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Abstract

Optimal (v,4,2,1) optical orthogonal codes (OOC) with v < 75 and v # 71 are classified up to

isomorphism. One (v,4,2,1) OOC is presented for all v < 181, for which an optimal OOC exists.
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1 Introduction

Optical orthogonal codes, initially proposed for application in optical code-division multiple-access com-
munication systems, receive increasing interest by both the research and industrial communities. This
is mainly due to the ability to implement data transmission at ultra-high rates. The use of optical
orthogonal codes enables a large number of asynchronous users to transmit information efficiently and
reliably. The lack of a network synchronization requirement enhances the flexibility of the system. But
these codes can also be used in other wide-band code-division multiple-access environments. Optical or-
thogonal codes are also called cyclically permutable constant weight codes in connection to constructing
protocol sequences for multiuser collision channel without feedback.

So far a number of families of optical orthogonal codes have been constructed, see for instance [3, 4,
5, 10, 12, 15]. In this work we not only construct new optimal optical orthogonal codes with v <= 181,

but also classify all optimal (v, 4,2, 1) optical orthogonal codes with v <= 75 and v # 71.

2 Preliminaries

For the basic concepts and notations concerning optical orthogonal codes and related designs we follow

[3], [4], and [6]. We denote by Z, the ring of integers modulo v.



A (v, k, Mgy Ac) optical orthogonal code (OOC) can be defined as a collection C = {C4,...,Cs} of k-
subsets (codeword-sets) of Z, such that any two distinct translates of a codeword-set share at most A,

elements while any two translates of two distinct codeword-sets share at most A, elements:

ICiN(Ci+1) <Ay, 1<i<s, 1<t<v-—1 (1)

ICin(Cj+1)| <Ae, 1<i<j<s, 0<t<wv-1 (2)

Condition (1) is called the auto-correlation property and (2) the cross-correlation property. The size of
C is the number s of its codeword-sets. A (v, k, A\, \) OOC is also denoted by (v, k, \) OOC.

Consider a codeword-set C' = {¢1,ca,...,¢;}. Denote by A'C' the multiset of the values of the
differences ¢; —cj, i # j, 1,5 =1, 2, ..., k. The autocorrelation property means that at most A,
differences are the same. Denote by AC the underlying set of A’C. The type of C is the number of
elements of AC, i.e. the number of different values of its differences. If A\, = 1 the cross-correlation
property means that ACy (JACy = 0 for two codeword-sets C; and Cy of the (v, k, Ay, 1) OOC.

Let V = {P;};_, be a finite set of points, and B = {B; }?.:1 a finite collection of k-element subsets of
V, called blocks. D = (V,B) is a design (partial design) with parameters t-(v,k,\) if any t-subset of V is
contained in exactly (at most) A blocks of B. Partial designs are also known as packings [14] or packing
designs [10]. We call them partial designs following [4].

A t-(v,k,\) design (partial design) is cyclic if it has an automorphism « permuting its points in one
cycle, and it is strictly cyclic if each block orbit under this automorphism is of length v (no short orbits).
When we talk of block orbit hereafter, we mean block orbit under the automorphism « permuting the
points in one cycle.

A circulant matriz of order v is a (0,1) square matrix M = (m; j)yxo» With v rows and columns, such
that m;4q1 j41 = My, where 4,5 = 0,1,...,v — 1 and indexes are added modulo v. The incidence matrix
of a strictly cyclic design contains circulant matrices of order v, which correspond to the block orbits.

From the (v, k, Aq, A\c) OOC C one can construct a cyclic t-(v,k,\) partial design D, which has as
blocks the codeword-sets of C and their translates. Each codeword-set and its translates form one block
orbit. The OOC can be reconstructed from this partial design by chosing for codeword-sets exactly one
block from each block orbit. In particular, the partial design related to a (v,4,2,1) OOC is a partial
2-(v,4,2) design and at the same time a partial 3-(v,4,1) design. An example is provided in Figure 1.,
where in a) the two codeword-sets of an optimal (20,4,2,1) OOC are presented. The related strictly cyclic
partial 2-(20,4,2) design is given in b). Its incidence matrix contains submatrices, which are circulant

matrices of order 20. Each such circulant matrix corresponds to the collection of one of the codewords



and its translates.

Figure 1: Example 1. OOC and partial design

a) Optimal perfect (20,4,2,1) OOC C

codeword-sets differences distinct differences type
{0,1,5,6} 119515416614515119 1456141516 19 8
{0,2,9,12} 2189117131281010317 | 23789101112131718 | 11

b) Related strictly cyclic partial 2-(20,4,2) design

01234567 8910111213141516171819 01 2 3 45 6 7 8 91011121314151617 1819
0j100000000O0O0OO0OO0OO0O11O0O0O0T1 100000001001 0O0OO0OO0OOOT1TO
1111 0000000000O0O0O0O11O0O00 0100000001001 O0O0OO0OO0O0TO0T1
2/{01100000000O00O0OO0OO0O11O00O0 10100000001 0010O0OO0OO0OO0OTGO
3/0011000000000O0OO0OO0OO0OT1TT1TO0 010100000001O0O0O1O0O0OO0OO0OO
4/0001100000000O0OO0O0OO0O0T11 0010100000O0OO0O1O0O0O1O0O0OO0CO0
5/1000110000000O0O0O0O0OO0O0T1 00010100000O0OO0O1O0O0OT1IO0O0OO0
6/1100011000000O0O0OO0ODO0OO0OO0OTGO 00001010000OO0OO0OO0O11TO0O0OT1TO0O0
7/011000110000O0O0DO0OO0ODO0OOO0ODO 00000101000OO0OO0OO0OO0O1TO0O0OT1O0
8/0011000110000O0O0O0O0O0O0O0OTGO 00000010100O0OO0OO0OO0OO0OT1TO0G©O0T1
9/]0001100011000O0O0O0O0O0O0O0 10000001010O0O0OO0OO0ODO0OO0OT1O0O0
100000110001 100O0O0O0O0O0O0O0 01000000101 O0O0OO0OO0OO0OO0OO0OT1TO
1100000110001 1000O0O0O0O0O0OO 001000000101O00O0O0ODO0OO0OTO0T1
2000000110001 100O0O0O0O0O0 10010000001 01O0O0O0O0O0OO0TO
3000000011000 11000O0O0TO0 0100100000010 1O0O0OO0OO0ODO0ODO
140000000011 00011O00O0O0TO0 00100100000O0O1O01O0O0O0OO0ODO0
50000000001 100O01100O0O00O0 00010010000O0OO0O1TO01O0O0O0OO0
6|0 0000000001 100011000 0000100100O0OO0OO0OO0O1O0T1O0O0OO0
7700000000000 110O0O0O11O00O0 00000100100O0OO0OO0OO0OC1TO01O00O0
180 0000000000OO0O1T10O0O01T10O0 00000O0O10010O0OO0OO0OO0OCOT11IO0T1IO0
900000000000O0O0O11O0O0O0T11 00000001001 O0O0OO0OO0OO0OO0OT1O0T1

