Blocking Sets of Rédei type in Projective
Hjelmslev Planes

lvan Landjev'  Stoyan Boev?

"Department of Informatics, New Bulgarian University
and
Institute of Mathematics and Informatics, Bulgarian Academy of Sciences

2Department of Informatics, New Bulgarian University

June 16-22, 2008 / Xl International Workshop on ACCT,
Pamporovo

I. Landjev, S. Boev Blocking Sets in Projective Hjelmslev Planes



Outline

e Chain rings

e Projective Hjelmslev Planes over finite chain rings
@ The structure of PHG(R3,)
@ The affine planes AHG(R2)

© Blocking sets in PHG(R2)
@ Definition
@ Bounds of blocking sets in PHG(R3)

@ Blocking Sets of Rédei type in PHG(R3)
@ Definition
@ Construction and examples

I. Landjev, S. Boev Blocking Sets in Projective Hjelmslev Planes



Chain rings

Finite chain rings

An associative ring with identity (1 # 0) is called a left (right)
chain ring if the lattice of its left (right) ideals forms a chain.

R> R0 >...> R0 =(0)

Fact

If R is a finite chain ring, then every proper left(right) ideal of R
has the form RO' = 0'R, for some positive integer i. If
0 c rad R\ (rad R)?, thenrad R = R6.

Z4 ={0,1,2,3} >radZ4 = {0,2} > (0)
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Chain rings

Chain rings of nilpotency index 2

R: R>radR > (0), R/rad R~ Ty, |R| = ¢°

If g = p" there exist r + 1 isomorphism classes of such rings:

@ o-dual numbers overFg,Vo € AutFq : R, = Fgq @ Fqt;
addition — (xo + x1t) + (Yo + y1t) = (Xo + yo) + (X1 + y1)t,
multiplication — (Xo + x1t) (o + y1t) = XoYo + (Xoy1 + X1y§)t;

e the Galois ring GR(q?, p?) = Z[X]/ (f(X)), where f(X) is
monic polynomial of degree r, irreducible mod p.
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Projective Hjelmslev Planes over finite chain rings The structure of PHG(R?;,)
The affine planes AHG(E’%)

Projective Hjelmslev Plane PHG(R3)

e M= R M =M\ Mo,

@ P={xR|xe M}

@ L={xR+yR| x,y € M*, x,y linearly independent};

@ 7 C P x L —incidence relation;

@ < - neighbour relation:
(N1) XoYit3s te L,s#t: XIs,YZs, X1t YTt
(N2) sotif X, Y e P,X#Y: XZs,YZs,XTt, YTIt.

Definition

The incidence structure N = (P, £,Z) with neighbour relation
< is called the (right) projective Hjelmslev plane over the
chain ring R and we denote it by PHG(R3,).
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Projective Hjelmslev Planes over finite chain rings The structure of PHG(R?;,)
The affine planes AHG(E’%)

Combinatorics in PHG(R3)

o [Pl=|Ll=¢*(g°+q+1)
@ Every point (line) is incident with g(g + 1) lines (points).
@ Every point (line) has g? neighbours;

@ Given a point P and a line ¢ containing P there exist g
points on ¢ that are neighbours to P and, dually, exactly q
lines through P that are neighbours to ¢.

N,

Example (R = Z4)

[001] [010] [011]
[ @& @& | [ ) o | @& @& |
line <1,2,0> | (001)  (o21) \ ©10) (012) 1) (013
line <1,2,2> | @01 (221) \ (210) (212) @11 (231)
[ ) [ ) - ) ([ ) ([ ) [
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Projective Hjelmslev Planes over finite chain rings The structure of PHG(R?;,)
The affine planes AHG( Fu’% )

The structure of PHG(R2)

@ [P] — class of all neighbours to P;
[¢] — class of all neighbours to ¢;

@ P’ —the set of all neighbour classes of points;

@ L' —the set of all neighbour classes of lines.

@ 7' C P’ x L' -incidence relation, defined by
AR [P]I,[f] < 3Py € [P], 3 € [¢], PoZly.

The incidence structure (P', L', 1") is isomorphic to the
projective plane PG(2, q).
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Projective Hjelmslev Planes over finite chain rings The structure of PHG(F??;,)
The affine planes AHG( F\’E )

The structure of PHG(R2)

Example (R = Z4)

(001) (021) (010) (012) 011) (013)

foo1; ® [o10] °® ® o113 °
[ ] [ ] [ ] [ ] [ ] [ ]
(201) 2 (210) (212) (21 (231)
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Projective Hjelmslev Planes over finite chain rings The structure of PHG( F\'g)
The affine planes AHG(R2)

The structure of AHG(R2)

AHG(R2)
Points {(x,y) | x,y € R}

Lines {Y=aX+b|abe R}
{cY=X+b|cecradR,bec R}

A\

Example (R = Z4)

00 02 (1) (03) 010 012
& 0o ¥ o [01] e ©19 19401 '
° ° ° ° (210) (212)
(20) ( ) (23) (100) [100] (120)
a0 e (102) (122)
L4 hd hd L 10§ (130
[ ] [ ] [ ] [ ]

oy [101 2 3 [111 (33) (112) [110] (132)
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Projective Hjelmslev Planes over finite chain rings The structure of PHG(H%)
The affine planes AHG(R2)

Slopes of lines in AHG(R2)

Fact

LetT ={y =0,v1 =1,72,...,7%g-1},7i #~ mod rad A.
Then each element r of the chain ring R can be represented
uniquely in the form r = a+ 0b, where 6 € rad R\ {0} and
a,berl.

