it is a (weighted) sum of neighbour 
lasses of points.Proof. Su�
ien
y � obvious.Ne
essity. Depends on the rank of the point-by-hyperplanes in
iden
e matrix.(L.-V., WCC, Bergen, 2013)� ACCT 2014, Svetlogorsk, Russia, 07.-13.09.2014 � 15



Corollary. A non-trivial homogeneous (N,W )-ar
 has W ≥ 1/q − 1.
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Families of Two-Weight Homogeneous Ar
s

• s points from ea
h point 
lass of the proje
tive line PHG(RR2):

• the subgeometry PG(2, q) in PHG(RR
3), where R = Fq[X ;σ]/(X2);

• s parallel hyperplane segments with all possible dire
tions in PHG(RR
k);

q2 +q+1 line segments in PHG RR
3) with all possible dire
tions in the fa
torgeometry;

• a hyperoval in PHG(RR3), where R is a 
hain ring of nilpoten
y index 2 and
hara
teristi
 4.

• a sporadi
 39-ar
 in PHG(Z3
9).
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