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1Ekaterina Alekseenko ealekseenko�kantiana.ruI. Kant Balti Federal University, Kaliningrad, RussiaAbstrat. In this paper we dedue a new method of �nding of an equation for anoptimal urve of genus 4. This urve is obtained as a double over of an optimalellipti urve whih is de�ned over an extension of prime �nite �eld.1 Main resultWe start with reminding that by an optimal urve we mean a urve whosenumber of rational points reahes the Hasse-Weil-Serre bound (f. details in [1℄).Let's onsider an optimal ellipti urve E over a �nite �eld Fq whih givenby equation

y2 = x3 + ax+ b.Let H be a urve of genus 2 over a �nite �eld Fq and let f : H → E be a doubleovering of H.Set O = f−1(∞′) =
∑

P |∞′ e(P |∞′) · P ∈ Div(H), where ∞′ ∈ E lies over
∞ ∈ P

1 by the ation E → P
1 and degO = 2.Consider the divisor 4O. By the Cli�ord's theorem dim4O ≤ 5 and applyingthe method whih was desribed in paper [1℄ we have L(4O) = {1, x, x2, y} anddouble over H of genus 2 has the equation

z2 = α0 + α1x+ α2x
2 + βy.It is known that the double over is rami�ed over two points of urve E. Let

P1 and P2 be these points. So the over H is given by z2 = f for a funtion fon the urve E. Then by the Hurwitz-Riemann formula it follows
div(f) = P1 + P2 + 2Dfor some divisor D of degree −1 on E. By orollary 3.5 [2℄ there exist a point

Q and a funtion g on E so that
div(g) = Q−D − 2O,1This researh is partially supported by grant of Dynasty Foundation (2013)



Alekseenko 15where O is a point in in�nity. Then D + div(g) = Q− 2O.We have z2 = f , therefore (zg)2 = fg2 and holds following
div(fg2) = div(f) + 2div(g) = P1 + P2 + 2Q− 4O.If we set fg2 = h, zg = w, then the over with the equation w2 = h is the over

H. As div(h) = P1 + P2 + 2Q − 4O, then h ∈ L(4O) = {1, x, x2, y}. So anygenus 2 double over H of urve E is given by equation
z2 = f where div(f) = P1 + P2 − 2Rwith R is the rational point of E. By hanging oordinates

R 7→ O,

P1 7→ P1 −R+O,

P2 7→ −P1 −R+Othe double over with the equation z2 = f will be isomorphi to double overgiven by w2 = g with div(g) = P +(−P )−2O. We get the following orrespon-dene
{genus 2 double overs of E} ←→ {pairs of points {P,−P} 6∈ E[2]}.If the over H → E orresponds to {P,−P}, then the over H is given byequation
z2 = f with div(f) = (R+ P ) + (R− P )− 2R for some point Rup to isomorphism over E.Set H1, H2 and H3 are double overs of E. And the following orrespon-denes hold

H1 ↔ {P1,−P1}, H2 ↔ {P2,−P2}, H3 ↔ {P3,−P3}.Then
H1 : z

2

1 = f1, div(f1) = (R1 + P1) + (R1 − P1)− 2R1;

H2 : z
2

2 = f2, div(f2) = (R2 + P2) + (R2 − P2)− 2R2;

H3 : z
2

3 = f3, div(f3) = (R3 + P3) + (R3 − P3)− 2R3.Sine f1, f2,f3 are squares, we have the following equalities up to hoie of sign
R1 + P1 = R2 − P2,

R2 + P2 = R3 − P3,
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R3 + P3 = R1 − P1.So 2(P1 + P2 + P3) = O.Let us onsider an ellipti urve E with d(E) = −19. This urve is unique upto isomorphism and let H be genus 2 urve suh that H ∼= E×E′ and E′ ∼= E. Ifthe urve E is given by equation y2 = f(x) with irreduible polynomial f(x) over

Fq, then the urve E′ has the equation y2 = (αx+ β)f(x) where α, β ∈ Fq (seeProposition 4.4. [3℄). There exists an automorphism ϕ ∈ AutFq
(E), ϕ : E → E′.It ommutes with Frobenius and ats on the roots x0, x1, x2 in the extension Fqas following

ϕ :









x0
x1
x2
∞









=









x1
x2
x0
−β/α







or
ϕ :









x0
x1
x2
∞









=









x2
x0
x1
−β/α









.Obviously that an order of ϕ is 3. Therefore there are at most two overs
H → E up to isomorphism. We set that pairs of points {P1,−P1} è {P2,−P2}give this overs. Considering some ombination of these overs we an �t themin a diagram

C

2:1

vv♠♠
♠♠
♠♠
♠♠
♠♠
♠♠
♠♠

2:1

((◗
◗◗

◗◗
◗◗

◗◗
◗◗

◗◗
◗

C/〈σ〉 ∼= H1

2:1

((◗
◗◗

◗◗
◗◗

◗◗
◗◗

◗

C/〈δ〉 ∼= H2

2:1

vv♥♥
♥♥
♥♥
♥♥
♥♥
♥♥

C/〈σ, δ〉 ∼= EUp to hoie of sign we obtain orrespondenes
6P1 = O,

6P2 = O,

4P1 + 2P2 = O,

2P1 + 4P2 = O.By looking at urves E and H in the �elds of harateristi 0, we an seewhen these equations hold by module p. Then we an get �nite list of hara-teristis.



Alekseenko 17Example 1. Consider an ellipti urve
E : y2 = x3 + 2x+ 4over F5 and two genus 2 double overs

w2 = x, z2 = y + x2 + 2x+ 3.By heking we have that the Weil polynomial of the ompositium urve ofgenus 4 is equal
(T 2 + T + 5)5,and the harateristi polynomial with disriminant −19 over F57 is equal

(T 2 − 559T + 78125)4.Therefore the urve is given by the equation
z4 + 3z2w4 + z2w2 + 4z2 + w8 + 3w6 = 0,is an optimal urve of genus 4 over a �nite �eld with disriminant −19.Referenes[1℄ E. Alekseenko, S. Aleshnikov, N. Markin, A. Zaytsev, Optimal urves over�nite �elds with disriminant -19, Finite Fields and Their Appliations,17,2011, 350�358.[2℄ J. H. Silverman, The arithmeti of ellipti urves, New York, et.:Springer-Verlag, GTM 106, 1986.[3℄ A. Zaytsev, Optimal urves of low genus over �nite �elds,http://arxiv.org/abs/0706.4203, 2007.