This shows that OOCs can also be treated as cyclic combinatorial objects. The automorphisms of
the cyclic group of order v map each circulant matrix of order v to a circulant matrix of order v. That is
why multiplier equivalence [8], [9] is defined for cyclic combinatorial objects. It can be defined for OOCs

too.

Definition 1 Two (v,k, Aq, \c) optical orthogonal codes C and C' are isomorphic if there exists a per-
mutation of Z,, which maps the collection of translates of each codeword-set of C to the collection of

translates of a codeword-set of C".

Definition 2 Two (v, k, A, Ae) optical orthogonal codes are multiplier equivalent if they can be obtained

from one another by an automorphism of Z, and replacement of codeword-sets by some of their translates.

Two OOCs can be isomorphic, but multiplier inequivalent.
Optical orthogonal codes have various applications [2], [5], [7]. In particular (v, k, A\) OOCs have been
widely studied, especially (v, k, 1) and (v, k,2) OOCs. A long list of publications on them is presented in

[3]. OOCs with parameters (v, 4,2, 1) were first considered in [15]. Recently it was proved in [12] that if



s is the size of a (v,4,2,1) OOC, then

s<[v/8] if v=717,14 (mod 56) (3)

s < |v/8] otherwise. (4)

A (v,4,2,1) OOC is optimal if it reaches this upper bound.

A lot of constructions of infinite families of optimal (v,4,2,1) OOCs and some nonexistence results
are presented in [3] and [12]. Yet there are still plenty of values of v, for which it is not known whether
such an OOC exists or not. In the present paper we answer this question for all undecided v < 182, and
we classify up to isomorphism optimal (v, 4,2,1) OOCs with v < 76. The proofs in [3] show that for some
infinite families the existence of optimal OOCs with the smallest parameters is sometimes more difficult
to prove theoretically and computer search is suitable then (see for instance [3], Theorem 4.6, Theorem
6.3). And for some families OOCs with additional properties are needed and classification results would
be useful. For instance the remark after Theorem 4.7 of [3] shows that this theorem might be more
general if there exists an (88,4,2,1) OOC which has one codeword-set whose differences are precisely the
non-zero elements of the subgroup of order 8 of Zgg (see the first codeword-set of the OOC with v = 88 in
Table 2). In this sense both existence and classification results for OOCs of small orders might contribute
to future investigations on big orders.

A table of optimal (v,4,2) OOCs with v < 44 (with 3 possible exceptions) is presented in [4], where
the authors construct them using an algorithm based on the maximum clique search problem. Our
approach is essentially different since our aim is not only to find one optimal OOC for each v, but to
make a classification too. The classification up to isomorphism of cyclic designs with some parameters
[8], [9] was done by first making a classification up to multiplier equivalence. This is the way we proceed
here too. Using the same approach, in [1] we classify up to isomorphism (v,4,1) OOCs and 2-(v,4,1)
designs with v < 76. The present classification up to isomorphism is, however, more difficult to make
than that in [1], because now some of the collections of translates of codeword-set vectors are multiplier
inequivalent but isomorphic. The classification up to multiplier equivalence is also more complicated,
because in [1] all codeword-sets are of one and the same type, while here the type of the codeword-sets

has to be taken in consideration too.



3 Classification up to multiplier equivalence

We classify the (v,4,2,1) OOCs up to multiplier equivalence applying the well-known techniques of
back-track search with minimality test on the partial solutions [11, section 7.1.2]. We first arrange all
possibilities for codeword-sets with respect to a lexicographic order defined on them.

We assume that ¢; < cg < c3 < ¢4 for each codeword-set C' = {¢y, ¢a,c3,c4}. Define a lexicographic
order on the codeword-sets implying that: C’ = {c,ch,ch, 4} is lexicographically smaller than C" =
{c,cy,c4,c)} if the type of C' is smaller than that of C", or if the types of the two codewords are the
same and ¢, = ¢/ for i < a and ¢, < ¢. If we replace a codeword-set C' € C with a translate C +t € C,
we obtain an equivalent OOC. That is why without loss of generality we assume that each codeword-set
vector of the optimal (v,4,2,1) OOCs is lexicographically smaller than the codeword-set vectors of its
translates. This obviously means that ¢; = 0.

Let ¢g, ©1,...om—1 be the automorphisms of Z,,, where g is the identity. We construct an array of
all sets of 4 elements of Z,, which might become codeword-set vectors, i.e. which answer the autocorre-
lation property and are smaller than all their translates. We find them in lexicographic order. To each
constructed set we apply the permutations ¢;,7 = 1,2,...m — 1. If some of them maps it to a smaller set,
we do not add the current set since it is already somewhere in the array. If we add the current set to the
array, we also add after it the m — 1 sets to which it is mapped by 1, ¥, ...0m—1.

We then apply back-track search to choose the codeword-sets of the OOC among all these possibilities
for them. The above described ordering of all the possible codeword-sets allows repeated sets in the array,
but makes the minimality test of the partial solutions very fast. By the minimality test we check if the
current solution can be mapped to a lexicographically smaller one by the automorphisms of Z,.

We also apply a type test to the partial solutions. Suppose we have already found r codeword-sets
of the code. Let T be the type of the r-th codeword-set, and let d be the number of distinct differences
covered by the r sets. We only look for optimal codes, i.e. codes with s codeword-sets. The type of the
remaining codeword-sets (of the array we choose them from) is at least as big as that of the r-th chosen
one. That is why d + (s — )T < v — 1. If this does not hold, we look for the next possibility for the
r — 1-st codeword-set.