Definition

A line of type

Y = aX + b has slope a

cY = X + b has slope oo, where ¢ = ; + 0;
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Projective Hjelmslev Planes over finite chain rings The structure of PHG( F\'%)
The affine planes AHG(R2)

Slopes in AHG(R2)

Example (R = Z4)

line z=0
(112) (11b) ‘
[ [110] ®po|nt (1) —+ slope 1
29) 22) ©7) ©3) (5) s sromes
! oo ° R a%  agpem seee
line 2y=x & @ & 9
23) 1 122
(0D) (02) 1) (23) (122) Fid6 (12 2)0 nt(2) — slope 2
‘ @) 10) @ ) a (10gf " (@) 7 slopeo
no  °* m °
o o
° 'l ° ° o2 (0149;20 nt (GO, ) —+ slope OO
(32) (30) (11) (33) [010] -0 Pe 0
[ N U
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Definition
Blocking sets in PHG(F?%) Bounds of blocking sets in PHG(Rz)

Definition

Definition
The pointset B C P is called a k-blocking set if
@ BNP|=k,

@ BN/ >1foranyline e L,
@ there exists a line ¢ with |8 N {y| = 1.

Definition

The blocking set B is called irreducible if B \ P is not a blocking
set for every point P € 8.
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Definition
Blocking sets in PHG(R3 Bounds of blocking sets in PHG(R2,
R R

Theorem

Let R be a finite chain ring with |R| = g, R/rad R = F,. The
minimal size of a blocking set B in PHG(R3) is q(q + 1) and
then B is a line.

| \

Theorem

There exists an irreducible blocking set in PHG(R3) of size
Q> +q+1.

A

Example (R = Zy)

[100] [110] [120] [010]

line z=0 —@& @ L @ @ @ \ 4 @ \ 4 @ % %
o o ) [} o o [} [} [} [ ] [ ] [ ]

o o o <) <) o o o o o o o

A\
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Definition
Construction and examples

Blocking Sets of Rédei type in PHG(F!:;;,)

Blocking Sets of Rédei type in PHG(R3,)

Definition
Let T be a set of points in AHG(R%). We say that the infinite

point (a) is determined by T, if there exist different points
P,Q € T, such that P, Q and (a) are collinear in PHG(R2).

Example (R = Z4, T = {(00), (02)})

T line z=0
—F —
[ ) o o pomt(‘i'i‘O) —+ slope‘i'i‘o
o ey (012) (f10)
[00] [010]
(22) (212) ho)
[ ] [ ] p0|nt(‘i'i‘1) —+ slope‘i'i‘1
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Definition
Construction and examples

Blocking Sets of Rédei type in PHG(F!:;;,)

Blocking Sets of Rédei type in PHG(R3,)

Assume T is a set of g? points in AHG(R%), no two of which
are neighbours. Denote by D the set of infinite points
determined by T. If |D| < g + qthen B= T U D is an
irreducible blocking set in PHG(RS,).

Definition

A blocking set of size g? + m in PHG(R3) is said to be of Rédei
type if it has an m-secant. Such a line is called a Rédei line.
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Definition
Construction and examples

Blocking Sets of Rédei type in PHG(F!:;;,)

Construction of T
If f: R— Rthen T = {(x,f(x)) | x € R}.

The directions determined by T

If P(x, f(x)) and Q(y, f(y)) are two different points in T, then
{P, Q} determine the following directions:
1) if x — y ¢ rad R — point (a),
where a= (f(x) — f(y))(x — )~
2) if x —y erad R\{0} and f(x) — f(y) ¢ rad R — point (c0;),
where (x — y)(f(x) = f(y))~ = 0y, €T.
3) ifx—y=0aeradR\{0} and f(x) — f(y) = 65 € rad R,

a) B # 0 — class of all points (¢) with ¢ € a3~" +rad R;
b) 8 =0 — class of all infinite points (oo;) withi=0,...,q9 — 1.
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Definition
Construction and examples

Blocking Sets of Rédei type in PHG(F!:;;,)

Let f: { i - i and consider the set of points

a+6b — b+0a
T ={(x,f(x)) | x € R}
o If R= R, =Fq ®Fqt, for some o € AutFg,
then T determines g + 1 infinite points.
e If R = GR(q?, p?),
then T determines g° — g + 2 infinite points.
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