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Abstract. In algebraic coding theory it is common practice to require that (n, q) =
1, where n is the word length and F' = GF(q) is the alphabet. In this paper, which is
about constacyclic codes, we shall stick to this practice too. Since linear codes have
the structure of linear subspaces of F™, an alternative description of constacyclic
codes in terms of linear algebra appears to be another quite natural approach. Due
to this description we derive lower bounds for the minimum distance of constacyclic
codes that are generalizations of the well known BCH bound, the Hartmann-Tzeng
bound and the Roos bound.

Definition 1. Let a be a nonzero element of F = GF(q). A code C of length n
over F' is called constacyclic with respect to a, if whenever x = (¢1,c¢2,...,¢p)
is in C, s0isy = (acp,C1, ..., Cpn—1).

Let a be a nonzero element of F' and let

F" — F"
Va : {(xl,xg,...,wn) — (aZn, 1, .oy Tn—1)
Then v, € Hom F™ and it has the following matrix
000...a
100...0

Bu(a)=B,=[010...0

000...0
with respect to the standard basis e = (ej,es,...,e,). The characteristic
polynomial of B, is fp,(z) = (—1)"(z™ — a). We shall denote it by f(z).
We assume that (n,q) = 1. The polynomial f(z) has no multiple roots and
splits into distinct irreducible monic factors f(z) = (—=1)"fi(z)... fi(z). Let

U; = Ker fi(1,), i = 1,...,n. For the proof of the following theorem we refer
to [1].
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Theorem 1. Let C be a linear constacyclic code of length n over F. Then the
following facts hold.

1) C is a constacyclic code iff C is a g —invariant subspace of F™;

2)C=U, @ - @Uj, for some minimal 1qa—invariant subspaces U;. of F"
and k :=dim pC = k;, + - - - + ki,, where k;, is the dimension of U; ;

3) fpale(@) = (1) fir (2) ... fi,(z) = g();

J) ceC iff g(Bu)c =0;

5) the polynomial g(x) has the smallest degree with respect to property 4);

6) r(g(Bpn)) = n — k, where r(g(By)) = n — k is the rank of the matriz
9(Bn).

Let K = GF(¢™) be the splitting field of the polynomial f(z) = (—1)"(z" —
a) over F, where 0 # a € F. Let the eigenvalues of ¥, be a1,...,a,, with
a; = Yaa', i =1,...,n, where « is a primitive n—th root of unity and {/a is
a fixed, but otherwise arbitrary, zero of the polynomial ™ — a. Let v; be the
respective eigenvectors, i = 1,...,n. More in particular we have

t
79

1 n—2

t n— .
B,v; =a;vi, vi= (" " 1), i=1,...,n.

Let us consider the basis v = (vy1,...,vy) of eigenvectors of 1,. We carry out
the basis transformation e — v, and obtain that

(03] 0 ...0
0 ag ... 0 1
D=1. . . =T"'B,T,
0 0 Qi
with
a1t a9 -1 (e7% -1
a1 —2 a2n—2 . ann—Q
T = :
aq €5 Qp,
1 1 1
Let u; = (a;, %, ..., ;" Y "), i=1,...,n. Then

<Vi’ uj> =

= (%)k: = (ai_j)k: n, fori=yj
0, otherwise

k=1 k=1

From this it follows immediately that
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u; aq 0412 ... Otlnfl o™
71 l 11.2 _ l (%) a22 ooV ™
n : n :
U, an a2 ...oav b,
Let h(z) = %. Let deg h(z) = n—k = r, and let its r zeros be a;,, iy, . . ., Q4.
and its k nonzeros «j,, aj,, ..., ;. It is obvious that the zeros of g(x) are the
nonzeros of h(x) and vice versa. Assume that ¢ = (¢1,c2,...,¢,) € F™ and let

¢/ = T~'c. We know c € C iff g(B,,)c = 0. The latter condition is equivalent to
g(D)c' = T71g(B,)TT 'c = T 'g(B,)c = 0, which, in its turn, is equivalent
toc;, =cj, =---=c; = 0. Hence, we get the following necessary and sufficient
condition for ¢ to be a codeword in C'

w,c=0,01=1,...,r

Theorem 2. Let C' be a linear constacyclic code of length n over F, g(x) =
Joalo(®) and h(x) = %. Let for some integers b > 1,5 > 1 the following
equalities

h(ap) = h(apr1) = = h(aps-2) =0

hold, i.e., the polynomial h(x) has a string of § — 1 consecutive zeros. Then the
minimum distance of the code C is at least .