In this way we classify the OOCs up to multiplier equivalence.

4 Isomorphism test

We first apply an isomorphism test to the possible codeword-sets we use. To each set we relate a circulant

made of its translates.



Theorem 4.1 For all (v,4,2,1) OOCs with 16 < v < 75 and v # 0 (mod 8) any two circulants related

to two possible codeword-sets are isomorphic iff they are multiplier equivalent.

Proof. We check this by computer. For most values of v we use our software for establishing design
isomorphism. For some values of v, however, the test for isomorphism of the circulants is a difficult task
for this general case software. That is why for some v we use the set of generalized multipliers, defined
by Muzychuk [13]. This is a set of permutations of Z,, which is defined for each value of v. Muzychuk
[13] proves that two circulants of order v are isomorphic iff they can be mapped to one another by some
of these generalized multipliers.

¢

For all 16 < v < 75 and v = 0 (mod 8), however, there exist codeword-sets, which are multiplier

inequivalent, but isomorphic.
Theorem 4.2 Any two multiplier inequivalent (v,4,2,1) OOCs with 16 < v <75 are non isomorphic.

Proof. For (v,4,2,1) OOCs with 16 < v < 75 and v # 0 (mod 8) this follows from Theorem 4.1 and the
definition of isomorphic OOCs.

For v = 16, 24, 32, 40, 48, 56, 64 and 72 we check this by computer. We test for possible isomorphism all
the OOCs, containing at least one codeword-set which is multiplier inequivalent, but isomorphic to some
other codeword-set of this or of another OOC. We check for each OOC whether there is a permutation
which transforms it into another multiplier inequivalent OOC. We try all permutations of the set of
generalized multipliers defined by Muzychuk [13]. No isomorphic and multiplier inequivalent OOCs are

found.

5 Classification and existence results

Files with all (v,4,2,1) OOCs we construct can be downloaded from http://www.moi.math.bas.bg/~
tsonka. We present in Table 1 the results of the classification up to isomorphism of optimal (v,4,2,1)
OO0Cs with v < 75. For values of v, for which there is no optimal OOC with these parameters, we classify
OOCs with one codeword-set less than the optimal one. We call such codes best. That is why in the
column sp the number of codeword-sets of the optimal code is presented. The value there is the same
as that in the next column s if the classified codes are optimal. We present the codeword-sets of one of
the OOCs with this v. All codeword-sets contain 0, which we do not write to save place. If there are
perfect ones, the OOC we present in the table is perfect. In Tables 2, 3, 4 and 5 one OOC is given for

each v <= 181. The sign 4/ stands in column p if this OOC is perfect.



