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Abstract.Semifields (or: non-associative division algebras) are the algebraic struc-
tures which coordinatize an important class of geometric objects, projective planes
which are translation planes and also the duals of translation planes. The construc-
tion from [2] uses projective polynomials (see [3]). It produces semifields for each
square order in odd characteristic and contains the Budaghyan-Helleseth family of
commutative semifields (see [4]). We study the special case of order 729. Up to
isotopy exactly two semifields arise. One belongs to the Budaghyan-Helleseth fam-
ily and has 1248 autotopisms, the other is not isotopic to commutative nor to a
generalized twisted field. Its autotopism group has order 624. Similar features are
valid in order 3%.

1 A family of semifields in odd characteristic

A family of presemifields of odd order is constructed in [2] as follows. Let p
be an odd prime, ¢ = p™, L = F;, C F =Fp. LetT =2%and T : F' — L
the trace. Let 0 < s < 2m, o = p®,1 € L* such that —I ¢ (L*)°~!. Further let
C1,Cy € F such that the following polynomial condition is satisfied:

Pey,0y,s(X) = CoX7H + C1X7 + C1X 4 C; € FX]
has no root z such that 27t = 1.

Then presemifields B(p,m, s,l,C1,Cs) of order p?™ are defined such that the
addition coincides with the addition in the field F' and the multiplication is
given by
zxy = (1/2)T((Cry” + Co7°)z) + (1/2)T((Cry + Co7)a”) + (zy — 77)/2 (1)
The semifield associated to B(p,m, s,l,C1,C5) is defined as (F,+,0) where

zoy = B(y(z)*y). (2)
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and B,7v: F' — F are invertible linear mappings defined by

1xfB(x) =2 and y(z)*1=1x*zx (3)

2 The commutative case

Two families of commutative semifields were constructed by L. Budaghyan and
T. Helleseth in [4]. It is easy to see that this family is contained in our family,
more precisely in the special cases when {C7,C2} C L and C7 = 0, respec-
tively. It remains an open question if our family contains examples which are
commutative and not isotopic to members of the Budaghyan-Helleseth family.
B(3,3,1,1,0,C5) is isotopic to commutative if and only if (Cy/C3)" = 1.

3 A standard situation in odd characteristic
In odd characteristic, let
L=Fym C F=Fpn

and T : F — L the trace T'(z) = x + 27 where ¢ = p™. Use a basis 1,w
for F|L where T(w) = 0. In particular we have a direct sum decomposition
F = L® Lw where Lw = {z | € F,T(x) = 0}. Then p = w? is a non-square in
L. Observe that this comes down to describe the quadratic extension F' of L by
the irreducible polynomial X2 — 1 where p is a non-square in L. Let 2 = a+ bw.
We also write

r=(a , b)
Re Im

and refer to a = Re(z) and b = Im(x) as the real and imaginary part of z,
respectively. The field multiplication in F' is then

(a,b)(c,d) = (ac + pbd, ad + be).

4 Isotopism relations

Presemifields (F, +, *) and (F, +, o) are isotopic if there exist invertible [F,-linear
mappings «aq, o, 8 such that

xoy = f(ai(x) *xas(y)) for all z,y € F.

This definition is motivated by the fact that presemifields are isotopic if and
only if the projective planes they coordinatize are isomorphic. We specialize to
the case B(3,3,s,1,C1,Cs) of order 35. Let L = Foy C F = Fya9. Choose 1 = —1
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and w = i € F where i2 = —1 (see Section 3). Some isotopism relations between
the B(3,3,s,l,C1,Cs) are easy to see. In fact, B(3,3,s,l,Cq,C>) is isotopic to
B(3,3,3+s,1,05,C1) and to B(3,3,3—5,1/1,C5,Cy). This shows that we may
assume s = 1. The parameter [ € L is determined only up to its coset {L*(°—1),
This shows that up to isotopy we may choose [ = 1. It follows from the theory
of projective polynomials that the number of pairs (C1,C3) € F x F satisfying
the polynomial condition from Section 1 equals 27 x 26 x 13 x 21. Some more
relations of isotopy between the corresponding presemifields B(3,3,1,1,C;, C9)
are obvious:

e Scalar isotopy: The pair (C1,C3) may be replaced by (ACi, ACs) for
0#Xe L.

e Galois isotopy: B(3,3,1,1,C1,Cy) is isotopic to B(3,3,1,1,C5,C3).
Here are some more important types of isotopy:

Theorem 4. B(3,3,1,1,C1,Cs) is isotopic to B(3,3,1,1,a%2Cy,a*Cy) for all
0#£a€F.

