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Abstract. We consider a term rank metric space Mrg = (F;**", drr) and present
new family of codes in Mrgr attaining the corresponding Singleton bound. Our
approach is based on the generalization of circulant matrices over F; which we
called p(z)-circulants. Some of our codes are optimal in the rank metric space too.

1 Introduction

Fix a finite field F, with ¢ elements, ¢ is a prime power, and for m, n € N,
m < n, let F'*" be a m - n-dimensional vector space over F,, whose elements
will be regarded as matrices with m rows and n columns. For every m x n
matrix A define its term rank weight

A = min [Z(A)|,
4l = min (A
where Z(A) is a set of lines (rows and/or columns) in A which cover all nonzero
elements of A [1], and a rank weight
||Al|r = rank(A).

It’s easy to check that these weight functions derive two distances between any
m X n matrices A, B as

drr(A,B) = |A = Bllrr, dr(A,B) = ||A-Blr
with obvious property
dr(A, B) < drgr(A, B) <min{m,n}. (1)

In coding theory the corresponding metric spaces Mpg = (F;”X“,dTR) and
Mpg = (F"*",dR) are called term rank space (or array metric space) [2] and
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rank space [3], respectively. They arise in problems related to the transmission
of (m-n)-length block data through memoryless ”matrix channel” with indepen-
dent crisscross errors ( [2], [4], [5]). Matrix channel consists of m parallel g-ary
subchannels, transmitted blocks of data are modeled by elements of F¢**™ and
crisscross error per one block A select r different lines (rows and/or columns)
of A with probability P(r) and fill these lines by elements of [, independently
and equiprobable (assume that P(r) decreases with 7). Such models of matrix
channels can be found in data storage systems (e.g. memory chips), magnetic
tapes and some types of wireless communications (cf. [5]). Note that the rank
metric space also arises in space-time coding [6], random network coding [7],
public-key cryptography [8] and steganography [9].

Recall that a linear [m - n, k]s-code C is simply a k-dimensional vector sub-
space of F"*™  Since F"*™ is a support of both spaces Mpr and Mg, the
code C may be considered as its subset and thus has two appropriate minimal
distances
N

min ||Alrr, Dr(C) 2 min [|A| .

Drgr(C
rr(C) Aec\{0} Aec\{0}

We assume w.l.o.g. that m < n. Note that for any C from (1) follows
Dgr(C) < Dpr(C) <m (2)

and Dr(C) = m implies Drr(C) = m. It is a well known (e.g., [4]) that
parameters of any linear code C in both metric spaces must satisfy the inequality
which called Singleton bound

E<n(m-—D+1),

where D = Drg(C) or D = Dg(C). A linear code C is called optimal in M7pg
(in Mp) if k = n(m—Drgr(C)+1) (resp. k =n(m—Dgr(C)+1)). Optimal codes
plays an important role in applications of coding theory and one of the main
tasks is to specify explicit constructs for all of them. It is clear that any optimal
code in Mp is also optimal in Mg and most of the methods for constructing
an optimal codes in Mg are based on this fact (e.g., [4], [5]). In [2] for the
case Drr(C) = m was presented a method for construct optimal codes in Mg
but non-optimal in Mg (Dg(C) = 1) which based on considering the set of all
circulant matrices from IF(TX”. In this paper in Section 2 we define a wider class
of p(z)-circulants and present a construction of a large class of codes in Mrpg
and Mp. In Section 3 we give a necessary and some sufficient conditions on
optimality of the resulting codes.

2 Algebra of p(z)-circulants and code construction

Consider a monic polynomial p(z) of degree n over finite field I,

p(@)=2" — pp12™ ' — ... = po
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with its companion matrix

0 1 0 0
0 1 . 0
By =1 &+ & oo p | R
0O 0 0 ... 1
bPo P1 P2 ... Pn-1

Define the Fy-algebras homomorphism ¢ : Fy[z] — F2*™ by map z' to (Bj,))’
for all i > 0 and extend it to F4[z] by linearity. Obviously, ker ¢ = (p(z)) and
hence

Cote) = Imep = Fye)/(p(a)). (3)
Clearly, Cp(,) is an commutative algebra with identity and its dimension as a
vector space over I, is n. The elements of C,,) are called p(z)-circulants [10]
and are unique determined by its first row. So we have the isomorphism of
vector spaces

Hp(z) : IFZ — Cp(gc)a (ao, - ,an_l) =P (ao +aix+...+ an_lx"_l) .

Note that C,»_1 is the same as algebra of ordinary n x n circulants over I, and
the elements of Cyny; are known as skew-circulants (or negacirculants). More
detailed description of Cp,) and some related algebraic and algorithmic facts
are given in [10].

Consider the algebra C,,) as n-dimensional vector subspace of Fj*" and,
therefore, as linear [n - n,n]-code C in Fy*™. To construct the linear [m - n,n]-
code in Fj"*™, m < n, we use the code shortening method from [4]. Let the
rows and the columns of any A € Fj*™ are indexed by elements from [0, n — 1].
For each s € [0,n — 1] and any J C [0,n — 1], |J| = s, define the F-linear
”shortening” map

ol Frxn y

by cut all rows with indexes from 7. Then to construct a code C in IF'Z”X" fix
any J C [0,n —1], |J| =n —m, and put C = JgL_m) (Cp(z))- By the obvious
property of any o'

VAEF™: ||Alrg —s <05 (A)lrr < |Alrr,
1AllR — s < 02 (A) |k < |AllR,
we get the following lemma.

