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Abstract. The recurrent algorithm for construction of ordered basis of symmetric
group with degree n = 2% is given. It is shown that the number of transpositions
constituting such basis is equal to O(nlogs n). This value exceeds the order of lower
bound estimation only in coeflicient log, n.

1 Introduction

Let Sx be a symmetric group with degree | X| on a set of numbers X. By S,
denote group Sx if X ={1,...,n}.

Let 71, 75, ..., 7. be an ordered set of transpositions of Sx, where
r < C"QX|. We shall denote such ordered system of transpositions by ¥ and
represent as:

V=77 ..17,
where the transpositions’ number r will be denoted by |¥|.

Definition 1. The system V¥ is called ordered basis of symmetric group Sx if
any permutation Px € Sx can be represented as
Px = T\ 1T,2 ... T,

T

where v; € {0,1},7 = 1,2,...,7. Note that there can exist several vectors
(Y1, .- .,7) Tepresenting the same permutation Px.

In [1], we announced a result that can be easily used to show the existence of
algorithms for constructions of ordered bases with the transpositions’ number of
order % C2. Also there it was supposed that 7 should be close to value n log, n.
This assumption corresponds well to the rough upper bound of factorial

1
nl < n" = 2nlosen,

The obtained result is based on that the degree n of symmetric group S, is
chosen to be equal to n = 2%, k > 3. Such choice allows successively partitioning
set of permutated objects in two equal-sized subsets. At each stage of partition,
"mixing” among objects is introduced, for example, by permutation (7). The
main results are formed by relations (3) — (6).
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2 Main results

2.1 Part1l

Consider a symmetric group Sx at | X| = 4m, where m > 2. Partition the set
X ={z1,...,Tam} into two subsets, O and E:

QUE=X, ONE=g, |O|=|E|=2m . (1)

Let Px £ Pour be any permutation of group Sy = Sgug. It is evident
that

P B ®/ E/ ©// ]E// B ©/ ©// E/ IE// @// IE”
OUE — @/ ]E/ ]E// ©// = (O)/ ©// ]E/ IE// E// @// 5

where 0 =0 UOQ" =0' U @”, E=F UE'=E UE" and notation

A o a1 a ... ap

B~ b by ... bwlzm‘ y A=Hayaz,.apd B= {0102, by s

|A| = |B|. Therefore,
Proposition 1. Any permutation Pour of group Sour can be factored as

Pouk =Po - P To,E (2)

where Py and Py are some permutations belonging to symmetric groups Sg and
Sk correspondingly, and a permutation To r of group Sour has the form as

( o o ) 2 (0*,E*), where O* C O, E* CE. (3)

Definition 2. An ordered system of transpositions of group Sgoug s called
system generating permutations of the form SoGr7o,k, if To,r can be any
permutation of the form (3), and &g, &g are some permutations of groups Sg,
Sk correspondingly.

Proposition 2. Let Vg and Vg be ordered bases of groups Sgp and Sg corre-
spondingly. Let Yo g be an ordered system of transpositions of group Sour, and
this system generates permutations of the form GoGgTo k. Then the system

Your = VYo Vg Yor (4)
is the ordered basis of group SpuEk.
Proof Follows directly from the factorization (2) and that

Po-Pr-Tor= PoGo ' Pebr '  Go6rTox -
N N — ——

Yo Vg Yo,k
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2.2 Part 2

Partition the set @ into subsets @1, Oy and the set E into subsets Eq, Eo by
the same way as in (1). Thus,

O1UOQ =0, 01N0Oy =g, EiUE, =E, EsNEy, =9,

Where |@1|:|@2’:|E1|:|E2‘:i|X|:m.

_ 11 1 _ 2 2 2 _ {1 1 1
Let ;0)12— {01502,...,0m}, Oy = {07,05,...,05,}, E1 = {ej,e3,...,€5,},
Eo = {e7,€5,...,¢e5,}. o
k -, 1372 ..
Consider an ordered system of transpositions \11(0)171@2;(0)271@1 consisting of

m transpositions of the form (011,621 (Z.)) and m transpositions of the form

(032,6;2(]-)), where 1 <t <m, 1 < j < m, and 7, my are some permutations

defined on the set {1,2,...,m}. In expanded form such system is represented
as:

1572 _ 1 2 1 2 2 1 2 1
\IJ©1,E2;©2,E1 = (01,em(1)> . (Om,em(m)) (01,87‘_2(1)> . <Om,€ﬂ2(m))

Definition 3. Consider O C O, E CE.
Let O 0 <K denote that at any 6 € O and é € E transposition (6, ¢)

does not belong to the system W' g o & .