Table 1: Classification of optimal (v,4,2,1) OOCs with v < 75

v |sols all perfect codeword-sets of one OOC

16| 2 |1 20 0 129

17 2 |2 1 1 145 2810

181 2 |1 30 0 1210

19| 2 |2 1 0 145 2810

201 2 |2 10 1 156 [21013

211 2 |2 7 0 1319 (410 14

221 2|2 23 0 1212 [ 3817

23| 2 |2 19 0 124 |51116

24| 3 |2 113 0 1213 (4914

25| 3 |3 1 1 1422 (21012 51116

26| 3 |3 5 0 1214 [ 3710 | 51120

271 3 |2 192 0 124 51020

281 3 |3 44 5 2822 |31219| 11124

29| 3 |3 21 0 124 [51017| 6 14 20

300 3 |3 156 0 1216 [ 3710 | 51124

31| 3 |3 119 0 124 [51018]| 6 15 22

32| 4|3 642 2 2810 | 1417 | 51425

33| 4|3 585 4 1430 (5132421218

34| 4 |4 21 4 1926 (3152241428 | 21318

35| 4 |4 28 7 124 [61224| 71522 | 510 26

36| 4 |4 72 18 11718 71528 | 41426 | 2 27 33

37| 4 |4 155 13 1335 [71724] 61521 | 41223

38| 4 |4 1467 68 1220 (41317| 3630 | 51531

39| 4 |4 797 86 124 |51419| 61222 | 71528

40| 5 |5 11 11 1221 {3612 (41418 | 51629 | 71532

41| 5 |5 3 3 1339 (4143161925 | 71533 | 920 29

42| 5 |5 139 26 61224 | 1222 | 3738 | 81625 | 51528

43| 5 |5 107 30 124 |71926] 6212792029 | 51035

44| 5 |5 1938 377 1223 (51020 81927 | 618 32 | 33140

45| 5 |5 624 158 124 [81632] 62031 | 91928 | 51227

46| 5 |5| 16962 1550 1224 [ 3612 | 81635 | 52033 | 429 36

47| 5 |5| 12214 1277 124 |51020]92130|62539 | 71831

48| 6 | 5| 113629 4674 1225 [71428| 61938 | 42237 | 3839

49| 6 |6 96 82 71428 | 124 | 51831 | 62233 | 82037 | 92439

50| 6 |6 2447 1130 1226 361241923 | 51621 | 72037 | 818 36

51| 6 |5| 514731 10504 124 |51020] 82938 | 61832 | 72435

52| 6 | 6| 18853 4748 1227 361251933 |102041| 42239 | 73644

53| 6 |6 15030 4020 124 [51020| 61224 | 71623 |112239| 8 27 40

54| 6 | 6| 214583 25000 1228 (5102031935 | 92340 | 41233 | 613 24

55| 6 | 6| 169834 23774 124 [61224(132740(102144| 53038 | 72646

56| 7 |7 811 663 81632 | 1229 | 31215 | 71825 | 51942 | 62636 | 41739

57| 7 |6] 1279381 79334 124 |51020| 81632 | 71846 | 92335 | 619 36

58| 7|7 10271 3903 1230 [ 3612 [112244| 72639 | 52043 | 82442 | 43141

59| 7|7 7932 3291 124 [51020| 71428 | 62430 | 92642 | 82740 |11 22 47

60| 7 |7| 289139 60646 1231 [71428[112244| 81826 | 3612 | 52025 | 42347

61| 7 |7| 122586 29927 124 |51020| 71428 [122448| 81950 | 6 29 45 | 9 26 43

62| 7 | 7| 1672477 | 193886 | 1232 | 3612 | 71428 [102336| 52542 | 82443 | 42251

63| 8 |8 2823 2823 91836 | 124 | 51020 | 62329 | 71428 | 816 32 |11 2241|1225 37
64| 8 |8 2354 2354 1233 [ 3612 | 41418 | 52445 | 72734 | 82349 |11 28 39|13 29 42
65| 8 |8 2610 2610 124 [51020| 61925 | 72835 | 82634 | 92332 |112238|122441
66| 8 | 8| 238215 89236 1234 (51020 71428 | 4839 | 92649 | 31653 | 6 1224 |11 2247
67| 8 |8 59871 24721 124 [51020| 71428 |112244| 82735 |132942| 92650 | 63755
68| 8 | 8| 1364771 | 304507 | 1235 [ 3612 | 51020 | 71428 |11 27 52| 83139 |13 3049 4 26 50
69| 8 | 8| 2365589 | 540319 124 |51020| 71428 [112244| 92643 | 6 18 57 | 8 27 46 | 13 37 53
700 9 |9 1417 1417 |102040| 1236 | 3612 | 41856 | 52649 | 72255 | 82751 |11 28 39|13 29 54
71| 8 |8|>6116889|>744092| 189 [21618| 32427 | 61760 |12 32 51| 43337 |13 26 48| 515 46
7219 |9| 86028 86028 1237 3612 | 4838 | 52849 | 72027 [1029 53|11 33 50|14 32 46|15 31 56
