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Abstract. The results of the complete classification of all binary self-dual codes
of length 40 are presented. It is given some additional information about the auto-
morphism groups and the possible weight enumerators of the codes.

1 Introduction

The classification of all binary self-dual codes for a given length is one of the
most important problems in constructive coding theory, because self-dual codes
have good algebraic properties and they have close connection to combinatorial
structures, such as block designs, Hadammard matrices and graphs.

The first classification of binary self-dual codes of length n < 20 was made
by Vera Pless [12]. Later Pless, Conway and Sloane classified the self-dual codes
of length n < 30 [6]. The classification for length 32 is completed by Bilous
and Van Rees [3], and the classification of the codes of length 34 was given
by Bilous [2]. Melchor and Gaborit classified the optimal self-dual codes of
length 36 [11]. Harada and Munemasa completed the classification of the codes
of length 36 [7,8]. Recently the self-dual codes of length 38 were classified by
I. Bouyukliev and S. Bouyuklieva [4]. Together with Harada they classified the
optimal self-dual codes of length 40 [5]. Betsumiya, Harada and Munemasa
gave the classification of the doubly even self-dual codes of length 40 [1].

The main methods for classification are based on a building up construction,
which proceeds from smaller to larger length, and test for equivalence of the
obtained objects [9]. But the self-dual codes of length 38 and the optimal self-
dual codes of length 40 are classified by one new approach, using isomorph
free generation [10]. The constructive part of the algorithm for classification is
not different from the previous constructions, but it is combined with a parent
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test (instead of test for equivalence) to take only one representative of any
equivalence class.

For the classification of all binary self-dual codes of length 40, we considered
two subproblems - classification of the codes with minimum distance > 6, and
classification of all self-dual [40, 20,4] codes. The codes with minimum distance
6 and 8 are classified with the algorithm presented in [4]. The algorithm for
classification of the self-dual [40,20,4] codes is of the same type but another
construction and parent test are implemented.

Throughout this paper all codes are assumed to be binary. Two binary codes
are called equivalent if one can be obtained from the other by a permutation of
coordinates. The permutation ¢ € S, is an automorphism of C, if C' = o(C)
and the set of all automorphisms of C' forms a group called the automorphism
group of C, which is denoted by Aut(C') in this paper. If C' has length n, then
the number of codes equivalent to C' is n!/|Aut(C)|.

There exists a formula for the number of all self-dual codes of length n,
called a mass formula. The number of all self-dual codes of length n is N(n) =

H?:/ §_1(2" + 1). To classify self-dual codes of length n, it is necessary to find
inequivalent self-dual codes C1,Cy,...,C, so that the following mass formula
holds >0 n!/|Aut(C;)| = N(n).

2 The constructions

We use two algorithms, based on two different constructions, to obtain the
complete classification of the self-dual codes of length 40. The first construction
(Theorem 1) is implemented in a recursive algorithm. The same algorithm was
used for the classification of self-dual codes of length 38 [4]. It takes as an
input the set of the self-dual codes of dimension k < 19 and gives as a result
all inequivalent self-dual codes of dimension £/, k < k' <20 (here k&’ = 20).

Theorem 1. If C is a binary self-dual [n = 2k > 2, k,d] code and the last two
coordinates of C are not equal, then C' is equivalent to a code with a generator
matriz in the form

1 ...Tk-1 00...0 1 0
I T

Lhk—1 Tk—-1
and the matriz (I_1|A) generates a self-dual [n — 2,k — 1] code.

All inequivalent self-dual [38,19] and [36, 18] codes are 38 682 183 and
519 492, respectively. More than 70 percent of them have minimum distance 4.
Moreover, performing a parent test is a difficult and time consuming process,
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because these codes don’t have trivial automorphism groups. That’s why the
classification of the self-dual [40, 20, 4] codes separately decreases drastically the
complexity of the full classification. Therefore another construction (Theorem
2) is used and another type of parent test is developed.

Theorem 2. [2] Let C be a binary self-dual [n,k = n/2,4] code and x =
(110...011) be a codeword of weight 4. Then C' has a generator matriz in the
form

11 00---0 00---0 1 1
G=| 01 00---0 v 0 1
00 Ip_o A al o

where a and v are binary vectors of length k—2. The matriz (I,_2|A) generates

a self-dual [n —4,n/2 — 2] code.

This construction is implemented in the second algorithm, which uses as
an input the set of the self-dual codes of dimension k& and gives as a result all
inequivalent [2k + 4, k + 2, 4] self-dual codes.

The combination of the two algorithms gives us the possibility to classify
all binary self-dual codes of length 40.