Lemma 1. Let C = O‘\(;) (Cp(m)). Then Drgr(C) > DTR(Cp(:E)) — s and DR(C) >
DRr(Cp(z)) — 5. Moreover, if Cpyy is optimal in Mrgr (Mpg) then C still be
optimal in Mrg (resp. MRp).
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3 Some optimal codes

In this section we give a necessary and some sufficient conditions on optimality
of Cp(z). Note that by lemma 1 the optimality of C,,) implies optimality of any
its shortening. Assume that F,, m, n and p(z) are chosen as in the previous
section.

Proposition 1. The code Cp ) is optimal in Mg (i.e. Dr(Cpz)) = n) iff p(z)
is irreducible in Fyz].

Proof. Tt follows from (3) and well-known criterion on invertibility of elements
from Fy[z]/(p(x)). O

Recall that the diagonal A; in a matrix A € Fy"*" is a set of positions

A= {(077—(0))7 (177—(1))7 R (m - 177—(m - 1))}7

where 7 is an injection from [0, m—1] to [0, n—1]. By |A-(A)| denote a number
of nonzero entries of A on the A;. In [1] was proved that

| Allr = max|Ar(4),

when 7 runs overall injections from [0, m — 1] to [0, n — 1]. Therefore, we get

Lemma 2. A linear [m - n, n|g-code C is an optimal in Mrg iff for any A €
C\ {0} there exists a diagonal A, such that |A-(A)] =m.

It is rather obvious that a code C,,) cannot be optimal in Mrg if n > 1
and p(0) = 0. The following result is the main result of the paper.

Theorem 1. The code Cpy) is optimal in Mrr (i.e. Drr(Cp(z)) =n) when
(1) p(z) is an irreducible in Fyz];
(ii) p(z) = x"™ — po, po € Fy;

(iii) p(x) =™ — per’ — po, t € [1,n — 1], po,ps € Fy;

Proof. The first statement is a corollary from proposition 1 and (2).
Let A = fip(,y(v), where v = (ag, . .., an—1) is the first row of A, be a nonzero

p(z)-circulant. To simplify the notation for each i € [0,n — 1] put
A;={(j, (i+j) modm)]|jel0,m—1]}

In the case (ii) for some i € [0,n — 1] we have a; # 0 and the entries of A on
the A; are equal to a; or ppa;. So |A;(A)] =n and (ii) is proved.
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The proof of the case (iii) is more complicated and technical, so we give
here its sketch. Let p(z) be as in (iii) and s = ged(n, t), r = n/s. Put

Viel0,s—1]: Uy={i+ (j+1)t (modn)|jel0,r—1]}

Obviously, {U;}:Z, is a partition of [0,n—1] and |U;| = r. For every i € [0,s—1]
define a vector v; = (v((]l), .. ,vfﬁl) € [Fy by
NON aj, ifjeU;,

0, otherwise,

and put A; = fi,;)(vi). Its easy to check that A; and Aj;y, i1 # iz, has
no nonzero entries on the same positions and A = Ag+ ... + As_1. It can be
proved by direct analysis of |A;(A;)], i € [0,s—1], j € U;, that for each nonzero
A; there exists a bijection 7; such that

(&) [Ar(A)] = n;
(b) Jj1,j2 € U; : A CALUA,.
From (a) follows ||A;||lrr = n and, therefore, | A|rr = n. O

The analysis of the cases when p(x) has more than three terms is much
more complicated. But at least it is clear that not all Cp,(,) with weight p(z) is
equal 4, i.e. p(z) = 2" — pat — psx® — po, 0 < s < t < n, are optimal. Indeed,
let ¢ =2 and p(x) = 23 + 22 +  + 1. Then p(z) = (z + 1)® and the following
nonzero p(z)-circulant

A=

— = =
O O O
— = =

corresponding to 22 + 1 has term rank 2.

References

[1] H.J. Ryser, Combinatorial Mathematics, The Mathematical Association
of America, Rahway, New Jersey, 1963.

[2] E.M. Gabidulin and B.I. Korjik, Lattice-error-correcting codes, Izv. Vyssh.
Uchebn. Zaved., Radioelectron., 15 (4), 492-498, 1972.

[3] E.M. Gabidulin, Theory of codes with maximum rank distance, Probl. Inf.
Transm., 21 (1), 316, 1985.



Gritsenko V., Maevskiy A. 353

[4]

E. M. Gabidulin, Optimum Codes Correcting Lattice Errors, Probl. Inf.
Transm., 21 (2), 103-108, 1985.

R. M. Roth, Maximum-rank array codes and their applications to crisscross
error correction, IEEE Trans. Inf. Theory, 37 (2), 328-336, 1991.

V. Tarokh, H. Jafarkhani and A.R. Calderbank, Space-Time Codes for
High Data Rate Wireless Communication: Performance Criterion and
Code Construction, IEEE Trans. Inf. Theory, 44 (2), 744-765, 1998.

D. Silva, F. R. Kschischang, R. Koetter, A Rank-Metric Approach to Error
Control in Random Network Coding, IEEE Trans. Inf. Theory, 54 (9),
3951-3967, 2008.

E. M. Gabidulin, A. V. Paramonov and O. V. Tretjakov, Ideals over a Non-
commutative Ring and Their Application in Cryptology. Advances in Cryp-
tology — Furocrypt’91, LNCS No. 547, Berlin and Heidelberg: Springer-
Verlag, 1991, 482-489.

R.S. Selvaraj and J. Demamu, Steganographic protocols based on rank
metric codes, in Proc. ICUMT’11, Budapest, Hungary, 2011, 1-4.

V. V. Gritsenko, A. E. Maevskiy, p(z)-circulants over finite fields and prob-
abilistic methods for its construction, Math. Notes (in appear).