731 9 |9] 17021 17021 124 |54348[12 2739|2340 56|24 42 55|26 45 54|37 44 66|41 52 62|53 59 67
741 9 |9| 740033 287113 | 11213 (93443 | 8275532023 | 72229 | 23541 | 43048 | 1024 60| 537 58
75| 9 | 9| 1944427 | 774968 | 11165 [22255| 51318 | 42752 | 73138 |153449(1228 40| 6 36 45 | 3 32 61




Table 2: Examples of best or optimal (v,4,2,1) OOC

v |so| s codeword-sets

6919 1239 32427 | 42258 932141 101520 | 111930 | 132960 |14 42 48| 17 43 50

771919 112244 | 15253 | 21564 3974 414 18 532 37 73643 | 83846 | 16 35 58

781919 1240 32023 | 44751 6 24 30 71219 821 29 92534 |103242| 11 26 37

791919 124 52429 | 62164 720 27 8 17 25 1028 38 | 11 3748 |12 34 46| 14 30 44

80 [ 10|10 12141 3674 4 26 58 52328 | 133459 | 142438 | 153050 |16 33 49| 29 36 73
53 61 72

81 | 10|10 124 51924 | 63945 7 58 65 17 46 63 | 21 32 70 | 2540 66 |27 37 71| 50 59 72
53 61 73

82 | 10|10 1242 37275 | 42529 5 38 43 6 22 28 8 26 34 93655 |11 3558 12 32 62
14 31 45

83 |10 |10 124 51318 | 63158 72645 | 104353 | 11 3955 | 122448 |14 23 37| 15 32 49
20 41 61

84 [ 10|10 12 24 48 |25 42 59| 12263 229 57 310 13 4979 63844 | 83139 | 11 26 37
16 35 51

85 [ 10|10 124 56570 | 62430 7 33 40 8 29 37 92847 | 1023 72 |11 42 53| 12 34 46
14 41 58

86 | 10 |10 1244 35053 | 41278 52170 722 29 919 28 11 24 35 |14 40 54| 18 41 59
25 31 56

87 | 10 |10 124 55459 | 618 24 7 41 48 8 35 60 91977 | 112637 [1330 70| 16 36 67
21 43 64

88 [ 11|11 11 22 44 1214 510 20 714 28 91836 | 133851 | 63541 |174362| 8 31 39
12 42 54 | 16 32 56

89 | 11 |11 164 65 97685 | 144660 | 182384 | 31 5081 | 334073 | 3444 78 [ 3547 77| 36 38 74
41 62 68 | 52 69 72

90 | 11 |11 1246 75461 | 122840 | 1548 63 | 18 38 70 | 21 34 55 | 23 26 49 |25 31 84| 51 68 73
60 71 79 |66 76 80

91 [ 11|11 133978 |18 27 82| 2361 84 | 284876 | 3251 72 | 333467 | 3541 85 |37 62 66| 46 60 77
69 79 81 | 80 83 88

92 [ 11|11 14546 | 73861 | 16 59 75 | 2042 70 | 30 56 86 | 32 35 67 | 37 51 78 |39 58 73| 52 63 81
79 83 88 |80 82 90

93 | 11|11 124 84553 | 127082 | 193655 | 2844 72 | 29 34 63 | 31 41 83 |33 46 79| 43 50 68
54 69 78 |61 67 87

94 | 11|11 14647 | 72431 | 114354 | 182038 | 345791 | 354479 | 36 52 78 |55 65 84| 61 67 88
64 72 86 | 12 25 53

95 | 11|11 1248 83442 | 124562 | 18 57 75 | 21 43 64 | 23 28 51 | 24 30 54 |29 32 92| 55 68 82
70 79 86 | 76 80 91

96 | 12|11 1249 510 20 714 28 112244 | 42750 133970 | 174271 |18 37 55| 8 43 51

3612 16 32 72

97 12 ]12 1295 82533 | 123079 | 215071 | 274282 | 327586 | 34 44 78 |35 58 74| 45 59 83
51 60 88 |56 61 92| 77 84 90

98 | 12 |12 145684 | 6 7581 | 153776 | 1848 68 | 21 31 88 | 25 60 63 | 32 34 96 |33 44 87| 45 46 97
58 74 82 |72 79 91| 85 89 94

99 | 12|12 1297 81592 | 16 3349 | 193959 | 21 6586 | 26 37 63 | 27 41 68 |28 52 75| 29 38 67
43 48 94 |54 64 89| 57 69 87

100| 12 |12 14950 | 66975 | 148498 | 214378 | 243391 | 3461 73 | 36 40 96 |38 53 85| 41 46 87
55 74 81 |72 82 90| 77 80 97

10112 |12 124 78289 | 115768 | 173583 | 245276 | 41 54 88 | 43 58 72 |51 61 91| 56 65 92
59 64 96 |62 70 93| 63 79 85

102 12 |12 306081 [155265| 2549 78 | 3441 75 |43 44 101 | 56 76 82 | 62 74 90 | 63 80 85 |67 69 100
839194 |84 8398 | 9 32 64

