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General definitions

e FJ is the set of all binary vectors of length n.
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e FJ is the set of all binary vectors of length n.

@ Any subset of FJ is called a binary code of length n.
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General definitions
e FJ is the set of all binary vectors of length n.

@ Any subset of FJ is called a binary code of length n.

o C is called perfect if for any vector x € FJ' there exists
exactly one vector y € C such that d(x,y) < 1.
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Definition (Isometry)

Isometry of FJ':
Aut(F)) = FA XS, ={(v,n) | v € F, 7 € S},

where X\ denotes a semidirect product, S, is a group of symmetry
of order n.
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Definition (Isometry)

Isometry of FJ':
Aut(F)) = FA XS, ={(v,n) | v € F, 7 € S},

where X\ denotes a semidirect product, S, is a group of symmetry
of order n.

Definition (Automorphism group)

The automorphism group Aut(C) — all the isometries of FJ' that
transform the code into itself:

Aut(C) = {(v,m) | v+ n(C) = C}.
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Definition (Automorphism group of a family of codes)

The automorphism group of any family of codes

P={Co, C,....,Cn}, PC FJ, m< n,is a group of isometries of
FJ that transform the set P into itself such that for any
ieM=1{0,1,...,m} thereexists je M, v € F, € S,
satisfying v + 7(G;) = C.
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Definition (Automorphism group of a family of codes)

The automorphism group of any family of codes

P={Co, C,....,Cn}, PC FJ, m< n,is a group of isometries of
FJ' that transform the set P into itself such that for any
ieM=1{0,1,...,m} thereexists je M, v € F, € S,
satisfying v + 7(G;) = C.

Definition (Automorphism group of a family of codes)

Every such isometry induces a permutation 7 on the index set M
that permutes the codes in the partition P:

T({C()a C17 cocy Cm}) = {CT(0)7 CT(1)7 0oy CT(m)}7

i. e. the automorphism group of the family P is isomorphic to
some subgroup of the group Sp11.
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Definition (Transitive family of codes)

A family of codes P is transitive if its automorphism group acts
transitively on the elements (the codes) of the family.
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Definition (Transitive family of codes)

A family of codes P is transitive if its automorphism group acts
transitively on the elements (the codes) of the family.

Definition (Equivalent partitions of codes)

Two partitions we call equivalent if there exists an isometry of the
space FJ' that transforms one partition into another one.
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@ S., 2004: several methods to construct transitive binary codes
are given;
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@ S., 2004: several methods to construct transitive binary codes
are given;

@ a class of perfect and extended perfect transitive codes for
any admissible length n > 31;
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Short overview

@ S., 2004: several methods to construct transitive binary codes
are given;

@ a class of perfect and extended perfect transitive codes for
any admissible length n > 31;

@ the number of nonequivalent perfect transitive codes of length
n =2k — 1 and distance 3 is not less than | k/2]2.
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Short overview

@ S., 2004: several methods to construct transitive binary codes
are given;

@ a class of perfect and extended perfect transitive codes for
any admissible length n > 31;

@ the number of nonequivalent perfect transitive codes of length
n =2k — 1 and distance 3 is not less than | k/2]2.

@ An analogous estimate is true for extended perfect transitive
codes.
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Short overview

@ S., 2004: several methods to construct transitive binary codes
are given;

@ a class of perfect and extended perfect transitive codes for
any admissible length n > 31;

@ the number of nonequivalent perfect transitive codes of length
n =2k — 1 and distance 3 is not less than | k/2]2.

@ An analogous estimate is true for extended perfect transitive
codes.

@ Transitive perfect codes have different ranks, for example, for

n=16' — 1,/ > 0 the ranks vary from n — log(n + 1) (the

log(n+1)
—i -

rank of the Hamming code of length n) to n —
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Short overview

e Malyugin, 2004, investigated transitive perfect binary codes of
length 15 and extended such codes of length 16.
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Short overview

e Malyugin, 2004, investigated transitive perfect binary codes of
length 15 and extended such codes of length 16.

