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Sum Arrays

−2 −13 −45 −105 −165 −99 429
−2 −11 −32 −60 −60 66 528
−2 −9 −21 −28 0 126 462
−2 −7 −12 −7 28 126 336
−2 −5 −5 5 35 98 210
−2 −3 0 10 30 63 112
−2 −1 3 10 20 33 49
−2 1 4 7 10 13 16

3 3 3 3 3 3
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numbers around the 0s have closed formula
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 : 2, 5, 60, . . . ;

1

5n + 2



5n + 2
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 : 1, 5, 66, . . .

1
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5n + 3

2n + 1


 : 1, 7, 99, . . . ;

3

5n + 1



5n + 1

2n + 1


 : 3, 10, 126, . . .
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5n− 1

2n


 : 3, 28, 429



Berlekamp’s Problem

Berlekamp (1968, 2000)

1 1
1 1 2

1 1 1 2 5
1 1 2 3 7 19

1 1 1 2 5 9 23 66
1 1 2 3 7 19 37 99 293

Berlekamp defines an array to be unitary if any square
submatrix whose upper left corner falls on the boundary
of the array has a determinant equal to 1. For instance,
in the array above

det




1 1 1
1 2 3
2 5 9




= 1

Problem: Find exact formulas



History

Berlekamp 1963: burst-error correcting convolutional
codes, numbers reduced modulo 2 give a generating se-
quence for such codes

Berlekamp 1968: presents above combinatorial problem
at Waterloo conference

Berlekamp 2000: studies above sum array:” The pat-
terns are clear, but I know no explanation. Why does
the formula apply to an individual entry, then to sums
of pairs of entries, and then to the negative of an entry?
I have not found any simple formulas for the individual
entries within each pair which is summed together in
the above formulas.”

Carlitz, Rosselle, Scoville 1971: lattice path approach

T. 2003, 2008: generating function



Recursion via Lattice Paths

293
66 293
66 227

19 66 161
5 19 47 95
5 14 28 48

2 5 9 14 20
1 2 3 4 5 6
1 1 1 1 1 1

136
136

37 136
9 37 99
9 28 62

3 9 19 34
1 3 6 10 15
1 2 3 4 5

1 1 1 1 1 1



99
23 99
23 76

7 23 53
2 7 16 30
2 5 9 14

1 2 3 4 5
1 1 1 1 1 1

enumerate lattice paths below a line of slope 3
2 (or 2

3)



Generating Function, T. 2002, 2008

a(x) = g(1,3,1)(x) =
∞∑

n=0
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x

n−x

2
·[h(1,3,1)(x)]2

= 1 + 2x + 23x2 + 377x3 + . . .

b(x) = g(1,3,2)(x) =
∞∑

n=0

1
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2n


x

n+
x

2
·[h(1,3,1)(x)]2

= 1 + 3x + 37x2 + 624x3 + . . .

g(2,3,1)(x) =
∞∑

n=0

1

5n + 2
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x

n

= 1 + 5x + 66x2 + 1156x3 + . . . = a(x) · b(x)

h(1,3,1)(x) =
∞∑

n=0

1

5n + 3
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2n + 1


x

n

= 1 + 7x + 99x2 + 1768x3 + . . . = a(x)2 · b(x)

h(1,3,2)(x) =
∞∑

n=1

1

5n− 1



5n− 1

2n


x

n−1 − 1

2
[g(2,3,1)(x)]2

= 1 + 9x + 136x2 + . . . = a(x)3 · b(x)

h(2,3,1)(x) =
∞∑

n=1

1

5n− 1



5n− 1

2n


x

n−1 +
1

2
· [g(2,3,1)(x)]2

= 2 + 19x + 293x2 + 5332x3 + . . .

= h(1,3,2)(x) + [g(2,3,1)(x)]2 = a(x)3 · b(x) + a(x)2 · b(x)2

= (a(x)+b(x))·a(x)2·b(x) = (g(1,3,1)(x)+g(1,3,2)(x))·h(1,3,1)(x)



Perodic Staircase Boundaries

Chapman, Chow, Khetan, Moulton, Waters; JCT A, to
appear:

126 659
126 533
126 407

10 45 126 281
10 35 81 155
10 25 46 74

1 3 6 10 15 21 28
1 2 3 4 5 6 7
1 1 1 1 1 1 1

closed formula for paths starting in (0,0) or in (1,0)

Proof via Reflection Principle

new proof via generating function



Gessel’s Probabilistic Approach

We shall consider paths in an integer lattice from the
origin (0, 0) to the point (n, un), which never touch any
of the points (m,um), m = 0, 1, . . . , n− 1.

un periodic, for instance, u0 = 2, u1 = 3, u2 = 5,
u3 = 6, u4 = 8, u5 = 9, etc.

For period length 2 the elements of the sequence (um)m=0,1,2,...

are on the 2 lines (for i = 0, 1, 2, . . .)

u2i = s + ci and u2i+1 = s + µ + ci,

Gessel’s probabilistic method is as follows. A particle
starts at the origin (0, 0) and successively moves with
probability p one unit to the right and with probability
q = 1− p one unit up. The particle stops if it touches
one of the points (i, ui).
The probability that the particle stops at (n, un) is
pnqun · fn.
Setting

f (t) =
∞∑

n=0
fnt

n =
∞∑

n=0
f2nt

2n+
∞∑

n=0
f2n+1t

2n+1 = g(t2)+t·h(t2)

the probability that the particle eventually stops is

qu0g(p2qc) + pqu1h(p2qc)

If p is sufficiently small, the particle will touch the
boundary (m,um)m=0,1,··· with probability 1. So for
small p and with t = pqc/d we have



q(t)u0g(t2) + p(t)q(t)u1h(t2) = 1

For p sufficiently small one may invert t = p(1 − p)c/d

to express p as a power series in t, namely p = p(t).
Then changing t to −t and denoting p(−t) by p(t) and
similarly q(−t) by q(t) yields the system of equations

qs · g(t2) + p · qs+µ · h(t2) = 1,

qs · g(t2) + p · qs+µ · h(t2) = 1

which for g(t2) and h(t2) yield the solutions

g(t2) =
p−1q−s−µ − p−1q−s−µ

p−1q−µ − p−1q−µ
=

qc/2−µ−s + qc/2−µ−s

qc/2−µ + qc/2−µ

and

h(t2) =
q−s − q−s

t · (qµ−c/2 + qµ−c/2)

By Lagrange inversion for any α we have

q−α =
∞∑

n=0

α

(c/2 + 1)n + α



(c/2 + 1)n + α

n


 · tn



Open Problems

1) formulas for further entries?

2) period length ≥ 3?

period length 1: Catalan numbers and generalizations

period length 2: our generating functions

period length ≥ 3: solve larger system of equations

q(t)u0f (0)(td) + p(t)q(t)u1f (1)(td) + · · ·+ p(t)d−1q(t)ud−1f (d−1)(td) = 1
q(ωt)u0f (0)(td) + p(ωt)q(ωt)u1f (1)(td) + · · ·+ p(ωt)d−1q(ωt)ud−1f (d−1)(td) = 1

... +
... + +

... =
...

q(ωd−1t)u0f (0)(td) + p(ωd−1t)q(ωd−1t)u1f (1)(td) + · · ·+ p(ωd−1t)d−1q(ωd−1t)ud−1f (d−1)(td) = 1

.

Written in matrix form where A = (p(ωit)jq(ωit)uj)i,j=0,...,d−1

this is

A ·




f (0)(td)
f (1)(td)

...
f (d−1)(td)




=




1
1
...
1




.