103 | 12 |12 124 76471 | 114272 | 196988 | 2747 74 | 51 63 91 | 54 60 97 |55 68 90 | 62 80 85
67 7793 |70 78 95| 14 38 59

104 | 13|13 1253 63179 | 142197 | 2338 61 |32 36 100 |34 67 101 | 39 47 96 |41 60 82| 46 62 88
54 74 84 |59 77 86| 69 80 93 | 75 87 92

105( 13 |12 15 30 60 124 8 16 32 112244 | 132652 | 173468 | 193876 |18 41 64| 12 43 55
94958 | 64269 | 714 28

106 | 13|13 1254 62834 | 99099 | 276996 | 30 66 70 | 33 50 83 | 3543 98 |38 49 95| 41 67 80
47 61 92 |62 74 94|77 82 101 |85 88 103

107| 13 |13 124 74272 | 146983 | 1746 78 | 21 68 89 | 23 59 71 | 25 33 58 |26 41 92| 28 34 62
37 50 87 |43 53 97| 67 76 98 | 80 91 96

108 | 13 |13 1255 62531 | 97281 123244 | 184159 | 355093 | 3740 74 |46 51 97| 47 61 75
48 70 86 | 52 56 82|79 87 100 |84 91 101

109| 13 |13 124 73383 | 107585 | 133043 | 2351 74 | 2546 88 |27 32 104 |29 41 97| 31 47 62
36 54 90 | 38 49 60 |39 48 100| 89 95 103

110| 13 |13 4859 [133093| 215081 | 28 34 62 |33 72 105 |46 56 100 | 49 67 92 |65 84 91|73 74 109
78 87 101 |83 95 98| 86 88 108 | 11 52 68




Table 3: Examples of best or optimal (v,4,2,1) OOC

v [so| s codeword-sets
11113 |13 11795 14 44 58 | 224984 | 28 66 73 41 46 106 48 50 98 52 71 92 54 64 101
558086 |69 77 103 |82 91 102| 93 96 108 436 72
11214 |14 48 64 80 58186 | 1266 78 | 15 37 52 17 42 87 24 43 93 27 57 84 33 53 92
385189 [4144109| 63 77 98 | 72 83 101 | 102 106 108|103 104 111
113 |14 |14 1258 717103 | 2160 74 | 24 54 83 26 72 98 33 36 69 34 79 102 35 63 85
37 42 108 |38 51 100| 43 52 61 | 65 73 105 | 82 88 107 | 93 97 109
114 |14 |13 1258 510 20 714 28 11 22 44 13 26 52 17 34 68 94173 8 16 69
340 43 255485 | 124759 | 194291 18 36 66
115| 14 |14 124 102798 |11 89 100| 13 18 110 14 77 91 16 35 96 22 68 90 28 34 109
29 62 82 305194 | 313970 | 3241106 | 36 48 103 42 49 108
116 |14 |14 1259 565 70 73192 8 37 45 9 25 100 10 52 74 15 34 97 17 20 113
18 48 66 213354 | 26 69 73 | 28 39 67 32 38 110 76 89 103
11714 |14 124 695101 | 844 81 949 58 10 35 92 15 71 86 20 27 110 21 32 53
23 52 75 24 50 91 |38 55 100| 39 51 105 | 70 84 103 518 48
11814 |14 1260 55172 | 121628 | 14 40 54 24 30 112 27 65 80 32 63 95 3341 74
343771 [3542 11145 56 101 | 48 57 105 50 68 93 79 89 108
11915 |15 17 34 85 98392 | 147387 | 223557 25 40 104 30 61 91 333871 37 56 100
41 52 93 |42 54 107 | 43 4790 | 49 50 99 80 96 103 9598 116 |109 111 117
120 15|14 1261 71428 | 112244 | 13 26 52 4 31 62 17 51 86 19 57 82 9 46 55
647 79 204397 | 529 96 31518 816 72 10 40 50
121 15|15 1262 96776 | 145580 | 216577 3137115 34 38 72 36 69 105 40 51 91
46 74 93 50 8289 |64 79 106| 68 92 97 73 86 108 | 95103 113 | 98 101 118
122|115 | 15 1 60 61 1849 67 | 30 76 99 | 3583 118 | 40 52 110 44 50 116 57 71 108 68 77 113
7595102 |79 90 111 |80 96 106 | 81 100 103 | 88 93 117 | 89 97 114 | 94 107 109
12315 |14 124 510 20 714 28 816 32 11 22 44 13 26 52 17 34 68 19 38 76
23 46 92 124961 | 9 50 59 27 56 83 6 36 42 18 53 98
124 | 15|15 1263 82937 |1824118| 257079 40 56 96 53 64 113 58 85 97 59 74 109
67 80 111 |69 73 120|78 83 119|81 101 104| 8292 114 91 98 117 14 48 86
125| 15|15 1263 94251 | 3068 98 | 3552 108 | 48 70 118 53 67 111 65 78 112 66 76 115
7182114 |79 99 105|80 83 117| 84 89 120 | 8597 113 | 101 104 122|102 106 121
126 | 16 | 16 18 36 72 1264 510 20 11 22 44 13 26 52 17 34 68 19 38 76 343 83
86173 296095 | 73796 | 2347 102 925110 449 81 6 27 105 14 28 56
127 15|15 1265 111526 | 16 66 82 | 20 71 76 3139 70 37 84 121 58 79 106 59 68 93
67 81 113 |74 92 109|75 87 115| 83 86 124 | 91 98 120 | 94 104 117 1949 73
128 | 16 | 16 107484 |9101110| 1556 71 | 19 66 85 30 35 65 33 50 111 39 55 94 45 58 103
48 86 90 |51 52127 | 598899 | 6091 97 | 79 102 105 | 82 104 106 | 96 108 116 | 100 107 114
129| 16 | 15 124 510 20 714 28 816 32 11 22 44 13 26 52 17 34 68 19 38 76
2346 92 2550 100 | 12 47 82 | 27 58 98 964 73 18 63 81 6 36 42
130| 16 | 16 77279 97180 |2138113| 257085 29 49 78 32 54 86 3541 124 | 46 56 120
48 8890 |61 77 114|163 91 102 |87 106 111| 94 97 127 | 96 104 122 | 99 103 126 | 116 117 129
131] 16 | 16 124 10 68 78 | 16 22 38 | 28 59 100 | 32 37 126 3549 84 44 61 105 50 79 102
51 62 113 | 54 88 97 |57 76 112 | 64 85 110 | 65 92 104 71 86 101 7583123 | 98 111 118
13216 |16 167 68 10 61 122 | 16 73 89 | 21 33 54 28 63 91 31 84 115 45 49 94 52 74 110
5570 117 7290 114|76 82 126| 86 93 125 | 92 95 129 |102 113 121|103 105 130|109 118 123
133 |16 |16 1957114 | 116381 | 1764 86 | 26 72 87 30 59 89 33 7591 36 73 109 48 79 127
495099 |5153 1131|5688 101| 6593 105 | 7192 112 90 98 125 |110 119 124|123 126 130
134 |16 | 16 1268 4 95 99 75461 | 11 34 111 12 81 93 13 116 129 22 60 96 28 79 107
375289 |46 72118 |50 64 114|71 101 104| 7592 117 76 85 125 | 78 102 110 | 86 105 115
135|116 | 16 1268 61319 | 115393 | 23 79112 | 2560 110 28 58 105 39 65 109 45 59 121
5286 101 | 579498 | 638199 | 64 74 125 | 8092 123 | 97 106 126 | 103 111 119|108 113 130
136 | 17 | 17 167 68 26365 | 420120 9 56 89 11 32 43 14 78 92 23 31 54 25 59 84
26 29 55 3562 97 | 38 48 86 | 45 85 130 46 53 99 57 87 106 76 94 118 | 95 108 123
114 119 131
13717 |17 2 43 96 54498 | 135568 | 183452 | 21 110 131 | 24 49 112 35 64 99 46 47 92
5159129 | 57 7797 |58 75133 | 61 71 127 | 65 87 115 | 100 111 126|101 104 134|105 114 128
106 118 125
138 | 17 |17 135 104 270136 | 106187 | 117485 12 60 90 13 118 131 1762 79 23 65 96
28 95 123 |29 56 111 |38 84 122| 41 91 132 | 44 80 102 49 52 101 8199 120 | 98 106 130
119 124 133
139 | 17 | 17 124 10 15 134 | 1172 78 | 17 46 110 | 21 109 130 22 77 84 24 74 98 28 40 68
3566 108 | 38 57 76 |39 92 131 | 43 69 113 | 48 80 107 54 90 103 56 81 114 | 79 102 116
87 105 121
140 | 17 | 17 20 40 80 25983 | 411133 93241 12 61 73 17 52 69 19 106 125 22 76 86
42 85 127 | 46 90 96 |47 74 113 | 48 84 132 | 62 65 137 | 63 89 114 | 82 103 119 | 102 107 135
109 110 139




