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De�nition of Goppa codes

Goppa codes of length n are determined by two objects:

Goppa polynomial G(x) of degree t with coe�cients from �eld GF (qm),

set L = {α1, α2, . . . , αn} , where αi 6= αj , G(αi) 6= 0, αi ∈ GF (qm).

The Goppa code consists of all q-ary vectors a = (a1a2 . . . an) such that

n∑
i=1

ai
1

x− αi
≡ 0 mod G(x) .

The Goppa code is called separable if the Goppa polynomial G(x) is a
separable polynomial.
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Cyclicity

Cyclic code C
c ∈ C, c = (c1c2 . . . cn), ci ∈ GF (q)
σ(c) = (cnc1 . . . cn−1), σ(c) ∈ C.

Quasi-cyclic code C

c ∈ C, c = (c1c2 . . . cn), ci ∈ GF (q)
σs(c) = (cn−scn−s+1 . . . cn−s−1), σs(c) ∈ C.

Sergey Bezzateev and Natalia Shekhunova New Class of Quasi-cyclic Goppa Codes



Cyclic separable Goppa codes

Theorem (V.D.Goppa, 1970)

If n = qm − 1, L = GF (qm) \ {0} and such separable Goppa code is cyclic then

G(x) = x.

Theorem ( S. Bezzateev and N.Shekhunova, 2013)

If n1 = qm + 1, L = {1, α, α2, ....αn−1}, α ∈ GF (q2m), αq
m+1 = 1

and G(x) = x2 + rx+ 1, r ∈ GF (qm) \ {0}
then we have separable reversible cyclic Goppa code.

If n2 = qm − 1, L = {1, α, α2, ....αn−1} \ {αj , αjq
m

}, 1 < j < qm, α ∈
GF (q2m), αq

m+1 = 1
and G(x) = x2 + rx+ 1, r = αj + αjq

m

∈ GF (qm) \ {0}
then we have separable reversible cyclic Goppa code.
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Out of scope:
Cyclic codes from separable Goppa codes with degG(x) = 2

Cyclic extended separable Goppa codes (E.R.Berlekamp and O.Moreno
(1973))

HE =

[
H(L,G) 0
1 . . . 1 1

]
Cyclic parity-check subcodes of Goppa codes (T.P.Berger (1999))

HPC =

[
H(L,G)

1 . . . 1

]
.
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Still open problem

IS IT EXISTS CYCLIC SEPARABLE GOPPA CODES
WITH GOPPA POLYNOMIAL OF DEGREE GREATER THAN TWO?
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Quasi-cyclic separable Goppa codes

Transformations

T (x) = ax+ b, a, b ∈ GF (qm),

T (x) = xq
l
+b

cxq
l
+d
, 0 ≤ l < m, b, c, d ∈ GF (qm).

If L j GF (qm), T (L) = L,
and G(T (x)) = eG(x), e ∈ GF (qm), G(x)− separable polynomial
then we have quasi-cyclic separable Goppa code.
Classes of quasi-cyclic separable Goppa codes are obtained and discussed by:
O.Moreno, K.Tzeng, K.Zimmermann, E.Bombieri, F.Blancheth, T.Berger,
A.Vishnevetskiy, H.Stichtenoth, S.Bezzateev, N.Shekhunova, ...
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Generalized Goppa codes

De�nition (N.Shekhunova and E.Mironchikov (1981))

Generalized (L,G)-code with a set L of code position numerators

L = {u1(x), u2(x), . . . , un(x)}, where ui(x) ∈ Fqm [x],
and deg ui(x) ≤ τ, gcd(ui(x), uj(x)) = 1, ∀i 6= j, i, j = [1, . . . , n]

and Goppa polynomial G(x):

G(x) ∈ Fqm [x] and gcd(G(x), ui(x)) = 1, ∀i = [1, . . . , n]

is de�ned by a set of all vectors a = (a1, a2, . . . , an) satisfying the following
relation:

n∑
i=1

ai
u′i(x)

ui(x)
≡ 0 mod G(x),

where u′i(x) is a formal derivative of polynomial ui(x).
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Parameters of generalized Goppa codes

Estimations of redundancy r and the minimum distance d of generalized
(L,G)- codes are de�ned by the following relations :

r ≤ mdegG(x), d ≥ degG(x) + 1

τ
.
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Two approaches to locator set L

as a polynomials from Fqm [x] as an elements of GF (qm)

Γ = {g(x) ∈ Fqm [x], deg g(x) ≤ τ},
g(x)− irreducible polynomial

Λ = GF (qm)

τ = 1,
L = Γ \G(x), degG(x) = 1.