~ ~ ~ ~ ~ ;T
IfO = {61,60,...,00}, E={é1,62,...,8}, |0 = [E| = v then let O = 'o <
E denote that all transpositions (0;,€;), < i < v, belong to the system
T T
Vo, ;005

Proposition 3. Let Vg, g, and Yo, Rk, be some ordered systems of transposi-
tions generating permutations of the forms &o, 6,70, k, and So,6r,70,,E,
correspondingly. Then the system

_ ;T2
Yor = Yo,k Y0, E, \1101,15‘,2;@2,15‘,1 (5)

generates permutations of the form GoGgTo g at any m and .

Proof. Consider any permutation 7p g = (0*,E*), where O* C O, E* CE.
Suppose O* = O] U O3 and E* = E] UEZ, where O] C Oy, O3 C O, E] C Eq,
E; C Es.

Let O* = {01,092, ...,0t}, E* = {e1,e2,...,e}, and let OF, = {of,05,...,08},
Ej = {eﬁ3 ) eg Yo ,ef } be the sets obtained by renumbering elements of the cor-
responding sets O*, E* by means of permutations «, 3 defined on the set
{1,2,...,t}: off = 04, e? = egu), 1 <1 < t. It is obvious that at any a,
0 there exist such permutations é@, éE of groups Sgp, Sk correspondingly that
(0, E*) = 606y - (@Z,EE)
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The sets 07, O3, E7, E5 can be partitioned into the following subsets:

0 =o'k E2, o Ql = E2 . 0LU0) =03, EyUE, =E;, 0,0} =, BN E) =o;
0, SN2 B 0’2’ ZleX E1 . 0,U0) =03, E,UE, =E;,0,n0) =@, E,NE, =,
0 =0,u0y; E =E/UE,; O ZSXE,|0|=|E.
There exists such renumbering of elements for each of the sets O*, E* that
* * ~! ! / ’ " 1 " "
T(O),]E = (@ ,E ) = G(D)SE : (O B )(017E2)(027E1) .

Whereas |O'| = |0} + |05| = |E}| + |Ey| = |E'|, three cases are possible:

1) [01] = i1, 103 = |Esi 2) 101] > 1L, 103 < |E3i 3) 104] < |E,

05| > |Ey] - / )
Without loss of generahty consider only case 2) : |O | > |E1\ |Oy| < |Ey] .
Let 01U01 = 017 01ﬁ01 = U, (‘:QUEQ = E2, 52(752 = U, (2:\1 =

~

E,, 05 = 0}, where |01] = |&1], |O2] = |E], |O1] = |E]. Also O =0 < &,
since O’ :Iéﬂi E. P
There exists such renumbering of elements for each of the sets O, £ that
(O',E') = 64565 - (01,)(02,8)(01,&) .
It is clear, there exist such sets @2 € s, EAl € E; that
02>0<51, |(92’—|51|—|01|—|52‘ OQﬂOQ g, glﬂé\l:@

It is also evident that (01, 52) = (Ol, Oz)(gl, 52) . (01, é\l)(@g, 52) : (62, é\l) .
This implies that

(0 E') = 6565 (01,61)(02, &) - (O1,02)(E1, &) - (01, 1) (02, E) - (0a, &) .
Since 01 N @1 =, 0N @2 =2, &N 51 =0, &N (2;\2 = &, it follows that

To, & = 6584(01,02)- 8565 (€1, 82)-(01,€1)(01, 1) - (02, €2) (02, E2)- (O}, Ey )(02,€1)(03 , EY ) .

Each of the systems Uq, g,, Yo, E, generates permutations of the forms
60,6k, 70,,E:; 60,6E,70,,E, correspondingly. Suppose
To,.k, = (01,61)(01,&1), To,.E, = (02,)(0s,&). Then

G@GET@,E - 6@1 6E1T®1,]E1 ) 6@261327@2,132 : (Olllﬁ EIZI)(@% é\l)(og7 E;) )

Yorky Yoy, \Ij‘gi ’£22 02,E1
where S5' = 6,6(01,0,) 656!, 65! = 6;6,(61,8) 6565 Each
of three permutations marked out in previous expression is generated by corre-
sponding ordered system of transpositions.
Based on that the permutation 7g g is any, it follows that the system Yo g
generates permutations of the form GoGg7p x at any 71 and 7y as they have
been choosing at random. Proposition is proved.
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2.3 Part 3

Using relations (4) and (5), we recurrently construct an ordered basis of sym-
metric group S,, at n = 2% k> 3.

