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Abstract. Two classes of binary quasi-cyclic Goppa codes is considered. True
parameters and codeword structure of these codes is proposed.

1 Inroduction

Let us consider the relation between two classes of quasi-cyclic Goppa codes

I'(L,G(z)) and I'*(L*, G*(x)), where
G(z) =271 41, (1)

G*(x) = 2! +1, (2)

t=2L c GF(2%),L* c GF(2%).
In [1], [2] the true values of parameters for these codes have been obtained.
The code I'(L, G(x)) has the minimal distance

d=2t—1 (3)

and the number of information symbols is

k:tQ—t—2l(t—g). (4)

The code I'*(L*, G*(z)) has the minimal distance
d* =2t +3 (5)
and the number of information symbols is

k*:tZ—t—Ql(t—%)—l. (6)

In this paper we will examine the codeword structure of these classes of the
codes and we will show how the codewords from one class I'(L, G(x)) can be
transformed into the codewords of another class I'"(L*, G*(x)).
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2 Codeword structure of the binary I'(L, G(x))code

It is easy to show that I'(L, G(x)) code is the quasi-cyclic code with the length
of cycloid (t — 1) and number of cycloids ¢. Moreover, the codewords of this
code have one fixed position - {0}. Therefore the total length of the code is

n=tt—1)+1 (7)

The numerators of the codewords of the I'(L, G(x)) code can be represented
in the following form:

I — {ﬂl, ﬁiOzH_l, ﬁi&(t-‘rl)Q7 - ﬁia(t—i_l)(t_z)}i:l,“.,t U{0}7 (8)

where 3 = a2l =qt-! , v is the primitive element of GF (2%), and {3, fial*!,
Biatth2 ﬁia(t“)(t*m} are numerators of positions that form the correspon-
dent cycloids.

By using the representation of the set L as (8) it is possible to write the
parity check matrix H of the code in the following form:

T 1 1 1 . i
ﬂz(t—l)+1 ﬁz(t—l)+1 ﬂl(t_l)-‘rl 1
% Igzat-&-l ﬂla(t+l)(t—2)
BG-D11 B 11 B3G—D11 0
Bit—2) Bi(t=2) o (t+1)(t-2) Fit=2) o (t+1)(t-2)(t—2) 0
ﬂi(t—l)+1 Bi(t_1)+1 ﬂi(t_l)—‘rl 0
1 1 1 .
| - d=1,...,t |

It follows from representation (9) that in any code from the I'(L, G(x)) code
class only the codewords that have 1 on position {0} will be the codewords with
the minimal weight d = 2t — 1. The codewords with 0 on this position have an
even weight and it will be shown that the minimal weight of such codewords is
equal to 2t + 4.

3 Transformation of the codewords from the class
I'(L,G(z)) into codewords of the class I'*(L*, G*(x))

Let us consider now I'; (L1, G(z)) code obtained as truncated I'(L, G(x)) code
by information position {0}, i.e., we remove all codewords with 1 on position
{0} from I'(L,G(x)) code. Then Ly = L\{0} and I';(L;,G(x)) code is still
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quasi-cyclic code with parity check matrix
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r 1 1 1 7]
ﬁi(tfl)_;'_l ﬁi(tfl)_;'_l ﬁi(tfl)_’_l
i Biattl Blat+D(E-2)
/Bi(t71>+1 ﬁi(t71)+1 ﬂi(t71)+1
Hy = . . :
Bi(t—2) ﬁi(t—Q)a(t+1)(t—2) ﬂi(t—Z)a(t+1)(t—2)(t—2)
ﬁi(tfl)_;'_l ﬁi(tfl)_;'_l ﬁi(t71)+1
- 1 1 1 Ji=1,...,t
ﬁi(tfl) /Bi(tfl) ﬁi(tfl)
Lemma 1 The rows [ DT BODT BT |y, and

geeey

1 1 1
|: ﬂi([@i(t—l)+1) Biat+1(ﬁi(t—l)+1) ﬁia(t+1)(t—2)(ﬁi(t—l)+1) i1t can be repre-

sented as a linear combination of the correponding rows 0}' the parity check

matriz Hy.

From Lemma 1 we obtain that the matrix H; can be rewritten in the fol-

lowing form:

1

- 1 1 -
ﬂi(ﬁz‘(tl—l)_’_l) /3iat+1(ﬂli(t—1)+1) ﬁia(t+1)(t—21)(ﬂi(t—1)+1)
ﬂi(t—l)+1 ﬁi(t—l)+1 5i(t—1)+1
ﬁi I@iat+1 ﬁia(t+1)(t_2)
H1 _ 6i(t—1)+1 Bi(t—1)+1 ﬁi(tfl)_f_l
ﬁi(t—2) ﬁi(t—2)a(t+1)(t—2) ﬂi(t—2)a(t+1)(t—2)(t—2)
ﬁi(t—l)+1 ﬁi(t—l)+1 ﬁi(t—1)+1
i 1 1 1

di=1,.t

Obviously that this matrix is parity check matrix for the code I'2(La, G2(z))
where Ga(z) = 2! +x , Ly = L. This code is still quasi-cyclic with length of
cycloid t — 1 and the number of cycloids is ¢, i.e., ng = t(t — 1).