3 The results

The first algorithm is implemented with C programming language in the pro-
gram GenSelfDualAllD. The algorithm for the construction of self-dual codes
with minimum distance 4, presented in the previous section, is implemented in
the program GenSelfDualD/. These two programs, as well as detailed manuals,
will be available soon on the web-page http://www.moi.math.bas.bg/iliya/,
so anyone could repeat our calculations.

We use a computer with two CPU Intel(R) Xeon(R) E5, 6 Core, and a
computer with CPU Intel(R) Core(TM) i7, 4 Core. The complete result for
classification of the self-dual codes of length 40, is obtained by the two programs
for about a month. As an input of both of the programs the codes of length 36
with their generator matrices are used. There are 519 492 inequivalent [36, 18]
self-dual codes. They are separated into 52 intervals with 10000 codes each,
except the last one, which is smaller. Each program runs on each interval
and produces four files with information about the codes obtained during the
calculation on the interval. The first file contains five values for each code - the
numbers of codewords with minimum distances d =2, d=4,d =6 and d =8
(partial weight enumerator), as well as the orders of the automorphism groups
of the codes. The second file contains mass formulas. The third file contains
the number of the self-dual [40,20] codes, constructed from codes of the given
input interval. In the last file we print generator matrices of those self-dual
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codes, which have order of automorphism group greater than a fixed number.
The size of all files, generated during the classification, is 122 GB.

After generalizing the information, we obtained the following results: the
number of all self-dual [40, 20, 4] codes is 4 329 329 746. The number of all
codes, considered by the program GenSelfDualD4 is 20 614 314 107, for 5 226
244 513 of them, a canonical form is computed. Further, the number of the
self-dual codes of length 40 with minimum distances 6 and 8 is 3 882 046 152.
131 822 097 145 codes are considered by the program GenSelfDualAllD, and
for 6 563 895 920 of them the canonical form is computed.

The number of the self-dual codes of length 40 is 8 250 058 081. In Table 1
we give the number of all codes by minimum distances, and how many of them
are doubly-even. The number of the different partial weight enumerators and
the number of the different orders of automorphism groups for each minimum
distance d are listed. In Table 2 the smallest order of an automorphism group
Aut, and the largest order of an automorphism group Aut; are given, again for
each minimum distance d.

Table 1: Number of inequivalent codes of length 40

d 4 6 8
# codes 4329 329 746 3 871 829 027 10 217 125
# doubly-even codes [1] 77 873 16 470
# partial weight enumerators 18 460 199 10
# orders of Aut(C) 1112 94 91

Table 2: Orders of the automorphism groups

d 4 6 8
Auts 4 1 1
Auty | 1275541328062914232320000 14745600 82575360

In the next tables we give some more information about the properties of
the self-dual codes of length 40.

We would like to point out two codes as exceptions. They are the unique
codes with the correspomding weight enumerators and automorphism groups.
The first code C] is singly-even and the second one C5 is doubly-even. They
have very big automorphism groups: |Aut(Cy)| = 131634811977596928000 and
|Aut(Cy)| = 1275541328062914232320000. Their weight enumerators are
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Table 3: The most common orders of automorphism groups

d =2 | # codes 10537172 10140257 6864707
| Aut(C)] 8 2 32
d=4| # codes | 2532173617 1066608320 365208531
| Aut(C)| 4 16 64
d =06 | # codes | 3841168936 28685425 1621556
| Aut(C)] 1 2 4
d=8 | # codes | 9987996 189687 24717
| Aut(C)| 1 2 4

Table 4: The most common partial weight enumerators

d=2| # codes 1084280 1068254 1007808
W'(z) | 22 +920 418928 22 4+1020 4+ 1912% 22 + 820 + 18728

d=4 | # codes 183734248 179135519 173643537
W'(z) | 2* +820 +14928 2% + 920 + 15128 2% + 720 + 14728

d=6 | # codes 358251949 348080056 333531803
W'(z) 725 + 13928 620 + 13728 820 + 14128

d =8 | # codes 4674608 3597997 1511827
W'(z) 14128 12528 15728

Wi(y) = 1+ 126y* + 128y° + 254198 + 4480y'0 + 19048y'2 + 3494494 +
62738y 104222592y + 355380120 +2225921%2 + 627382+ +34944y%0 +19048y 8 +
4480y + 2541332 + 128y + 126y°¢ + 3.

Wo(y) = 14+190y* +4845¢8+38760y2 + 125970416 4709044920 +125970y%* +
38760y2% + 4845132 4 190y36 4 440,
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