Hamming code

L ⊂ Λ, L = GF (ql) ⊂ GF (qm),
lτ = m,

G(x) = Fql [x], degG(x) = τ,
G(x)− irreducible polynomial.
Classical irreducible Goppa code

τ > 1,
L = {g(x) : g(x) ∈ Γ,

deg g(x) = 1} ⊂ Γ,
G(x) ⊂ Γ, degG(x) = τ.

Classical irreducible Goppa code

L = Λ \ {αi : G(αi) = 0,
αi ∈ Λ, i = 1, . . . , τ},
τ = degG(x)}.

Classical reducible Goppa code

τ > 1,
L = Γ \G(x), degG(x) = τ,
Generalized Goppa code perfect
in the weighted Hamming metric

L = Λ \ {αi : G(αi) = 0,
αi ∈ Λ, i = 1, . . . , τ},

degG(x) = τ, uj(x) =
η∏
i=1

(x− αji),

αji ∈ L
Generalized Goppa code with

a set of code position numerators L
of the maximum size of degree η
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L of maximal size of degree τ

De�nition

The generalized (L,G)- code with a set of code position numerators L
containing elements of degrees not exceeding τ and Goppa polynomial G(x)
satisfying the following equality :

G(x)
n∏
i=1

ui(x) = xq
τm

− x

is called Goppa code with a set of code position numerators L of the maximum
size of degree τ or a set L of maximum size.
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Cyclic and quasi-cyclic Goppa code with a set of code position numerators L
of the maximum size of degree τ = 1

1 Cyclic code G(x) = x, L = GF (qm) \ {0};
2 Quasi-cyclic code G(x) = xq

m

− x, L = GF (q2m) \GF (qm).
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Generalized separable (L,G)-codes with the set L of the maximum size of
the second degree.

Proposition

Generalized separable (L,G)-code with the set L of the maximum size of the

second degree and the Goppa polynomial

G(x) =
∏

αi∈GF (qm)

(x− αi) = xq
m

− x

is a quasi-cyclic code.

This code is de�ned as a set of all vectors a = (a1, a2, . . . , an) of the length
n = Iqm(2) satisfying the relation

n∑
i=1

ai
u′i(x)

ui(x)
≡ 0 mod G(x) ,

where ui(x) are all unitary (i.e.,the greatest coe�cient is equal to 1) irreducible
polynomials of degree 2 over GF (qm).
Iqm(2) is a number of unitary polynomials of degree 2 irreducible over GF (qm).
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Redundancy

Lemma

The redundancy r of the separable (L,G)- code de�ned by equalities

G(x) =
∏

αi∈GF (qm)

(x− αi) = xq
m

− x

and
n∑
i=1

ai
u′i(x)

ui(x)
≡ 0 mod G(x) ,

with the set L of the maximum size of the second degree satis�es the following

relation:

r ≤ m(degG(x)−2)+1 = m(qm−2)+1.
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Minimal distance

Theorem

The minimum distance d of this (L,G)- code is de�ned by the following relation

(d− 1)2 + 1 ≥ degG(x)+2.

This relation can be rewritten as

d ≥ degG(x) + 1

2
+1 =

qm + 1

2
+1.
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Binary case

Theorem

The minimum distance d of the binary generalized separable (L,G)- code with

the set L of the maximum size of the second degree satis�es the following

relation:

(d− 1)2 + 0 ≥ 2 degG(x)+2.

The inequality can be rewritten as:

d ≥ degG(x) + 1+1 = degG(x) + 2.

Moreover, all words of this binary code have even weights.
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General case for quasi-cyclic code obtaining

1 cycloid length q` − 1,

2 G(x) = xq
`

− x,
3 ui(x) ∈ Fq` [x], degui(x) = τ, d ≥ q`+1

τ
, n = Iq`(τ), k ≥ n− `τ.

Sergey Bezzateev and Natalia Shekhunova New Class of Quasi-cyclic Goppa Codes



Example

Example

The binary generalized separable (L,G)- code with the Goppa polynomial
G(x) = x8 − x and the set L of maximum size including all irreducible
polynomials of the second degree from F23 [x] is a quasi-cyclic code of the
cycloid length 7 and with parameters

n = 28, k = 9, d = 10.

This is the optimal binary linear code and it is considered to be a new
quasi-cyclic (28, 9, 10)- code.
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Questions and answers

THANK YOU !
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