Proof. If ¢ = (c1,¢2,...,¢,) is in C, then

wc=0,i=bb+1,...,04+6—2,

so that
2 n—1 n
Qap ap .. X ay c1 0
2 n— n
A1 Qppy -0 Opyp Qpyg 21 [0
2 n—1 n Is
Qp45-2 Apy59 - Vpir59 Xpys—2 " 0

Now let us suppose that ¢ has weight w < 6—1,1.e.,¢; Z 0iff i € {a1,a9,...,ay}.
Then the last equality implies

of ol \ ey o

1 w

Xyt Qp 1 Cay 0
al Aoy

Q1 - Y1 Cayy 0
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Hence, the determinant of the matrix on the left is zero. But this determinant
is equal to

Oflgl A Oz;;w Ma1 aalb o Maw aawb
1 w
g - oYy B Malaal(bﬂ) Mawaaw(b+1) B
a1 a b+w—1 btw—1
Ay g - Oty | ptramBremh e gow(bru=)
1 1
al a
= portrteglatoe | @0 G g
aal(wfl) o aaw(wfl)
where p = /a. The contradiction proves the statement. ]

The next result follows easily from Theorem 2.

Corollary 1. Let C be a linear constacyclic code of length n over F and let

Qpy Aptsy - - -5 Ap(5-2)s

are zeros of h(x), where (s,n) = 1. Then the minimum distance of C is at least

J.

The following theorem generalizes the Hartmann-Tzeng bound for linear
constacyclic codes. Its proof is close to Roos’ proof for cyclic codes in [2].

Theorem 3. Let C be a constacyclic code of length n over F, g(x) = f (),
h(z) = % and let « be a primitive n-th root of unity in K = GF(¢™). Assume
that there exist integers s,b,c1 and co where s > 0,b > 0, (n,c1) = 1 and
(n,c2) < 0, such that

Mty tize,) =0, 0<i3 <6 -2, 0<ip <.
Then the minimum distance d of C satisfies d > § + s.

Proof. We use induction on s. For s = 0 the assertion follows from Corollary 1,
since (n,c1) = 1. Take some s > 0 and assume that the theorem holds, i.e.,

W piyertines) =0, 0<ip <5—2,0<ig<s

defines a constacyclic code C' of minimum distance d > ¢ + s. We have that
ccCiffuec=0,k=>b+1i1¢c1 +i0cy, 0<i;3 <d—2,0 <1y <s.So, we obtain
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that Uc = 0, where U is the following matrix

ap ag . ag_l ap
2 n—1 n
bty Xy e o Xpre Ay e
2 n—1 n
Qb+ (6-2)cr Y+(6-2)er 0 Y+(5-2)cs Yp+(5-2)c1
2 n—1 n
Qptey Xy e, .. Wt e e
o a? a7l al
b+ci+co b+c1+co s b+c1+co b+c1+co
- . . . .
2 n—1 n
Ab(5-2)cites Yy (5-2)cri+ea *° Fb+(0—-2)cr+ca Xb+(6—2)citco
2 n—1 n
ab+302 ab+5(32 e ab+SC2 ab+502
o a? a7l al
btci+sc2 b+c1+sca s b+ci+sca b+c1+sco
o o? a1 al
b+(6—2)crtsca Mo (6—2)c1tsca 0 b+ (6—2)c1+sca “b+(5—2)c1+sca

From the definition of «; it follows that apiic, @ = Qpi(41)e,y 0 < 1 < s
and iy +1e, 0 = Qppiyer4(141)en> O < 21 < 0 — 2. Hence, every set of § — 1
consecutive zeros of h(z) is obtained from the previous one by multiplying by
06 = a®. It follows that if we multiply the first column by of U by 3, the
second column by by 2,..., the n—th column b,, by 5", the resulting matrix Uy
contains all rows of U except the first § — 1 rows, whereas its last § — 1 rows are
new and correspond to the zeros apyy (sy1)eys - - - s Mo (5-2)c1 +(s+1)co - NOtE that U
need not be the full parity check matrix of C. However, we can interpret U as
parity check matrix for a code C* over K. If C* has minimum distance d*, then
clearly d > d*. We shall show that d* > 0 + s. Since d > d* this implies the

theorem. Since (n,c2) < 0, § has order e = (nan) > % > = and hence in the
sequence 3, 32,..., 3" each element occurs 2 < d* times. We now define the
matrix

Us /Bbl /82b2 R ﬁnbn '

We know that every d* — 1 columns of U are linearly independent. We shall
prove now that every d* columns of U’ are independent. In order to show
this, let us suppose that U’ contains d* columns which are linearly dependent.
Without loss of generality we may assume that these are the first d* columns.
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Then there will exist elements A1, Ag, ... g« € K (not all zero) such that

d*—1

ZAb _Z)\zﬂ’b =0, and so Z)\ — 8¥)b; = 0.