Table 4: Examples of best or optimal (v,4,2,1) OOC

v |so|s|p codeword-sets
14117 |17 124 6 103 109 8 43 106 10 52 99 11 34 118 | 16 65 81 17 31 48 18 72 87
2191 112 24 51 75 25104 129 | 41 80 102 | 46 59 105 | 53 83 111 | 55 64 132 56 96 101
108 115 134
142 | 17|17 1272 10 76 109 13 82 95 24 98 122 | 26 79 105 | 31 61 92 38 86 124 49 78 113
54 77 131 57 96 103 | 59 80 121 | 75100 117 | 84 87 139 |97 106 133|102 114 130|108 123 127
120 128 134
143 | 17 | 17 13141 6 33 116 913 139 14 103 117 | 16 51 67 |18 113 131 | 24 63 87 28 74 97
34 68 75 42 78 107 | 4957106 | 50 61 132 | 557799 | 6281 100 | 64 79 111 73 98 118
91 112 122
144|118 | 18|/ 1273 546 51 6 121 127 7125132 |11 111 122 | 13 28 129 16 63 79 30 38 68
31 83 92 34 48 130 35 45 134 36 39 75 49 74 123 | 50 54 140 | 53 85 112 56 80 120
66 84 126 | 67 87 124
145 | 18 | 18|/ 134 973 82 17 75 87 2249 118 | 3036 139 | 3550 130 | 43 71 114 | 46 83 108
48 59 107 | 5394 104 | 56 61 140 | 67 90 122 |77 101 121 |85 111 119| 88 106 127 | 91 98 138
93 112 126 | 100 116 129
146 | 18 | 18 1274 8 38 46 9110 119 | 10 113 123 | 11 76 87 15 68 83 20 37 57 22 44 84
247199 | 25105130 | 3452 86 48 67 115 | 56 95 107 | 64 69 133 | 8591 140 | 83 92 142
111 125 132|114 117 143
147 |18 |18 21 42 84 6 13 140 8 88 96 10 66 76 11 131 14217 102 119| 18 107 125 29 64 93
36 50 86 37 46 92 43 74 117 44 69 113 | 48 87 135 | 49 82 114 | 52 90 109 53 68 121
77 100 124 | 143 144 145
148 | 18 | 18 174 147 4103 107 | 10 32 126 14 21 35 156796 | 16 92 108 | 17 97 131 23 53 118
36 64 100 | 39 58 129 43 46 89 47 85110 | 60 69 139 | 61 98 111 | 66 86 128 | 91 117 122
93 104 137 | 124 130 136
149| 18 |18 113137 11 59 101 14 44 119 18 40 58 215071 |23 110 133| 32 35 146 34 49 134
41 72113 | 46 93 102 | 51 57 143 | 52 60 141 | 69 76 142 | 70 96 123 | 82 106 125 | 84 94 139
88 116 121 | 95 112 132
150| 18 | 18 17475 494 98 7 46 53 9 28 37 16 45 61 | 17 66 101 21 83 88 24 68 92
3280102 | 38 110 148 | 50 93 107 | 55 63 142 | 59 85 144 |69 103 116 | 86 109 127 | 99 119 130
108 123 135|114 117 147
151 |18 |18 18144 69 148 11 41 52 16 122 138 |19 115 134| 22 56 78 | 25 75 101 3170 112
3265118 | 3592127 | 3764124 | 3848 141 | 63 67 130 | 69 74 146 | 71 89 133 | 83 97 137
85 108 128 | 100 102 149
15219 |19|+/| 276 150 513 144 6 57 101 11 47 116 17 75 94 18 45 63 20 70 102 22 68 106
28 31 149 | 3042140 | 3393126 | 4986 115 | 56 80 136 | 65 83 129 | 71 85138 | 73 112 113
90 97 145 | 91 100 143 | 117 127 142
15319194/ 1277 9 26 35 15 22 146 21 61 82 | 2336 140 | 24 69 108 | 31 50 81 41 68 126
4394 137 | 46 83 116 | 4757 143 | 53 97 109 | 54 74 128 | 55 73 135 | 63 105 111 | 65 93 125
87 101 139 | 89 119 123 | 142 145 150
15419 |19 22 44 88 2 33123 37275 5 55 60 11 28 137 | 15 56 113 19 86 87 20 81 93
43 51 146 | 46 80 120 | 47 84 131 53 71 136 | 58 96 106 | 62 76 138 | 91 118 127 | 100 124 130
102 115 128 | 105 112 147 | 125 129 150
155|119 |19 124 6 36 42 7 76 86 1152114 | 12 26 141 |13 122 135| 1760 77 22 124 146
24 80 99 2592 117 | 28 51 132 | 34 100 134 |37 110 147 | 47 65 137 | 49 54 150 | 57 84 128
58 87 116 | 7085 120 | 91 107 123
156 |19 |19 1279 7 102 109 10 74 92 117394 |13 110 123 | 1581 96 17 39 56 19 132 151
25 28 53 314071 32 55 87 3576 111 | 4899 105 | 49 65 114 | 50 88 118 | 52 86 122
67 93 130 | 84 98 142 | 136 144 148
15719 |19 124 6 28 135 76797 8 59 106 9 27 36 1154 65 | 12 116 128 14 24 38
31 57 131 34 86 120 42 91 108 45 64 109 | 46 78 124 | 55 70 142 | 56 96 117 62 75 137
63 88 132 | 68 73 141 76 99 134
15819 |19 1280 4127 131 77194 8 63 103 933134 10 48 58 12 41 53 13 26 132
14 75 89 16 76 98 20 88 108 | 3243 147 | 37 73 122 |56 102 130 | 62 107 113 | 65 99 124
67 72 139 | 81 111 128 | 137 140 155
159119 |19 12157 589 94 8 25 142 9 111 120 11 22 96 1546 61 | 20 115 135 | 28 86 114
3569 125 | 36 54 141 | 41 81 119 434992 | 50 77 132 | 68 97 130 | 76 88 147 | 79 93 145
106 129 136 | 108 127 140| 10 26 47
160| 20 | 20|/ 1281 4 101 105 6 16 22 995104 (11121 132| 14 32 46 17 34 126 25 62 123
29 60 129 30 77 113 38 43 155 40 94 134 | 41 76 125 |57 102 115| 64 72 136 70 89 141
75 78 153 | 87 107 140 | 93 116 137 | 118 133 145
161 20 | 20 23 46 92 3 57 107 499 103 834 135 10 39 49 1376 89 | 19 140 159 | 24 31 154
25 53 78 30 45 75 36 71 126 375188 | 4159 143 | 6587 139 | 67 94 114 | 81 93 149
8291 152 | 97 113 129 | 117 118 160 | 144 150 155
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Table 5: Examples of best or optimal (v,4,2,1) OOC