At each step some sets are partitioned into two equal-sized subsets, that is,
if |A| = 2t then |A;| = |As| = t. By analogy we shall partition the original set
X ={1,2,3,...,2"} and apply (4) to being divided subsets till their minimal
size is equal to 4. Let us use that if A = {aq, a9, a3, as} then

Ua = (a1,a3)(a1,a4)(az,as)(a1,az)(as, aq) (6)

is the ordered basis of group Sj.
Suppose that in relation (5) for all subsets

1 2 ... m—1 m k—2
pu— pu— < < .
= <m m—1 ... 2 1)’1\m\2 (™)

We shall apply (5) until the minimal size of subsets is equal to 2.

Example. Consider n = 22 = 8, X = {1,2,3,4,5,6,7,8}. Let X° =
{1,3,5,7,9,11,13,15}, X! = {2,4,6,8,10,12,14,16}, X = {1,5,9,13}, X =
{3,7,11,15}, X0 = {2,6,10,14}, X! = {4,8,12,16}. Then

\I/X - \I/Xo\I/Xl \I/X()’)(l - \I/XoO\IIXOI \I/X007X01 \I/X10\I/X11 \I’X107X11 \I/X07X1 .

Let X% = {1,5}, X% = {9,13}, X%, = {3,7}, X, = {11,15}, X10) =
{2,6}, X0 = {10,14}, X'y = {4,8}, X1} = {12,16}. Then

— ;T2

\IJXOO,X(H = \I]XOO(%XOIO\I]XOOLXOII\IJXOO(),X(nl;XOOl,XOlo
— ;T2

\IIX107X11 - \IleOlelO\IJXthXHl\IIXwO,XHl;Xlol,Xllo

Let X% = {1,3,5,7}, X% = {9,11,13,15}, X'y = {2,4,6,8}, X!} =
{10,12, 14,16}, X% = {1,3}, X% = {5,7}, X% = {9,11}, Xy = {13,15},
Xt ={2,4}, X1o1 = {6,8}, X1ip = {10,12}, X'y; = {14,16}. Then

_ w15
Uxoxt = Wyo, x1,Wxo0, x1, ¥y 1, xo0, x1,
_ ;T2
\IIXOO,Xlo - \IIXOOO,XloolllXOOthol\IIXOOO,Xlol;X%l,XlOO’
_ ;T2
Pyo, x1, = \IIX0107X110\IJX011,X111\IlX01o,Xl11;X°117Xl10

Whereas | X%| = | X% = | X109 = | X!!| = 4, then applying (6), we obtain



Kalinchuk, Sagalovich 139

Yx = (1,9)(1,13)(5,9)(1,5)(9,13) (3,11)(3,15)(7,11)(3,7)(11,15)

¥ 00 Vo1
(1,3)(5,7) (1,7)(5,3) (9,11)(13,15) (9,15)(13,11) (1,15)(5,11) (9,7)(13,3)
\I/XOOO>XOIU ‘I/XOOLXOH ‘I'Qo;oﬁxoll; x00, x01,

(2,10)(2, 14)(6,10)(2, 6)(10, 14) (4, 12)(4, 16)(8, 12)(4, 8)(12, 16)

N4 N4

x10 x11
(2,4)(6,8) (2,8)(6,4) (10,12)(14,16) (10,16)(14,12) (2,16)(6,12) (10,8)(14,4)
Tx104,x11, Tx10, x11, ‘1’211;07;2’}(111:)(101‘;(110

(1,2)(3,4) (1,4)(3,2) (5,6)(7,8) (5,8)(7,6) (1,8)(3,6) (5,4)(7,2)

L)

W LT
x1 x0,,,x1 4
00 00 01 01 X000,X1015 X001, X100

(9,10)(11,12) (9,12)(11, 10) (13, 14)(15, 16) (13, 16)(15, 14) (9,16)(11,14) (13,12)(15,10)

W w15y
Xx040,x1 x0,,,x1
10-X710 11,X 11 x0y0,%111;Xx0;1,x1,

(1,16)(3,14)(5,12)(7,10) (9,8)(11,6)(13,4)(15,2)

v

L2
Xx00,x11;x0, x1

It is easy to see that such construction of ordered basis results in the fol-
lowing recurrent relations for the number of transpositions in ordered systems
involved in construction.

Consider relation (5). Let |Wor| =r(n), [Yo, & | = [Yo, 5| = (%)

Since | 2. 0, 5, | = 5 then r(n) =2 r(%)+%2, and r(2) = 1. Therefore,

|Yor| =r(n) = Eloan .
Consider relation (4). Let |¥our| = I(n), |¥o| = [Pg| = I(%). Then

=21(3)

Since also I(4) = 5 (it follows from (6)) then
|, | =1(n) = Z - (logan +logyn — 1) = O(nlogan) .

This implies that at n = 2* the ordered basis constructed by such recurrent
way consists of O(nlog3n) transpositions. Note that this number differs from
the lower bound estimation for the number of transpositions in ordered bases,
namely, differs from log, n! only in factor O(log, n).
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