Since any d* — 1 columns of U are linearly independent, it follows that \;(3* —
Bd*) =0for 1 <i<d*— 1. However, \; # 0 for 1 < i < d*, again because
no d* — 1 columns of U are linearly dependent. Hence, we obtain 3 = 3% =

- = A%, which contradicts the fact that in the sequence 3,32, ...," each
element occurs less than d* times. It immediately follows that the constacyclic
code C" with zeros apiije;tigeys 0 < i1 <0 —2,0 < iy < s+ 1 of h'(x), where

h'(z) = 7 ]‘C (sz)’ has minimum distance at least d* 4 1. O
Plor

Next, we shall derive an even more general bound for the minimum distance
of constacyclic codes, which is similar to the so-called Roos bound for cyclic
codes in [3]. Our proof and notation are also very close to the proof in [3], and
therefore we shall partly omit it.

Let K be any finite field and A = [a;, a9, ..., a,] any matrix over K with n
columns a;, 1 < i < n. Let C'4 denote the linear code over K with A as parity
check matrix. The minimum distance of C4 will be denoted as d4.

For any m x n matrix X = [x1,X2,...,X;,| with nonzero columns x; € K™
for 1 < i <n, we define the matrix A(X) as
ri1a;p r12a2 ... Tipdn
Io1al Tg2day ... Iopan
AX) = ) .
ITm1dl Tm2d2 ... Tmndn

The following lemma describes how the parity check matrix A for a linear code
can be extended with new rows in such a way that the minimum distance
increases. A proof of this result is given by Roos (cf. [3]).

Lemma. If d4 > 2 and every m X (m + d4 — 2) submatrix of X has full rank,
then dA(X) >dga+m—1.

Definition 2. A set M = {aj,,j,,...,a;} of zeros of the polynomial ™ — a
in K = GF(q™) will be called a consecutive set of length | if a primitive n—th
root of unity 5 and an exponent i exist such that M = {B;, Bix1,- .., Biti—1},
with Bs = Yaf®. More generally, one says that M is a consecutive set of n—th
roots of unity if there is some primitive n—th root of unity B in K such that M
consists of consecutive powers of (3.

Let N = {o,,aj,, ..., } be a set of zeros of the polynomial 2™ — a. The

t x n matrix over K the js—th row of which equals (o, a?s, . ,a?s) will be



242 ACCT2008

denoted by Upy. (If N is a set of n—th roots of unity, the analogous matrix
over K will be denoted as Hy.) So, it is clear that Uy is a parity check matrix
for the constacyclic code C having N as a set of zeros for h(x). Let Cy be the
constacyclic code over K with Uy as parity check matrix, and let this code have
minimum distance dy. So, the minimum distance of C is at least dp, since C'
is a subfield code of Cn (cf. [3]).

Theorem 4. If N is a nonempty consecutive set of zeros of the polynomial
2™ —a and if M is a set of n—th roots of unity such that |M| < |M|+ |N| for
some consecutive set M containing M, then dyy > | M|+ |N|.

Proof. Let us define A := Uy and X := Hj;. Then one may easily verify
that A(X) = Unmn, where M N is the set of all products mn, m € M, n €
N. Since N is a nonempty consecutive set, dy = |N| + 1 > 2. Hence, the
assertion of the theorem follows from the lemma above if in the matrix H,
every |M|x (|M|+|N|—1) submatrix has full rank. It is sufficient to show that
this is the case if |M| < |[M| -+ |N| for some consecutive set M D M. Observe
that H)y is a submatrix of Hyz, and that in Hyz every |M| x |[M| submatrix is
nonsingular, since the determinant of such a matrix is of Vandermonde type.
So, it immediately follows that every |M| x | M| submatrix of Hj; has full rank.
Since |M| < | M|+ |NJ|, this implies that every |M| x (|M|+ |N| — 1) submatrix
of Hps has full rank, which proves the theorem. O
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