Theorem 1 The minimal distance of I'o(La, G2(x)) code is do = 2t + 4 and
number of information symbols is ko = k1 — 1.

Lemma 2 Ly = {GF(2*))\{{a™V i =0,...,t -2} J{0}} .

Let us consider now the following substitution: * — z 4+ v , where v €
GF(2%) and y'+v+1 = 0. Then Ga(z) =zl +x = 2+l 424y =2t +2+1 =
Gs(z).

Now, to proceed from the class I'(L, G(x)) in to the class I'*(L*, G*(x)) let
us prove the following statement.

Lemma 3 There exist t different elements v € GF(2%) such that v'4+~v+1 =0
where t = 2L,
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Proof. Let us choose some element w; € GF(2%) and let w§- +wj+1=1#0,
then obviously, that 7 € GF(2!). Indeed 72! = w§~2l +w]2-l +1= w§+wj—|—1 =T
Therefore 72 = 7 and 7 € GF(2!). It is easy to show that for any nonzero
element 7 there exists ¢ different values @, such that w§~ +wj+1=7. Then, as
the number of nonzero elements 7 from GF(2!) is 2! — 1, we will have N = (2! —
1)t elements w; € GF(2%) such that wh+wj+1#0. N = (20 —1)2f =22 2L,

Therefore in the field GF(2%) § = 2! elements w; such that wj» +wj+1=0
can be found. 0

If we will choose one of these w; as v then v' +~v+1 = 0. It is easy to show
that L3 can be represented as:

L3 = {/81 + Y, /BiO[tJrl + Y, /[B)z‘Oé(tJrl)2 =+ LRI ﬂia(t+l)(t72) =+ f}/}i:L...,t

Moreover, as v : Ga(y) = 1, i.e., element 7 is not a root of the Ga(v), then
accoding to the Lemma 2 there exist ¢, j such that :

Biat+i —

This means that in the set L3 we have one cycloid with element {0}. In the set
L3 it is also exist element {1}, as G3(1) # 0.
Obviously, the code I's(Ls, G3(x)) has parameters

ngzt(tfl),
kgzkgzkl—land
ds = 2t + 4.

Let us consider now I'j(L5, G3(x))—code obtained from I's(L}, G3(x))-code by
trancation on position {0}, i.e., Lj = L3\{0}.
The code I'j(L3, G3(x)) has parameters:

n§:n3—1, k§:k3:k2:k1—1, d§:d3—1:d2—1:2t—|—3.

Now let us use the following substitution: z — % Then

Ga(z2)=2"+z+1=y " +y ' +1—Gux)=¢' +y" " +1.

The set L can be defined as a set of elements of GF(2%) that are inverse by
multiplication to the elements of set Lj.

Ly ={(8'+) 7 (Ba T 4y) 7 (Bl H ) T (Bl ) T
Code I'} (L}, G4(x)) has parameters
ny =mn3=mn3—1,
ky = k3 and
&5 = ds — 1.
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Lemma 4 Code T (L}, Ga(x)) = TE(LE, Gs(x)), where Gs(y) = yGaly) =
Yt + oyt +y and L =1L1j.

Let us use the following substitution: y — w + 1, then
Gs(y) =y +y'+y — (u+ )"+ (u+ 1) +u=u"+1=Ge(y).

Lo = {(B'+7) 1 +1, (B al T +4) 71+ 1, (a2 4 )7 41, (BlatTDED p )yl p 1y,

From Lemma 2 and the above obtained result about the existence of the element
{1} in the set L3 it is obvious that the element {0} will appear in set Lg.

Theorem 2 The class of binary T's(Lg, Gg(x)) codes is the class of binary
quasi-cyclic T*(L*, G*(x)) codes with Goppa polynomial defined by formula (2)
and locator set L* = Lg .

Any codeword of this code is formed by (¢t — 2) cycloids of the length ¢ + 1
and one fixed position {0}.
I'*(L*,G*(z)) codes have the following parameters:

n*=ng=mns=ny=ng—1=t(t—1)—1,
W =kg=hs=ki=ki=k—1, (10)
d*:d6:d5:d§:d3—1:2t+3.

Let us write for the sequence of the accomplished transformations: x — z4+v —
%+7—> u%rl—i-v. Therefore u = ﬁ%—l: (z+7)" 1+ 1

4 Conclusion

As it was shown above the codewords from the class of the binary quasi- cyclic
I'1 (L1, Gi(z))-codes with cycloid length (¢ — 1) and cycloid number ¢ and the
fixed position {0} can transformed into the class of the binary quasi-cyclic
I'*(L*, G*(z))-codes with the cycloid length (£ + 1) and cycloid number (¢t — 1)
and fixed position {0} by the sequence of simple transformations. The true
values for parameters of these codes are defined by formulas (3), (4), (7) and
(5), (6), (10) respectively.
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