codeword-sets

v |so| s
162 20 | 20 1282 4108 112 618 24 7128 135 10 76 96 14 75 101 157489 |16 114 146
19 68 113 | 23 56 79 29 40 151 30 92 100 | 31 126 157 38 55 93 43 85 120 | 44 65 109
57 60 159 |71 110 123 | 90 115 137 | 116 125 153
163 | 20 | 20 124 8 76 95 11 43 54 13 27 149 16 86 102 22 31 53 2549 74 | 28 34 157
29 58 125 | 33 83 113 | 39 65 104 47 84 126 48 71 140 | 63 107 119 | 64 82 146 |66 112 117
73 108 128 | 85 106 142 | 88 103 148 | 91 101 153
164 | 20 | 20 1283 489 93 742 129 8 30 38 9 68 105 11 32 43 12 24 140 | 16 33 49
19 34 53 | 26 70 120 | 27 73 118 28 67 95 29 80 109 52 58 110 |57 104 161 |62 103 123
64 78 150 | 74 99 139 | 88 98 154 | 133 146 151
165 | 20 | 20 13164 569 101 10 43 53 18 107 125 | 20 36 149 24 87 102 | 28 84 109 | 30 65 95
3148 79 |34 108 142| 38 60 143 | 45 106 151 | 49 75 124 50 97 118 | 67 94 138 | 72 80 157
92 103 15499 111 153|110 119 156 | 146 152 159
166 | 20 | 20 1284 426 144 6 67 105 9103 112 16 28 44 17 35 148 |20 109 129| 23 47 70
27 91 102 |31 121 152 | 33 120 153 | 36 68 104 41 56 151 50 93 123 | 52 92 126 | 55 60 115
58 66 124 | 59 80 145 | 78 81 159 | 117 127 156
16720 |20 124 559 118 7107 114 948 128 12 155 161 19 36 55 |22 101 145| 25 45 147
27 62 97 | 2892 120 | 29 124 153 | 33 63 137 40 90 130 41 56 152 | 51 83 135 | 57 91 133
68 106 129 | 69 82 151 | 73 81 159 |136 146 157
168 | 21 |20 24 48 96 1285 510 20 11 22 44 13 26 52 17 34 68 19 38 76 4 45 86
2369 122 | 25 75 118 | 27 74 101 3 58 61 773102 37 77 114 16 65 81 9 80 89
28 59 137 | 8 70 106 6 18 156 14 35 147
169 21 |21 360 112 7 74 102 9 89 160 11 27 38 14 65 118 19 31 157 22 56 78 | 30 75 105
3576 111 | 37 77 114 | 39 68 107 46 90 136 | 47 106 110 | 48 121 145 | 49 50 99 | 54 69 154
61 82 148 | 81 83 164 | 127 144 152|133 146 156 | 137 143 163
17021 |21 4 81 85 7 140 147 | 10 18 162 11 69 112 12 83 99 15 55 130 19 51 70 20 22 42
21 124 145| 27 86 113 | 31 76 125 33 39 72 34 82 116 35 38 167 | 60 74 134 | 68 97 165
90 118 14291 104 157 | 92 109 153 | 105 114 161|106 107 169
171121 |21 22123 6 24 153 8 33 146 9 80 100 10 89 99 11 73 109 | 14 65 120 | 15 27 159
28 69 130 | 29 86 115 | 34 87 121 37 59 96 38 101 139 | 43 88 131 |60 107 124 | 67 93 119
68 81 158 |74 105 140| 95 125 141 | 117 122 166 | 164 167 168
17221 |21 2 88 90 39295 598 103 720 27 9 33 42 10 147 157 | 12 56 68 | 21 87 106
2248 70 | 36 99 135 39 57 96 41 81 122 45 75 142 | 49 107 156 | 53 64 117 | 54 71 125
60 61 171 |94 126 140|100 134 138|113 121 164|120 143 149
173121 |21 178 91221 13 43 56 1497 111 | 15121 136 | 18 78 113 | 20 31 162 | 23 73 146
41 65 149 | 46 75 144 | 47 105 115 | 48 80 128 49 54 103 | 51 110 114 | 53 87 140 | 66 91 157
71109 135| 77 79 171 | 99 118 154 | 112 134 151 | 28 72 116
174121 |21 1288 379 98 5 83 96 8 51 131 959 124 12 130 142 |15 119 134 | 18 63 129
20 113 133 | 24 31 167 | 26 36 164 27 74 101 28 62 90 33 102 135 |42 106 110 | 49 97 126
53 67 120 |89 114 149 92 122 144 | 116 137 153|151 157 168
175 22|22 25 50 100 3 37 40 582 87 6 58 64 7 83 99 8 81 102 14 71 85 |17 130 147
18 137 155| 2347 70 30 79 109 | 31 134 165 | 32 78 110 36 91 120 |42 122 164 | 44 59 160
60 114 174|163 106 132 | 89 108 156 | 107 140 142|124 136 163|153 162 166
176 | 22 | 22 1289 439 141 563 118 6 40 46 10 83 103 11 86 101 | 12 21 167 | 16 77 115
17 42 151 | 18 65 129 | 24 43 157 27 98 105 31 45 76 3291 123 | 44 80 140 | 48 51 173
56 82 150 | 66 79 163 | 69 106 139 | 95 124 147 | 104 126 154|119 127 168
177122 |21 124 510 20 714 28 8 16 32 11 22 44 13 26 52 17 34 68 19 38 76
23 46 92 | 2550 100 | 29 58 116 31 62 124 35 70 140 18 65 112 12 67 79 9 80 89
30 73 103 | 40 81 121 | 27 86 113 36 78 114 6 60 66
178 | 22 |22 1290 4 37 145 562 121 7 135 142 8 64 122 9 158 167 121824 | 17 84 111
23 78 101 | 257398 | 32127 159 | 34 69 103 53 93 138 54 96 150 |63 110 131 |65 106 137
71 97 168 | 86 99 165 | 87 102 163 | 104 134 148|118 140 156 | 126 129 175
179 22|22 124 573 111 7 143 150 8 93 101 944 144 10 42 52 |11 142 153 | 12 84 107
13 132 145| 15 77 117 | 18 64 133 27 98 125 28 49 158 | 33 122 155 |53 112 165 | 55 80 154
58 75 162 |83 103 159 | 88 118 149 | 97 113 163 | 116 138 157|128 134 173
180 | 22 | 22 1291 4 38 146 560 125 7 128 135 91221 137184 |14 117 131 | 19 94 105
23 127 150 | 24 74 130 | 25 61 144 32 78 110 40 73 113 43 80 123 | 51 69 162 |62 101 163
66 88 154 |81 116 145| 82 126 136 | 85 112 153 | 132 152 160 | 133 149 164
18122 |22 124 567 124 6 89 95 8 33 156 10 82 109 1576 120 | 18 29 170 | 20 59 79
22 63 85 32 56 88 34 46 80 37 91 127 42 55 168 43 64 107 |45 110 155| 49 84 133
7794 164 |78 106 153 | 81 100 131 | 112 121 172|115 129 167 | 128 151 158
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All computer results are obtained by our own C++ programs. Since programming mistakes are always
possible, we partially checked the correctness of the classification software by obtaining for several small
values of v all OOCs (including the isomorphic ones), and then applying to the related k-resolutions of
partial 2-(v,4,2) designs a programme filtering away isomorphic resolutions. The number of nonisomorphic
k-resolutions obtained this way was the same as the number of all nonisomorphic OOCs.

We also checked if our results are consistent with some previous results of other authors, namely

e It is proved in [3] that there is no optimal (v, 4, 2, 1)-OOC in each of the following cases: v = 24
or 33 (mod 72); v =42 or 48 or 51 or 57 (mod 72) but v # 0 (mod 7).

Classifying (v, 4, 2, 1)-O0Cs with v < 75 we obtain that there are no optimal codes for all lengths
following from the statement above, namely 24, 33,48, 51, 57, and also for four other lengths, namely

16, 18,27 and 32.

Onuly for lengths 96, 105,114,120, 123,129, 168 and 177 (nonexistence of optimal codes proved in [3]
for all these values) we could not find examples of optimal (v, 4, 2, 1)-O0Cs, and so we present

best OOCs in the tables.

e An optimal (v, 4, 2, 1)-OOC is necessarily perfect [3] in the following cases: v = 7 (mod 56); v =
14 (mod 56); v =1 (mod 8) but v # 49 (mod 56); v =0 (mod 8) but v # 0 (mod 56).

We obtain only perfect codes for lengths 25,40, 41, 63, 64,65, 70,72, 73. The arbitrary codes we have
constructed for lengths 80, 81,88,89,97,104,113,119,121,126, 128,136, 137, 144, 145, 152, 153, 160,
169,175 and 176 are perfect.

e We also checked if some of the codes we construct include codes following from known constructions.
For instance it is proved in [3] that there exists a perfect (8p, 4, 2, 1)-O0C for every prime
p = 1 (mod 6). This code has one codeword-set whose differences are precisely the non-zero
elements of the subgroup of order 8 of Zg,. So we looked for such codes among the constructed (56,

4, 2, 1)-0O0Cs and found out that about 1/3 of them have such a codeword-set.

In conclusion, we believe that the classified in this work codes will be of use both directly and as

ingredients in constructions of new infinite families.
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