Theorem 5. Let A, B € F* such that AA # BB. Then B(3,3,1,1,0,C%) is
isotopic to B(3,3,1,1,C1,Ch) where

C1 = CLAB? + C2A3B, O = Co A* + C, B4

Theorem 6 (diagonal isotopy). Let C; = (v;, h;) in the terminology of Sec-
tion 8 and work with parameters

Vy = U1 + vo,v_ =1 _7)27h+ = h1 +h2,h, = h1 —hg.
Then the following substitutions can be performed without affecting isotopy:
vy kfug, vl kv,

hy v kkohy, h_ v kikih_

for arbitrary nonzero k1, ko € L.
Ezplicitly this means that B(3,3,1,1,C1, Cs) is isotopic to B(3,3,1,1,C1,CY%),
where

Ct = —((kf + kD1 + (k] — E3)va, (k3 kg + ki k3)hy 4 (K3 ky — k1k3)ha),

Ch = —((k1 — k3)v1 + (ki + k3)va, (kka — k1k3)h1 + (kka + k1k3)ho)
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5 The census

Consider at first the subcase C; = 0. By Theorem 4 the parameter Co may be
multiplied by an arbitrary fourth power, so we may choose Co in {1,, 144, 1—i}.
The existence condition of Section 1 says that —Cs/C3 is not in the group of
order 7. This excludes Cy = i. As 1 +¢,1 — ¢ are conjugates, those lead to
isotopic semifields by Galois isotopy. This shows that we obtain precisely two
isotopy classes of semifields in case C; = 0, with representatives B(3,3,s,1,0,1)
(denoted by C) and B(3,3,1,1,0,1 —¢) (which we denote by B). In fact, C is
commutative while Section 2 shows that B is not isotopic to commutative. Here
the field L = Fo7 has been constructed as L = F3(¢), where €3 = €2 — 1. The
associated semifields have right and left nucleus F3 and middle nucleus of order
9.

Consider the generic case C7 # 0. Theorem 4 shows that C7 may be chosen
as 1 or 1 — 4. Using also diagonal isotopy it is easy to see that we can choose
C1 = 1. Using Galois isotopy, diagonal isotopy and Theorem 4 it is easy to show
that the B(3,3,1,1,1,C%) come in two isotopy classes. Theorem 5 can be used
to show that those are isotopic to C and B, respectively.

5.1 Description of C

This (pre)semifield is commutative and belongs to the Budaghyan-Helleseth
family. Its autotopism group has order 1248. It is in fact easy to see that the
autotopism group has order at least 1248 : start from Equation (1) which takes
on the form

zxy=—T(ay’ + 2°7) + Ty — ay.

When will ay(z) = Az, az(y) = By define an autotopism? The imaginary part
shows AB € L, equivalently B = cA for ¢ € L. The real part yields the condition

c3A* = cA* € L. This shows ¢ = 1 and there are 4 x 26 choices for A. Together

with the field automorphisms (generated by o (z) = 23, as(y) = 3, B(z) = 2%°)

this yields an autotopism group of order 26 x 4 x 2 x 6 = 1248.

5.2 Description of B

This (pre)semifield is not isotopic to commutative. Its autotopism group has
order 624.

The semifields C, B are not isotopic to generalized twisted fields, see Albert
[1]. In fact, consider a generalized twisted field of order 3° with left and right
nucleus of order 3. Such a twisted field is isotopic to a presemifield

xxy=xy+I1z°y"

where [ € F has to satisfy the obvious conditions. Let o = 3%,7 = 3!. The
nuclei show that s, ¢ are coprime to 6. Consider autotopisms of the form «a;(x) =
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Az, as(y) = By, B(z) = z/(AB). Such a pair of nonzero constants 4, B € F
defines an autotopism if and only if A~ B7~! = 1. We can choose B arbitrarily
and have then two choices for A. This shows that the twisted field has at least
2 x (35 — 1) = 1456 autotopisms and is therefore more symmetric than our
semifields.

6 A generalization

The isotopisms described in Section 4 are in fact special cases of isotopism
relations which are valid for the family B(p,m,s,l,C1,C5) (see Section 1) in
general. Consider B(3,4,s,1,C1,Cs) (of order 3%). Case s = 2 is not interesting
as it yields isotopes of Dickson semifields. When s = 1 it can be assumed that
| = —p where i = €® € L is an element of order 16 and e is a primitive element
of L = Fg;. We carried out a search analogous to the procedure described in
Section 5 for presemifields B(3,4, 1, —u, Cq,C5). The result is that again there
are precisely two isotopism types, with representatives B(3,4,1,—u,0,1) and
B(3,4,1, —pu, 1+¢€/p?,1—¢/p?). Here the former is commutative and the unique
isotopy class of Budaghyan-Helleseth semifields of order 3%, the second is not
isotopic to commutative.
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