@ Potapov, 2006, found the exponential number of transitive
extended perfect codes of small rank.
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Observation

Applying some switching constructions of partitions of the set F;
of all binary vectors of length n into perfect binary codes given in
1981 by S. (using Vasil'ev construction 1962) and also using
Mollard construction 1986 we construct transitive partitions of £
into transitive binary codes.
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Phelps, 2000, classified all partitions of FJ into Hamming codes of
length 7. Regardless of the fact that the Hamming code is unique
(up to equivalence) there are 11 such nonequivalent partitions.

Proposition

There exist transitive partitions of FJ and a transitive partition of
FJ into pairwise nonparallel Hamming codes of length 7.
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Theorem 1.

Let P" ={C{, ], ..., C}} be a transitive family of binary codes
of length n;

let B" be any binary linear code of length n with odd code
distance such that for any automorphism (y, ) € Aut(P") it holds

m € Sym(B").

Then the family of the codes

7)2n+1 {C2n+1 C2n+1 . 22;:]1%-}
€21 = {(x,|x|, x+y) : x € BTy € €7},
Cmr—’:;—&-l C2n+ + €nt1,

where | = 0, 1,...,m, is transitive.
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If every code in the family P" is transitive than every code of the
family P2"+1 from Theorem 1 is transitive.
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Let P" = {C{, (], ..., CJ} be a transitive partition of F}' into
perfect binary codes of length n. Then the family of the codes
from Theorem 1 is a transitive partition of the space F22”Jrl into
perfect binary codes of length 2n + 1.
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There exist transitive partitions of £ into transitive perfect codes
of length n for any n=2" -1, m > 3.
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There exist transitive partitions of full-even binary code into
extended transitive perfect codes of length n for any
n=2" m>4.
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Mollard construction

Let Pt and C™ be any two binary codes of lengths t and m
respectively with code distances not less than 3. Let

X = (X11,X12, -+ XL, X2Ly + + -, X2my + + + s Xt1y -+ -, Xem) € F3
The generalized parity-check functions p;(x) and py(x) are defined
by p1(x) = (01,02, .. Ut) S F2t’ p2(x) = (Ui,(fé,...,d:n) S S
where o; = 377 x;j and 0} = = > 1 x;. The set

={(x,y + p1(x),z + p(x)) | x€ F",y € Ptz C™}

is a binary Mollard code of length n = tm + t + m correcting single
errors.
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Theorem 3.

Let P* ={C§, Cf, ..., Cf} and P™ = {D§", Df",..., D} be any
transitive families of the codes of length t and m respectively
correcting single errors. Then the family of the codes

P" ={Cpn, Co1»-- -5 Cf

) ~tm

is transitive class of codes of length n = tm + t + m, correcting
single errors, where

Cf={(xy + P1(x),z + pa(x)) | x € Ff™,y € Cf,z € D'}

is Mollard code, i =0,1,...,¢t; j=0,1,....,m.
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Corollary 4.

Let Pt and P™ be any transitive partitions of F} and F}" into
perfect transitive codes of length t =2" — 1, r > 3, and

m =2 —1, 1 > 3, respectively. Then the construction B gives a
transitive partition of FJ' into perfect binary transitive codes of
length n =tm+t + m.
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Definition (Automorphism group)

Two Hamming codes of length n are called nonparallel if they can
not be obtained from each other using a translation by a vector of
FJ.
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Theorem 4.

Let Pt = {H}, Hf, ... Hf} and P™ = {H", H", ..., H'} be any
transitive partitions into pairwise nonparallel Hamming codes,
t=2"—1,r>3,and m=2"—1, /> 3. Then the family of the
codes

={(x,y + p1(x),z + p2(x)) | x € F}™ y € Hf,z € H’"}

i=0,1,...,t, j=0,1,...,m, is a transitive partition of FJ' into
pairwise nonparallel Hamming codes of length n = tm + t + m.
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Conclusions

@ Two constructions of transitive partitions of the set F;' into
binary codes are presented.

@ It is established that for any admissible n > 7, there exist
transitive partitions of FJ' into perfect binary transitive codes
of length n and distance 3.

e For any m =2k — 1, | > 6 there exist transitive partitions into
pairwise nonparallel Hamming codes of length n.
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Thank you for your attention!
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