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Construction of a self-dual [94, 47, 16] code
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Abstract. The existences of an extremal doubly even self-dual [96,48,20] code
and a self-dual [94, 47, 18] code are equivalent. The largest minimum weight among
self-dual codes of length 94 was previously known as 14,16 or 18. In this note, a
self-dual [94,47,16] code is constructed for the first time.

1 Introduction

A (binary) [n, k] code C is a k-dimensional vector subspace of Fj, where Fo
is the field of two elements. An [n,k,d] code is an [n, k| code with minimum
weight d. A code C is self-dual if C' = C* where C* is the dual code of C. A
self-dual code C' is doubly even if all codewords of C' have weight divisible by
four, and singly even if there is at least one codeword of weight = 2 (mod 4).
Note that a doubly even self-dual code of length n exists if and only if n is
divisible by eight. It was shown in [9] that the minimum weight d of a doubly
even self-dual code of length n is bounded by d < 4[n/24] + 4. In [10] it is
proved that the same bound is valid also for the minimum weight d of a singly
even self-dual code of length n unless n = 22 (mod 24) when d < 4[n/24] 4 6
or n =0 (mod 24) when d < 4[n/24] + 2.

An extremal doubly even self-dual [24k, 12k, 4k + 4] code is known for only
k = 1,2, namely, the extended Golay [24, 12, 8] code and the extended quadratic
residue [48,24,12] code. It is not known if there exist other extremal doubly
even self-dual codes of length 24k. It was shown in [10] that the existences
of an extremal doubly even self-dual [24k, 12k, 4k + 4] code and a self-dual
[24k — 2,12k — 1,4k + 2] code are equivalent. From this viewpoint, it would be
interesting to determine the largest minimum weight among self-dual codes of
length 24k — 2. The largest minimum weight among self-dual codes of length 70
is known as 12 or 14, and the largest minimum weight among self-dual codes of
length 94 was previously known as 14,16 or 18 (see [4, Table VI], [6, Table 2]).

In this note, a self-dual [94,47,16] code is constructed for the first time.
Hence the largest minimum weight among self-dual codes of length 94 is 16 or
18.
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2 A self-dual [94, 47, 16] code

2.1 Construction

An automorphism of C' is a permutation of the coordinates of C' which preserves
C and the set consisting of all automorphisms of C' forms a group called the
automorphism group of C'. Extremal doubly even self-dual codes with auto-
morphisms of a fixed odd prime order have been widely investigated (see e.g.,
8], [11)).

Suppose that o is an automorphism of order 23 of a self-dual [94, 47, 16] code.
By [11, Theorem 1], one can show that o consists of four 23-cycles together with
two fixed points. Using the technique developed by Huffman [8] and Yorgov
[11], we have found a self-dual [94,47,16] code Cgys with an automorphism of
order 23. The code Cyy has the following generator matrix:

a a

a 1

€1 €2 €2 )
€1 €3 €4

2 s N

fo fa bit

where ais the all-one’s vector of length 23, e; (¢ = 1,2,3,4) and f; (j = 1,2,3,4)
are the 11 x 23 circulant matrices M with first rows 7:

M r M r

e1 | (10000101001100110101111) | e2 | (11010001001111110100100)
es | (10001110110000111010101) | e4 | (10001000010001010011100)
fi1 | (11111010110011001010000) | f2 | (10010010111111001000101)
fs | (11010101110000110111000) | f4 | (10011100101000100001000)

and the blanks are filled up with zero’s.
Hence we have the following;:

Proposition 1 There is a self-dual [94,47,16] code. The largest minimum
weight among self-dual codes of length 94 is 16 or 18.

Remark 2 The largest minimum weight among known linear [94,47] codes is
currently 16 (see [7]).

2.2 Weight enumerators

Let C be a singly even self-dual code and let Cy denote the subcode of codewords
having weight = 0 (mod 4). Then Cj is a subcode of codimension 1. The
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shadow S of C is defined to be Cg \ C [2]. There are cosets Cy,Ca, C3 of Cy
such that C’OL = CouUC1UCyUC3 where C' = CyuU(C5 and S = C1UC3. Shadows
are often used to provide restrictions on the weight enumerators of singly even
self-dual codes.

By Theorem 5, 4) in [2], a self-dual [94,47,16] code C and its shadow S
have the following possible weight enumerators:

We =1+ 2ay'% + (134044 — 20 + 1283)y'8

+ (2010660 — 30c — 8965 + 81927)3?°

+ (22385348 + 30 + 12805 — 1064967 — 5242886y

+ (207307788 + 210a + 53763 + 5816327 + 99614728)y*!

+ (1545393276 — 2100 — 180483 — 1597440~ — 880803844)y*® + - - - |,
Ws =0y” + (v — 226)y" + (=3 — 20y + 2318)y"!

+ (o + 188 + 190y — 15408)y*®

+ (1072352 — 16a — 1536 — 1140 4 73156)y*°

+ (140151744 + 12000 + 8163 + 4845y — 263348)y*> + -+,

respectively, where a, 3,7, ¢ are integers. By Theorem 5, 3) in [2], we have the
restrictions (4,7) = (0,0),(0,1),(1,22). In the case (4,7) = (1,22), we have
B = —209 since the sum of two vectors in the shadow is a codeword. To save
space, we do not list the possible weight enumerators for each of the three cases.

We have verified that the number of codewords of weight 16 in Cyy is 6072
and that the minimum weight of the shadow is 15. Hence the weight enumerator
of the code Cy4 corresponds to (a, 3,7,6) = (3036,0,0,0). We have verified by
MAGMA that Cyyq has automorphism group of order 23.

2.3 A related self-dual code of length 96

Let C be a singly even self-dual code of length n = 6 (mod 8). Let C* be the
code of length n + 2 obtained by extending Cg- as follows:

(0,0, Co) U (1, 1, CQ) U (1, 0, Cl) U (0,1, 03)

where (z,y, C;) denotes the set {(x,y,2) € F3™2|z € C;}. Then C* is a doubly
even self-dual code [1]. In our case, Cg, is a doubly even self-dual [96,48, 16]
code since Cgq has shadow of minimum weight 15. The code Cgj; has the
following weight enumerator:

1+ 9108y + 3071328y2° + 370937840%%* + 18637739040y
+ 422086556775y>2 + 4552826872672y + 24292762502544*°
+ 65726907444000y** + 91447786444040y%% + - - - + y%.
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There are 30 known inequivalent doubly even self-dual [96, 48, 16] codes [3],

[4] and [5]. Since Cg, and the 30 known codes have different weight enumerators,
(4, is inequivalent to any of the known codes. We have verified by MAGMA
that Cg, has automorphism group of order 23.
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